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ABSTRACT. In [3], we started the investigation of compactness in fuzzy function spaces
in FCS, the category of fuzzy convergence spaces as defined by Lowen/Lowen/Wuyts [8].
This paper goes somewhat deeper in the investigation of fuzzy function spaces using the
notion of splitting and conjoining structures on fuzzy subsets. We discuss the connection
to the exponential law and give several examples of such structures. As a special case, we
study a notion of fuzzy compact open topology.
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1. Introduction. The theory of fuzzy topological spaces is meanwhile highly devel-
oped. Especially, compactness and separation axioms have been thoroughly studied.
Yet, one important field of classical topology has not yet attained wide attention in
fuzzy topology: the theory of function spaces. Function spaces play an important role
in functional analysis, in the theory of differential equations, in complex analysis, and
in almost every other branch of modern mathematics, not to forget in topology itself.
Therefore, it seems desirable to study function spaces also in fuzzy topology. In the
meantime, three papers on this subject have appeared (Peng [11], Dang and Behera [2],
and Alderton [1]). The fact that FTS, the category of fuzzy topological spaces (Lowen
[9]), is not cartesian closed led Lowen and Lowen [7] to the definition of FCS, the cate-
gory of fuzzy convergence spaces. This paper takes FCS as a starting point to discuss
certain fuzzy function space structures via splitting and conjoining structures. It con-
tinues a previous paper by the author, where compactness in fuzzy function spaces
in FCS was considered [3] and also considers function spaces in FTS.

2. Preliminaries. Let X be a nonvoid set. Fuzzy subsets of X are denoted by A, B,
C,... € [0,11%, (ordinary) subsets of X are denoted by small italics a,b,c,... C X.
For a C X, we denote by 1, the characteristic function of a and in case a = {x}, we
write 1. For the characteristic function of the whole set X,Y,Z, we write for short
again X, Y, Z. The fundamental definitions of fuzzy set theory and fuzzy topology are
assumed to be familiar to the reader. We especially take Lowen’s definition of fuzzy
topology [9]. In order to make this paper self-contained, however, we summarize the
main results of our papers [3, 4, 5]. Given a fuzzy subset A € [0,1]¥, we denote
Fx(A):={Be€[0,1]X:Bc A} and call Ag:= {x € X: A(x) > 0} the support of A. For
A €[0,11%, we call a fuzzy subset of the form B = An1p, a crisp fuzzy subset of A.
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If A =X, we regain the usual definition.

For a function f : X — Y, we define its restriction on A by f | A(D) := f(D) (D €
Fx(A)) and the corresponding inverse imageby (f | A)~N(E) := f~Y(E)NA (E € Fy(Y))
(cf. [4]). If, moreover, f(A) CB,wecallg=f|A:A— B a fuzzy mapping from A to
B [4].

A nonempty collection F C Fx(A) is called a fuzzy filter on A if and only if it does
not contain the empty fuzzy set & := 14, is closed under finite intersections, and
contains, for F € F, every fuzzy superset A> G D F. B C Fx(A) is called a fuzzy filter
basis on A if and only if it is not empty, does not contain the empty fuzzy set, and the
intersection of two of its members contains a member of B. For a fuzzy filter basis
on A, [B]a =[B]:={F Cc A:3B € B such that B C F} is a fuzzy filter on A. A fuzzy
filter on A is called a prime fuzzy filter if and only if whenever FUG € [, F € [ or
G € [F. For example, the fuzzy point filters [1x]:={G CA:G(x) 2 «} (0 < x < A(x))
are prime fuzzy filters. The set F(A) of fuzzy filters on A is ordered by set inclusion.
For F € F(A), the set P(F) of all prime fuzzy filters finer than F is inductive and, by
Zorn’s lemma, there exist minimal elements in P(F), the set of which is denoted by
P, (F) (cf. Lowen [10]). For a fuzzy filter F € F(A), the system 1(F) := {Fy:F € F} is a
filter on Ay. [ is a prime fuzzy filter if and only if 1(F) is an ultrafilter. We further call
for a fuzzy filter F € F(A)

c(F) :=inf supF(x) (2.1)
FeF xex
its characteristic value (Lowen/Lowen [6]).
For A € [0,1]%, we call a mapping

(2.2)

