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ABSTRACT. For given analytic functions ¢(z) = z+ X m_o Amz™, @(2) =2+ > oo Um 2™
inU=1{z]]|z|] <1} with Ay =0, th, = 0 and Ay, > Ly, let Ey (¢, P; A, B) be the class of
analytic functions f(z) = z+ > _>amz™ in U such that (f *¥)(z) =0 and

D" (fx ) (2) - 1+A;
D (f*Y)(z) 1+B;’

where D"h(z) = z(z" h(z))™/n!, n € Ng = {0,1,2,...} is the nth Ruscheweyh de-
rivative; <« and * denote subordination and the Hadamard product, respectively. Let T
be the class of analytic functions in U of the form f(z) = z - Y y_0amz™, am = 0,
and let Ey [, y;A,B] = En(d,;A,B) N T. Coefficient estimates, extreme points, distor-
tion theorems and radius of starlikeness and convexity are determined for functions in
the class En[¢,y;A,B]. We also consider the quasi-Hadamard product of functions in
Enlz/(1-2),z/(1-2z);A,B] and En[z/(1-2)2, z/(1-2)%;A,B].

-1<A<B<1,zeU,

Keywords and phrases. Ruscheweyh derivatives, Hadamard product, subordination, quasi-
Hadamard product.
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1. Introduction. Let H denote the class of functions f(z) analytic in the unit disc
U ={z]|z| <1} and normalized by f(0) = 0 and f’(0) = 1. The Hadamard product
of two functions f(z) =z+>, _,amz™ and g(z) = z+ >, _» by 2™ in H is given by

(f*g)(2)=z+ > ambmz™. (1.1)

m=2

Let DX¥f(z) = z/(1 —z)**! % f(z), (x = —1). Ruscheweyh [9] observed that D" f(z) =
z(z" 1 f(z))™ /niwhenn € Ny = {0,1,2,...}. This symbol D" f(z),n € Ny, was called
the nth Ruscheweyh derivative of f(z) by Al-Amiri [2]. Recently, several subclasses
of H have been introduced and studied by using either the Hadamard product or
Ruscheweyh derivatives (see [1, 4, 7, 8], etc.). To provide a unified approach to the
study of various properties of these classes, we introduce the following most general-
ized subclass of H by using both the Hadamard product and Ruscheweyh derivatives.

DEFINITION 1.1. Given the functions

P(2)=z+ > Amz™, @2 =z+ > Hmz™

m=2 m=2
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analytic in U such that A,;, > 0, Uy, > 0 and Ay, = uy, for m = 2,3,..., we say that
f € H is in the class E, (¢, y;A,B) if (f*)(z) =0 and

D™ (fx¢)(z) 1+Az
D (fxy)(z) 1+Bz’

evu, (1.2)

where < denote subordination, -1 <A< B <1 and n € Ny.

Let G be the class of functions w analytic in U and satisfy the conditions w(0) =0
and |w(z)| <1 for z € U. By the definition of subordination, condition (1.2) is equiv-
alent to

D" (fx¢p)(z) 1+Aw(2)

Di(f*w)(2) 1+Bw(z) YEC (1.3)

Let T denote the subclass of H consisting of functions of the form f(z) = z —
S 2 amz™, am = 0, and let E,[¢p,p;A,B] = En(p,@;A,B) N T. It is easy to check
that various subclasses of T can be represented as E,[¢, y; A, B] for suitable choices
of ¢(z),y(2),A,B, and n. For example,

z z
EVL [Ei E1A1B:| - S‘VL[A!B]y

Z Z - —
b e | - Ktam,

z z

Eo [(l_zzm,z;(za—l)ﬁ,ﬁ] =P[o,Bl, 0=x<1l,0<B=<1,0=<y<1,

En[(lfiz),z;A,B] = V,[A,B],

etc. The classes S,,[A,B] and K, [A, B] were introduced and studied by Padmanabhan
and Manjini [8] whereas Ry [«, 8], Py[«, B], and V,[A, B] were, respectively, studied by
Ahuja and Silverman [1], Owa and Ahuja [7], and Kumar [4]. Several other subclasses
of T, introduced and studied by Silverman [10], Silverman and Silvia [11], Gupta and
Jain [3], and others, can also be obtained from the class E,[¢,y;A,B] by suitably
choosing ¢(z),p(z),A,B, and n.

