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Abstract. LetM be a finitely-generated module over a Noetherian ring R. Suppose a is an
ideal of R and let N = aM and b = Ann(M/N). If b ⊆ J(R), M is complete with respect to
the b-adic topology, {Pi}i≥1 is a countable family of prime submodules of M , and x ∈M ,
then x+N ⊆ ⋃i≥1Pi implies that x+N ⊆ Pj for some j ≥ 1. This extends a theorem of
Sharp and Vámos concerning prime ideals to prime submodules.
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1. Introduction. Let R be a commutative ring with identity. One of the fundamental

cornerstones of commutative ring theory is the “prime avoidance” theorem, which

states that, if p1, . . . ,pn are prime ideals of R and a is an ideal of R such that a ⊆⋃ni=1pi,
then a ⊆ pj for some 1≤ j≤n. In [4], the authors proved and used an extension of the

following.

Theorem 1.1. Let R be a Noetherian local ring having maximal ideal m. Let {pi}i≥1

be a countable family of prime ideals of R, a an ideal of R, and x ∈ R. If R is complete

with respect to the m-adic topology, then x+a ⊆⋃i≥1pi implies that x+a ⊆ pj for some

j ≥ 1.

ConsiderM as a unitary left R-module. A submodule P ofM is called prime submod-

ule, if P ≠M and for each r ∈ R and m ∈M , rm ∈ P implies that r ∈ Ann(M/P) or

m∈ P . Of course, if we regard R as an R-module, then the concept of prime submod-

ules is equivalent to the concept of prime ideals. Now it is natural to ask if the “prime

avoidance” theorem is true for prime submodules. In fact the answer is affirmative as

has been shown by Lu [2].

Theorem 1.2. LetM be an R-module and P1, . . . ,Pn be prime submodules ofM . LetN
be a submodule ofM such thatN ⊆⋃ni=1Pi. Also assume that Ann(M/Pj) �⊆Ann(M/Pk)
for j ≠ k. Then N ⊆ Pj for some 1≤ j ≤n.

The main purpose of this paper is to generalize the above theorem to a countable

family of prime submodules.

2. Main result. Let R be a Noetherian ring, a an ideal of R contained in the Jacobson

radical of R, and M a finitely-generated R-module. The a-adic topology is metrizable

and one suitable metric d may be given by requiring that, for x, y ∈M with x and y
different, d(x,y)= 1/2t , where t is the greatest integer i such that x−y ∈ aiM .
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Now, we apply the Baire’s category theorem for deducing our main result. Note that

the Baire’s category theorem states that a complete metric space is not the union of

a countable family of nowhere dense subsets, and a subset of a metric space M is

nowhere dense in M if and only if its closure has no interior point (see [1, page 38]).

In the sequel, we denote the Jacobson radical of R by J(R).

Main Theorem 2.1. LetM be a finitely-generated module over a Noetherian ring R.

Suppose a is an ideal of R and letN = aM and b=Ann(M/N). If b⊆ J(R),M is complete

with respect to the b-adic topology, {Pi}i≥1 is a countable family of prime submodules

of M , and x ∈M , then x+N ⊆⋃i≥1Pi implies that x+N ⊆ Pj for some j ≥ 1.

We will need the following well-known result which is essentially due to Krull.

Lemma 2.2. If M is a finitely-generated module over a Noetherian ring R and b an

ideal of R such that b ⊆ J(R), then each submodule of M with respect to the b-adic

topology is closed (see [3, Theorem 8.10]).

Proof of the main theorem. By Lemma 2.2, each submodule of M and in par-

ticular N is closed with respect to the b-adic topology. One easily obtains that x+N
is also a closed subset of M . So the completeness of M yields that x+N is a complete

metric space. But by hypothesis we have x+N = ⋃i≥1((x+N)∩Pi) and therefore it

turns out by Baire’s category theorem that, there is some j ≥ 1 for which the sub-

set (x+N)∩Pj of x+N is not nowhere dense. But (x+N)∩Pj is closed in x+N
and therefore the interior of (x +N)∩ Pj in x +N is not empty. Let c be an ele-

ment of the interior of (x+N)∩Pj . Thus there exists an open subset U of M such

that c ∈ (x+N)∩U ⊆ (x+N)∩Pj . But c ∈ U implies that, there is k ∈ N such that

c+bkM ⊆U and hence c ∈ (x+N)∩(c+bkM)⊆ (x+N)∩Pj . It is easily deduced that

N∩bkM ⊆ Pj . But bkM ⊆N , so bkM ⊆ Pj and bk ⊆Ann(M/Pj). Since Pj is a prime sub-

module of M , it follows that Ann(M/Pj) is a prime ideal of R and so b⊆ Ann(M/Pj).
Now we have a ⊆ b⊆Ann(M/Pj), and hence aM =N ⊆ Pj . But x−c ∈N , so x+N ⊆ Pj ,
as required.

Remark 2.3. (i) Note that ifM is a finitely-generated module over a Noetherian ring

R, a1 ⊆ a2 ideals of R, and M complete with respect to the a2-adic topology, then it is

also complete with respect to the a1-adic topology. This shows that, the main theorem

is also true if we assume that M is complete in J(R)-adic topology.