. F(A) — Fx(A)
lim:
F+— lim[F

a fuzzy convergence on A if and only if the following conditions are satisfied:
(PST) VF € F(A) :limF = Ngep,, 5 limG;
(F1p) VT € F(A) prime fuzzy filters : im[F < c([F);
(F2p) VF,G € F(A) prime fuzzy filters : F < G = limG C limF;
(Cl) Vxe Ay, 0<x<A(x):xl, Clim[aly].
(cf. [5, 7, 8]). The pair (A,lim) is then called a fuzzy convergence space (fcs for short).
A fuzzy topological space (X,A) can be considered as an fcs if we put, for F € F(X),

lim(A)F:= () (G (2.3)
GEP (F) GEG
which is the definition of limit of a fuzzy filter due to Lowen [10].

For two fuzzy convergences lim, lim" on the same fuzzy set A € [0,1]%, we say
that lim’ is finer than lim if and only if, for every prime fuzzy filter F € F(A), we
have lim' F ¢ limF. We then write lim < lim'. It is easily verified that, for two fuzzy
topologies I', A on X, we have I < A (i.e., T C A) if and only if lim(') < lim(A).

In [5], a fuzzy mapping g : (A,limA) - (B,limB) is called (limA,limB)-continuouS (or
simply continuous if the involved fuzzy convergences are clear) if and only if, for
every prime fuzzy filter F € F(A), we have g(limA F) c lim® g([F). By definition, we



ON FUZZY FUNCTION SPACES 729

have, for two fuzzy convergences lim, lim’ on A € [0,1]%, lim < lim’ if and only if
idy | A: (A,lim’) — (A,lim) is continuous.

Now, let (ga : A — (A}, lima))aca be a family of fuzzy mappings from a fuzzy set
A e€[0,1]% to fcs’s (A? limy) with A* € [0,1]1%2 (A € A). If we put, for a prime fuzzy
filter F € F(A),

init (lima,ga) F:= () g7 (limaga (F)), (2.4)
AEA

and derive init(lim,, gx) for arbitrary fuzzy filters F € F(A) by (PST), then init(lim,, ga)
is the coarsest fuzzy convergence on A such that every g, is continuous [5].

If BC A(A,lim) fcs, and 1 :=idx | B: B — A is the fuzzy inclusion, we call lim |g:=
init(lim, 13) the fuzzy convergence on B induced by lim and the pair (B,lim |) a fuzzy
subspace of (A,lim). We have lim |g F = BNn1lim[F] for a prime fuzzy filter F € F(B).
For more details on this subspace concept, see [3, 4, 5].

If A € [0,1]%* (A € A) and, as usual, [TA((xy)) := infaep A (x,) for (xa) € [1Xa,
the restrictions 1, := pr, | [TA? of the projections pr, : Xy — Xy, (xa) — xy are
fuzzy mappings from ITA? to AH(u € A) (cf. [4]). If we denote 17 —lim := init(limy, 1)),
then (ITA%, 7t — lim) is called the product space of the fcs’s ((A%,limy))aea. For a prime
fuzzy filter F € F(TTAY), we have 11 — im[F = [Myea limy 7a (F) = Ny 173 (limp 712 (F)).
For more details, we refer to [5].

Ifg=f|A:A—-Band h=k| C:C — D are fuzzy mappings and if we define, as
usual, the product-mapping f X k(a,c) := (f(a),k(c)), then it is easily verified that
fxk(AxC) c BxD. Hence, we can define the fuzzy product-mapping g x h:= f xk |
AXC:AXC — BxD. The simple proofs of the next two propositions are left to the
reader.

PROPOSITION 2.1. Let, in the situation above, F C AX C. If Tt4 respectively tic, are
the fuzzy projections from Ax C to A respectively C, and Ttg respectively ttp, are the
fuzzy projections from B x D to B respectively D, then g(ma(F)) = tg(g X h(F)) and
h(ttc (F)) = tp (g X h(F)).

PROPOSITION 2.2. Let (A,lim%), (B,lim®), (C,lim®), and (D,lim®) be fcs’s and let
g:A—Bandh:C — D be continuous fuzzy mappings. Then the product-mapping
gxh is (im* x1im®, lim® x lim” ) -continuous.