Now, we make a systematic study of the class E,,[¢, ; A, B]. It is assumed through-
out that ¢(z) and y(z) satisfy the conditions stated in Definition 1.1 and that
(f*y)(z)+0forzeU.

2. Coefficient inequalities. In this section, we find a necessary and sufficient con-
dition for a function to be in E,[¢,y;A,B] and, consequently, calculate coefficient
estimates for functions in E, [ ¢, y; A, B].

THEOREM 2.1. Let f(z) = z+> o _»amz™ beinH. If, forsome A,B(-1 < A< B <1),

00

Z m+n-1)\oy

(m—l)'(n+1)'|am|§B*A’ n € Ny, (2.1)

m=2

where o, = (B+1)(m+n)Ay, — (A+1)(n+ 1)y, then f € E, (P, Y;A,B).
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PROOF. Suppose that condition (2.1) holds for all admissible values of A, B, and n.
In view of (1.3), it is sufficient to show that

‘ D™ (f % ) (2) —D"(f * ¢)(2)
BD™+L(f % $)(2) —AD"(f * y)(2)

For |z| =7, 0 <7 <1, we have
ID"(f % ) (2) =D"(f x @) (2)| — [BD"' (f x $)(2) —AD™ (f *x @) (2) |

<1, zeU. (2.2)

- (m-1)!(n+1)!

S (m+n-1)
>

=, (m-1D!(n+1)!

< Z M[(mﬂﬂz\m— n+ D] lamlr™
{(B—A)r—

[B(m+n)Apm—A(n+1) ] |6lm|1’m}

o (m+n-1)!
< [mz_zm_l)!w[(BJrl)(m+n)2\m—(A+ 1(n+1) ]

X |aml —(B—A)} lz| <0,
(2.3)
in view of (2.1). Thus, (2.2) is satisfied and, hence, f € E, (¢, y; A, B). O
THEOREM 2.2. Let f € T. Then f € E,[¢,y;A,B] if and only if (2.1) is satisfied.

PROOF. In view of Theorem 2.1, it is sufficient to show the “only if” part. Thus, let
f €Eylp,y;A,B]. Then, from (1.3), we get

lw(z)]| = ‘ Son—> %[(WJFW)A*" (n+ D] lam|z™ !
(B=A) = S 2 ety [BOM A+ 1) A = A+ D] [ @m| 271
(2.4)
and, therefore,
Son-2 it LM+ 1 Am = 4+ 1) b ] [ |27 <1 @5)
(B=A) =S o [Bm+ 1) A — A+ 1) i ] [ @ |21 -

for all z € U. We consider real values of z and take z = v with 0 < < 1. Then, for
¥ =0, the denominator of (2.5) is positive and so is positive for all 7, 0 <7 < 1. Then
(2.5) gives

Z %[(8+1)(m+n)2\m—(A+1)(n+1)um]Iamlrm‘l<B—A. (2.6)
Letting v — 1, we get (2.1). O

COROLLARY 2.1. If f € E,[¢,y;A,B], then

m-1D!'n+1)1(B-A)
m+n-1)oy,

form=2,3,... and n € Ny. 2.7)

m =

The equality holds, for each m, for functions of the form

_(m-1)!(n+1)!1(B-A)

m
min-1lo, zm, zel. (2.8)

Jm(z) =
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REMARK 2.1. Taking different choices of ¢(z), @ (z), A, B, and n as stated in
Section 1, the above theorems lead to necessary and sufficient conditions and, con-
sequently, coefficient inequalities for a function to be in Sx[A,B], Kn[A,B], Ry[«, B],
Py, B], VulA,B], etc.

3. Closure theorems

THEOREM 3.1. The class E,[ ¢, p; A, B] is closed under convex linear combinations.

PROOF. Let f,g € En[¢,@;A,B] and let f(z) = z - >, ,amz™, gz) = z -
Smeobmz™, am =0, by, > 0. For n such that 0 < n < 1, it is sufficient to show that the
function h, defined by h(z) = (1-n)f(z)+ng(z), z € U, belongs to E,[¢,y;A,B].

Since h(z) =z—>,_>[(1—n)am +nby,1z™, applying Theorem 2.2, we get

s men=Dl0n [ pya, s b,

ng(m—l)!(VH‘l)!