(ii) In the view of (i), it is clear that Theorem 1.1 is a particular case of the main

theorem.

Acknowledgement. This research was in part supported by a grant from Insti-

tute for Studies in Theoretical Physics and Mathematics (IPM).

References

[1] E. T. Copson, Metric Spaces, Cambridge Tracts in Mathematics and Mathematical Physics,
no. 57, Cambridge University Press, London, 1968. MR 37#877. Zbl 177.25303.

[2] C.-P. Lu, Unions of prime submodules, Houston J. Math. 23 (1997), no. 2, 203–213.
MR 2000c:13015. Zbl 885.13004.

http://www.ams.org/mathscinet-getitem?mr=37:877
http://www.emis.de/cgi-bin/MATH-item?177.25303
http://www.ams.org/mathscinet-getitem?mr=2000c:13015
http://www.emis.de/cgi-bin/MATH-item?885.13004


A NOTE ON THE COUNTABLE UNION OF PRIME SUBMODULES 643

[3] H. Matsumura, Commutative Ring Theory, Cambridge Studies in Advanced Mathematics,
vol. 8, Cambridge University Press, Cambridge, 1989. MR 90i:13001. Zbl 666.13002.

[4] R. Y. Sharp and P. Vámos, Baire’s category theorem and prime avoidance in complete local
rings, Arch. Math. (Basel) 44 (1985), no. 3, 243–248. MR 86h:13004. Zbl 546.13002.

M. R. Pournaki: Department of Mathematical Sciences, Sharif University of Tech-

nology, P.O. Box 11365-9415, Tehran, Iran and School of Mathematics, Institute for

Studies in Theoretical Physics and Mathematics, P.O. Box 19395-5746, Tehran, Iran

E-mail address: pournaki@karun.ipm.ac.ir

M. Tousi: Department of Mathematics, Shahid Beheshti University, Evin, Tehran

19834, Iran and School of Mathematics, Institute for Studies in Theoretical Physics

and Mathematics, P.O. Box 19395-5746, Tehran, Iran

E-mail address: mtousi@vax.ipm.ac.ir

http://www.ams.org/mathscinet-getitem?mr=90i:13001
http://www.emis.de/cgi-bin/MATH-item?666.13002
http://www.ams.org/mathscinet-getitem?mr=86h:13004
http://www.emis.de/cgi-bin/MATH-item?546.13002
mailto:pournaki@karun.ipm.ac.ir
mailto:mtousi@vax.ipm.ac.ir


Mathematical Problems in Engineering

Special Issue on

Time-Dependent Billiards

Call for Papers
This subject has been extensively studied in the past years
for one-, two-, and three-dimensional space. Additionally,
such dynamical systems can exhibit a very important and still
unexplained phenomenon, called as the Fermi acceleration
phenomenon. Basically, the phenomenon of Fermi accelera-
tion (FA) is a process in which a classical particle can acquire
unbounded energy from collisions with a heavy moving wall.
This phenomenon was originally proposed by Enrico Fermi
in 1949 as a possible explanation of the origin of the large
energies of the cosmic particles. His original model was
then modified and considered under different approaches
and using many versions. Moreover, applications of FA
have been of a large broad interest in many different fields
of science including plasma physics, astrophysics, atomic
physics, optics, and time-dependent billiard problems and
they are useful for controlling chaos in Engineering and
dynamical systems exhibiting chaos (both conservative and
dissipative chaos).

We intend to publish in this special issue papers reporting
research on time-dependent billiards. The topic includes
both conservative and dissipative dynamics. Papers dis-
cussing dynamical properties, statistical and mathematical
results, stability investigation of the phase space structure,
the phenomenon of Fermi acceleration, conditions for
having suppression of Fermi acceleration, and computational
and numerical methods for exploring these structures and
applications are welcome.

To be acceptable for publication in the special issue of
Mathematical Problems in Engineering, papers must make
significant, original, and correct contributions to one or
more of the topics above mentioned. Mathematical papers
regarding the topics above are also welcome.

Authors should follow the Mathematical Problems in
Engineering manuscript format described at http://www
.hindawi.com/journals/mpe/. Prospective authors should
submit an electronic copy of their complete manuscript
through the journal Manuscript Tracking System at http://
mts.hindawi.com/ according to the following timetable:

Manuscript Due December 1, 2008

First Round of Reviews March 1, 2009

Publication Date June 1, 2009

Guest Editors

Edson Denis Leonel, Departamento de Estatística,
Matemática Aplicada e Computação, Instituto de
Geociências e Ciências Exatas, Universidade Estadual
Paulista, Avenida 24A, 1515 Bela Vista, 13506-700 Rio Claro,
SP, Brazil ; edleonel@rc.unesp.br

Alexander Loskutov, Physics Faculty, Moscow State
University, Vorob’evy Gory, Moscow 119992, Russia;
loskutov@chaos.phys.msu.ru

Hindawi Publishing Corporation
http://www.hindawi.com

http://www.hindawi.com/journals/mpe/
http://www.hindawi.com/journals/mpe/
http://mts.hindawi.com/
http://mts.hindawi.com/

	1Call for Papers-4pt
	Guest Editors