3. Continuous convergence on fuzzy subsets (The space C(A,B)). Let in this
number A € [0,11%,B €[0,1]Y, and always

[supA(X)} 1p, C B. 3.1)

xeX

We then have Bé” =1{g:Ao — By | g(A) C B}, i.e,, we do not need to distinguish
between mappings from Ay to By and fuzzy mappings from A to B. For a mapping
g: Ao — By, we put

B*(g) =n(g) := inf B(g(x)), (3.2)

X€EAQ
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ie., BA = IIxea,B (identifying g and (g(x))xca, in the natural way) is a fuzzy set
on By°.
We consider the evaluation map

{BSOXAO — By
ev:

(3.3)
(9,x) — g(x).

If (3.1) is assumed, then ev: BAx A — B is a fuzzy mapping [3]. We further denote
by 1134 : BA X A — BA the restriction of the projection prB(,?O :(g,x) — g and by 114 :
B4 x A — A the restriction of the projection pry, : (9,x) — x on B4 x A. The fuzzy
convergence structure of continuous convergence on B# is defined as follows (cf. [3,
7, 8]). For (A,limA), (B,lim®) fcs’s, g :A — B afuzzy mapping and F € F(B#) a prime
fuzzy filter, we put

C(F,g):= {(x €[0,1]] VO € F(B x A) prime fuzzy filters such that

3.4
Mpa (@) < F,Vx € Ag: limA14(0) (x) A x < 111 (lim ev(@))(g)} (34)

and
c-limF(g) := c(F) An(g) AsupC(F,g). (3.5)

For an arbitrary fuzzy filter F € F(B*), we derive c-limF by (PST). c-lim then satisfies
(PST), (F1p), and (F2p) and, in general, fails to satisfy (C1). Therefore, we speak of c-lim
as a “ weak fuzzy convergence structure” (cf. [3]).

If M c BAis afuzzy subset of B4, we call c-1im |y the (weak) fuzzy convergence struc-
ture of continuous convergence on M and denote this (weak) fuzzy convergence again
by c-lim. The next proposition shows that we can calculate the fuzzy convergence of
continuous convergence for certain M C B4 “from inside.”

PROPOSITION 3.1. Let (A,lim%), (B,lim®) be fes’'sand M = BAn 1w, be a crisp fuzzy
subset of BA. If we put for a prime fuzzy filter F € F(M) and g € My

Cu(F,g):= {D( €[0,11| VO € F(M x A) prime fuzzy filter such that

My (0) < F,Vx € Ag: lim*1m4 (@) (x) A x < it (lim B ev(@)) (g)}, 3.6

then c-limF(g) = c(F) An(g) nsupCy (F,g). Here, Tty = Pry, | M X A is the restriction
of the mapping My X Ag 3 (g,x) — g € My and 1t : M X A — A is the fuzzy projection
andev:MxA — B and 1ty =pr, | M : M — B is the restriction of the mapping g — g(x).
PrROOF. We prove that C([F],g) = Cyq(F,g). Let x € C([F],g) and let ® € F(M X A)
be a prime fuzzy filter such that 1y (®) < F and let x € Aj. Then [@] € F(BAX A) is a
prime fuzzy filter and [y (®)] < [F]. For ¥ ¢ M X A and g € My, we have mmy (V) (g) =
SUPyea, ¥(g,x) = 54 (¥) (g) whichyields [11y(0)] = 134 ([@]). Obviously, w4 ([0]) =
m4(0) and ev([O]) = ev(O) (here, the fuzzy functions on the left sides are defined on
BA x A and the ones on the right sides are defined on M x A). Hence, we get
HmA 74 (0) (x) A x =limA 14 ([O©]) (x) A
<! (limBev([O]))(9) (3.7)
= (lim2ev(®))(g),

ie, xeCy(F,g).



ON FUZZY FUNCTION SPACES 731

Conversely, let & € Cy(F,g) and ©® € F(BA x A) be a prime fuzzy filter such that
T4 (0) < [F] and let x € Ap. Then, as 1(14(0)) = 1([F]) and M is a crisp fuzzy sub-
set, we get that M € 1134 (0) and, therefore, also M X A € 0. We put 0" := Opyxa =
{6N(MxA):0 € 0}. Then [@'] = 0, and O’ is also a prime fuzzy filter. A sim-
ple computation shows that 1y (¥ N (M x A)) = 134 (¥) "M for ¥ € BAx A and so
M (O") = (1134 (0) ) y. From this, we conclude that 1y (®") < ([F])p = F. As, further-
more, TT4(0") = M4 (0) and ev(0®’) = ev(0®) (Where again the fuzzy functions on the
left sides are defined on M x A and those on the right sides are defined on B4 x A),
this yields & € C([F],g) which completes the proof. O

PROPOSITION 3.2. Let (A, lim"), (B,lim?) be fes’'sand M = BAn 1y, be a crisp fuzzy
subset of BA. The following hold:
(i) ev:(MXA,c-limxlim?) — (B,lim®) is continuous.
(i) If A = xly, B = &1y and lim* is a fuzzy convergence on M such that ev : (M x
Alim* x im?) — (B,lim®) is continuous, then c-lim < lim*.