B > m+n-1)on > m+n-1)oy (3.1)
= ”)mzzz(m—m!(nﬂ)!“m mzzz(m—l)!(n+1)!bm
<(1-n)(B-A)+n(B-A) = (B-A).

This implies that h € E,[¢, ; A, B]. O

From Theorem 3.1 it follows that the closed convex hull of E,,[ ¢, y; A, B] is the same
as E,[¢,y; A, B]. Now, we determine the extreme points of E,[¢, y;A,B].

THEOREM 3.2. Let f1(2) =z, fm(2) =z—(m-1D)!(n+ 1! (B-A)/(m+n—-1)0y)z™,
m = 2,3,...,z€ U, and n € Ny. Then f € E,[¢,p;A,B] if and only if it can be ex-
pressed as

f(z)= Z Pm fm(2), where p,, =0 and Z pm = 1. (3.2)
m=1 m=1
PROOF. Suppose that

00

F@) =D pmfm(2)=2z= > pm((m-1)!n+ D (B-A)(m+n-1)oy)z™. (3.3)

m=1 m=2

Since

- (m+n-1Dlop (m-D!n+D!I(B-A) <
2 oDl nT DB &) ™ =2 pm=1-pr=1, G4

—1)!
o (m+n-1Dlon o

it follows, from Theorem 2.2, that f € E,[¢, y; A, B].
Conversely, suppose that f(z) =z— >, _,amz™ € Ex[$,y; A, B]. Since
(m-D!'n+1I(B-A)

< =2,3,... .
R P 1T, 3 3.5)

we may set
(o]

am, Mm=23,..;neNjandp1=1- > ppm. (3.6)

m=2

B (m+n-1)opm
T (m=-D!n+1)!(B-A)

Pm
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From Theorem 2.2, we have >, _,pm < 1 and so p; > 0. It follows that f(z)

2::[:1 Pm fm(2).

799

O

COROLLARY 3.1. The extreme points of E,[¢p, y; A,B] are the functions fy, (z),m =

1,2,....

4. Distortion theorems. With the aid of Theorem 3.2, we may now find bounds on

the modulus of f(z) and f’(z) for f € E,[¢,y;A,B].

THEOREM 4.1. Let f € Ey[¢,@;A,B]l and 0y = B+ 1)(m+n)A\y, —(A+1)(n+

Dm, m =2,3,....Ifn, m, oy, o1 and |z| satisfy the condition
(M+n)om+1 —Moylz] 20,

then

B-A B-A
maX{O,Iz\— |Z|2}S |f(2)] <lzl+——|z|%
o: 02
The bounds are sharp.

PROOF. By virtue of Theorem 3.2, we note that

(m-DIn+DI(B-4A) .
12| }

£ Zmaleo‘lzl_mrgx (m+n—1)1om

m-Dn+1)1(B-A) .
[ f2)] = |Z|+mrﬁlx (m+n—-1lopy 2]
for z € U. Thus, it suffices to show that

Cm-D!m+DIB-A) _m
J(Avanvmyo-m:|Z|)_ (m+n71)'0_m |Z|

is a decreasing function of m(m > 2). It is easily seen that, for |z| + 0,
J(A,B,n,m,om,1zl) = J(A,B,n,m+1,0m1,12l)
if and only if
(Mm+n)ome1 —Mmopylz] =0
which is (4.1). Hence,
max J(A,B,n,m,om,|z|)

is attained at m = 2 and the proof is complete.

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

4.7)

O

Finally, since the functions f;,, (z), m > 2, defined in Theorem 3.2, are extreme points
of the class E, [ ¢, y; A,B], we can see that the bounds of the theorem are attained for

the function f>(z) = z— ((B—A)/0»)z2.
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COROLLARY 4.1 [1]. If f € Ry[x,B],0<x<1,0< B =<1, and either

- (2+3B—ap) . (1+2B—ap)

OIS Grap-zap T Geap-2ap) o
then
_ B(1-x) 2
max{o,|z| (1—y)[1+B(3—2cx)]|Z|}
B(1- ) ) 4.9)
<|f@] <lzl+ 1=y [1+BG-200] |z|°.
The bounds are sharp.
PrROOF. Choosing
b(2) = p(z) = m - z+mZ:2c(y,m)zm, (4.10)
where
b (k=2
C(y,m) = —m“( ) (4.11)

(m-1)! ’

so that Ay, =ty = C(y, m) together with A = (2cx—1) B, B = B and n=0in Theorem 4.1,
the bounds (4.2) reduces to (4.9) provided

mC(y,m+1)[m+B(m+2-2x)]

4.12
-mC(y,m)[m-1+B(m+1-20)]lz| = 0. @-12)
Since
m+1-2y
Cly,m+1) = = —=C(y,m), (4.13)
the above inequality reduces to
(m+1=-2y)[m+B(m+2-2x)]-m[m-1+B(m+1-2x)]|z| = 0. (4.14)

Now, proceeding exactly on the lines of Ahuja and Silverman [1], the result follows.
O

COROLLARY 4.2 [7]. If f e P)[x,Bl,0<=x<1,0<B =<1, andeither0<y=<5/6or
|z| <3/4, then

max{o,lz\—2 AU -) (4.15)

(1-y)1+pB)

The bounds are sharp.

2 _Ba-®) 0
2R} = 1£@)] =121+ 55 g 12

PROOF. Taking

z

¢(2) = T

=z+ Z C(y,m)z™, Y(z) =z, (4.16)
m=2
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so that A,;, = C(y,m) and y,, = 0 together with A = 2x—1)B, B= and n =0 in
Theorem 4.1, the bounds (4.2) reduces to (4.15) provided

mm+1)(1+B)C(y,m+1)-m?(1+B)C(y,m)|z| = 0. 4.17)
Using

Cly,m+1) = (y,m), (4.18)

m+1-2y c
m
the above inequality reduces to
(m+1)(m+1-2y)-m?|z| = 0. (4.19)
Now, proceeding exactly on the lines of Owa and Ahuja [7], the result follows. O
COROLLARY 4.3 [8]. Let f €S,(A,B),-1<A<B<1 and
cm=B+1)(m+1)-(A+1)(n+1), m=2,3,.... (4.20)

Then
-A

maX{O,Iz\—B |Z|2}S |f(2)] s|z|+BC_7A|z|2. 4.21)
2

The bounds are sharp.

PROOF. Choosing ¢(z) = @y(z) =z/(1-2z)=z+>,,_,z™ in Theorem 4.1 so that
Am = WUy = 1 for m = 2, the bounds (4.2) reduces to (4.21) provided

(m+n)[(B+1)(m+n+1)—(A+1)(n+1)]

(4.22)
-m[(B+1)(m+n)-(A+1)(n+1)]|z| = 0.
On simplification, the above inequality becomes
m(1-|z))[(m-1)(B+1)+(n+1)(B-A)]
(4.23)

+m+1)[mB+1)+(B-A)n]=0

which is true for all admissible values of m,n, A, B, and |z|. Hence, the result follows.
O

REMARK 4.1. The bounds for the functions in the classes K,,[A,B] and V,[A,B]
can be similarly deduced from Theorem 4.1 by choosing ¢(z) and y/(z) suitably as
indicated in Section 1.

THEOREM 4.2. Let f € Ey[¢p,¢;A,B] and 0y = (B+1)(m+1)A,,, —(A+1)(n+

D, m=2,3,....If n,m, 0, 0m+1, and | z| satisfy the condition
m+n)opm1—(m+1)omlzl =0, (4.24)
then
max{o,l—mlzl}sﬁ’(zﬂ 31+M|z\. (4.25)
(op) g2

The bounds are sharp for the function f(z) = z— (2(B—A)/0»)z4.
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PROOF. By means of Theorem 3.2, we note that

m!(n+1)!(B-A)

If @)= 1_mrﬁlx (m+n-1)ow 2
I+ 1DIB-A) | e (420
7@ S1HnnﬁlxWénfuﬂn—l)!am 2™
for z € U. Thus, it suffices to show that
J*(A,B,n,m, 0, |2]) = "Eqﬁ;l_)'l(ﬁ ;j) |z|m-1 (4.27)
is a decreasing function of m(m > 2). But we can see that, for |z| = 0,
J*(A,B,n,m,om, |z|) = J*(A,B,n,m+1,0m1,12l) (4.28)
if and only if
m+n)om1—(m+1)omlz| =0 (4.29)
which is (4.24). Hence,
mﬁx]*(A,B,n,m,(fm, |z]) (4.30)
is attained at m = 2 and the result follows. O

REMARK 4.2. For suitable choices of ¢p(z),y(z), A, B, and n as stated in Section 1,
the above theorem leads to the corresponding bounds for f’, where f is in S, [A,B],
Knl[A,B], Pylx,B], Ry[x,B], VulA,B], etc. The different cases can be deduced from
Theorem 4.2 as we did in the case of Theorem 4.1 and, hence, we omit the details.

COROLLARY 4.4. Let f(z) = z— Y _amz™ be in the class E,[$,y;A,B]. Then,
f(z) is included in a disc with center at the origin and radius v, given by r1 = (02 +
B—A)/o» and f’'(z) is included in a disc with center at the origin and radius v» given
by v, =[02+2(B—A)]/0».

5. Radius of starlikeness and convexity. Padmanabhan and Manjini [8] have shown
that the functions in E,[¢, ; A, B] are starlike in U if ¢(z) = ¢(z) = z/(1-2z) and
convex in U if ¢p(z) = w(z) = z/ (1 —z)2. Now, we determine the largest disc in which
functions in E,[¢, y;A,B] are starlike and convex of order 6(0 < 6 < 1) in U for all
admissible choices of ¢(z),y(z),A,B, and n.

THEOREM 5.1. If f € E, [, y;A,B], then f is starlike of order 5,0 < 6 < 1 for |z| <
r1, where

{ m+n-11(1-8)om, }l\m—l’

(m-D'n+1)!(m—-86)(B-A) (5-1)

7 = inf
m

m=2,3,...,and n € Ny.



APPLICATIONS OF RUSCHEWEYH DERIVATIVES ... 803

PROOF. Let f € E,[¢,y;A,B]. Itis sufficient to show that |zf'(z)/f(z)—1] <1-6
for |z| < 711, where ¥ is as specified in the statement of the theorem. We have

zf'(2) S (M —1)amlz|™!
f(2) 1-Y s amlzlm-1

Thus, |zf'(2)/(f(z) -1 <1-6if 3, ,((m—08)/(1 —8))am < 1. By virtue of
Theorem 2.2, we only need to find the values of |z| for which the inequality

—1‘ < (5.2)

m—0, _ m1 (m+n-1)onm
1=5 2" = m— i 1)IB-2) (5-3)
is valid for all m = 2,3,..., which is true when |z| < 7. O

THEOREM 5.2. If f € E,[¢,y;A,B], then f is convex of order 5,0 < 6 < 1 for |z| <
v>, where

_ _ I\m-1
m+n-1)!'A-5)om } Cm

i (m—5)(B-4) =2,3,..., and n € Ny. (5.4)

7> =inf {

m
PROOF. Since f(z) is convex of order ¢ if and only if zf'(z) is starlike of order 6,
the result follows by replacing m with ma,, in Theorem 5.1. O

6. Quasi-Hadamard product. The quasi-Hadamard product of two or more func-
tions has recently been defined and used by several researchers (see [5, 6] etc.). Ac-
cordingly the quasi-Hadamard product of f(z) =z—>,, _»dmz™, am = 0,and g(z) =
Z=> o bmz™, by > 0,is givenby (f xg)1(z2) = z—>, _» Ambmz™. Choosing ¢ (z) =
W(z)=z/(1-2z) and ¢$(z) = Yy(z) = z/(1 - z)?, respectively, in Theorem 2.2, we get
the following necessary and sufficient conditions for the functions in S, [A,B] and
K, [A,B], obtained in [8].

Let f € T. Then f € S, [A,B] if and only if

S (m+n-1)cm
Z AR 2/tm

(mfl)!(n+1)!amSB_A’ (6.1)

m=2

and f € K, [A,B] if and only if

i —1)!
Z wam <B-A, (6.2)

s, (m=Dl(n+1)!

wherec,, = (B+1)(m+1)—(A+1)(n+1),n € Ng,and —1 < A < B < 1. In this section,
we introduce the following new class and establish a theorem concerning the quasi-
Hadamard product for functions in f € S,[A,B] and f € K;,[A, B]. The theorem and
its applications extend the corresponding results obtained by Kumar [5] when a,; = 1,
bl‘j =1, i= 1,2,...,}9, J = 1,2,...,6[.

DEFINITION 6.1. A function f(z) = z- > _»amz™, am > 0, which is analytic in
U, belongs to the class SX[A, B] if and only if

i (m+n-1)mkcy,

m-Dine1)y dm=B-4 (6.3)

m=2
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where ¢, = (B+1)(m+n)—(A+1)(n+1),-1 <A<B<1,ne Ny and k is any fixed
nonnegative real number.

It is evident that SO[A,B] = Sy[A,B] and S}[A,B] = K,[A,B]. Further, SX[A,B] C
SMA,B] if k > h = 0, the containment being proper. Whence, for any positive integer
k, we have the following inclusion relation:

SK[A,Bl c S '[A,B] C --- C S2[A,B] C K4[A,B] C Su[A,B]. (6.4)

We also note that, for every nonnegative real number k, the class Sfl[A,B] is nonempty
as the functions of the form

00

fl2y=z-3%

m=2

(m-D!n+1)H1(B-A)
(m+n-1!mkcy,

Enz™, (6.5)

where &, >0, > _»&n < 1, and n € Ny, satisfy the required inequality.

THEOREM 6.1. Let the functions fi(z) = z— Y _>am.iZ2™, am,i = 0, belong to the
class Ku[A,B] for every i = 1,2,...,p and let the functions g;(z) = z— 3 _>bm,;z™,
bm,j = 0, belong to the class Sy[A,B] for every j = 1,2,...,q. Then the quasi-Hadamard
product (fy  fos -« % fp % g1 % ga - - - % gq)1(2) belongs to the class Sy’ *"'[A, B].

PROOF. Since f; € K,[A,B], we have

00

(m+n-1)'mcy,
Z s 2/ Em

2 m-Dim+1y A=A (6.6)
or
i < (m-1!'(n+1)(B-A) 67

(m+n-1)!mcy,
for every i = 1,2,...,p. The right-hand expression of the last inequality is not greater
than m~2 for all A,B(-1 <A <B<1),and n € Ny. Hence,

2

ami<m=- foreveryi=1,2,...,p. (6.8)

Similarly, for g; € Sx[A,B], we have

Z w bm,j <B-A (6.9)
m=2

m-1)!(n+1)!
and, hence,

1

by, <m™ foreveryj=1,2,...,q. (6.10)

Using (6.8) for i =1,2,...,p; (6.10) for j =1,2,...,q—1; and (6.9) for j = g, we get

 [(m+n-1)m2r+a-lc, F q
mz—z[ (m-1D!(n+1)! ﬂam,ijl_[lbm,j}

< [(mtz—?)!'?;?:)' Cm (mzvmml))bm‘q] 6.11)
m=2 | 1

_ 5 [ men-Dien )

_mzz[(m—l)!(n+1)!bm,q} <B-A.

Hence, (fi % fok -k fpkgikgok---xggh(z) € SAP+a-lr 4 Bl. O
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We note that the required estimate can also be obtained by using (6.8) fori =1,2,...,
p—1;(6.10) for j =1,2,...,q; and (6.6) for i = p.

Taking into account the quasi-Hadamard product of the functions f)(z), f2(z),...,
fp(z) only in the proof of Theorem 6.1, and using (6.8) for i = 1,2,...,p—1; and (6.6)
for i = p, we are led to the following corollary:

COROLLARY 6.1. Let the functions fi(z) = z— Y _>amiz™,ami = 0, belong to the
class K,[A,B] for every i = 1,2,...,p. Then the quasi-Hadamard product (f1 x f» *

.- f,)1(2) belongs to the class S’ ' [A, B].

Next, taking the quasi-Hadamard product of functions g,(z), g»(2),...,94(z) only
in the proof of Theorem 6.1, and using (6.10) for j =1,2,...,q—1; and (6.9) for j = q,
we get the following corollary:

COROLLARY 6.2. Let the functions gj(z) =z— Y, _obm,jz™,bm j = 0, belong to the
class S,[A,B] for every j = 1,2,...,q. Then the quasi-Hadamard product (g, * g» *
-+ % gy)1(2) belongs to the class S A,B].
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