PROOF. Using Proposition 3.1, we can copy the corresponding proof of [3, Prop. 4.6].
O

We now put for two fcs’s (A,lim*) and (B,lim®)
C(A,B)o:=1{g:(Alim*) — (B,lim®) continuous} (3.8)

and define the fuzzy subset C(A,B) of B4 by C(A,B) := BAN1¢(a,5),- In [3, Prop. 4.2],
we showed that, for a continuous fuzzy mapping g : (A,lim?) — (B,lim®) and for
0 < x=<n(g), we have xl, C c-lim[x1,]. Hence, (C(A,B),c-lim) satisfies the axiom
(C1), i.e., is an fcs.

We finally mention a result due to Lowen/Lowen [7]. Let X, Y, Z be nonvoid sets and
f:XxY — Z be amapping. We define a mapping @ (f) : X — ZY, @ (f)(x) := f(x,-).
The just-defined bijection @ : ZX<¥ — (ZY)X is called an “exponential map” (Poppe
[12]).

PROPOSITION 3.3. Let (X,lim"),(Y,lim") and (Z,1im?) be fcs’s. Then
P(C(XxY,Z)) =C(X,C(Y,Z)). (3.9

Here, C(Y,Z) is provided with the fuzzy convergence of continuous convergence and
X XY with the product fuzzy convergence lim* xlim?.

PROOF. @(C(XxY,Z)) Cc C(X,C(Y,Z)) is shown in [7, Thm. 5.2]. The reverse in-
clusion follows using the continuity of the evaluation map (Proposition 3.2) and the
continuity of the fuzzy product-mapping (Proposition 2.2) in exactly the same way as
the proof of the corresponding “classical” theorem 2.2, (a)=(b) in Poppe [12]. O

4. Splitting and conjoining fuzzy convergences

DEFINITION 4.1. Let (A,lim?*), (B,lim®) be fcs’s, M ¢ BA and lim be a fuzzy con-
vergence on M.
(i) lim is called conjoining for M if and only if c-lim < lim holds on M.
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(ii) lim is called splitting for M if and only if lim < c-lim holds on M.

As an immediate consequence of Proposition 3.2, we obtain the following proposi-
tion.

PROPOSITION 4.2. Let (A,lim*), (B,lim®) be fcs’s and M c BA. The following hold:
(@) Iflim is conjoining for M, then ev: (M x A,lim xlim*) — (B,lim®) is continuous.
(i) IfA=«alyx, B=«aly and M = BAn 1u, is a crisp fuzzy subset, then, from the

continuity of ev: (M x A,lim x lim*?) — (B,lim®), we get that lim is conjoining.

Splitting and conjoining fuzzy convergences are closely related to the “exponential
law” (for corresponding “classical” results (cf. Poppe [12])).

PROPOSITION 4.3. Let (Y,lim"), (Z,1im?) be fcs’s and lim be a fuzzy convergence
for C(Y,Z). Then the following are equivalent:
(i) lim is splitting for C(Y,Z),
(ii) for each fcs (X,limx), we have (C(XXY,Z)) c C(X,(C(Y,Z),lim)).

PROOF. Let first lim be splitting for C(Y,Z). From Proposition 3.3, we get that,
for a continuous fuzzy mapping f : X XY — Z, the fuzzy mapping @(f) : X —
(C(Y,Z),c-lim) is continuous. Hence, for a prime fuzzy filter F € F(X), we have

@ (f) Im*F) ¢ c-lime (f) (F) c limg (f) (F), 4.1)

ie, @(f)is (limX,lim)-Continuous.
Conversely, let condition (ii) hold. (C(Y, Z),c-lim) is a fuzzy convergence space and,
hence,

@(C((C(Y,Z),c-lim)xY,Z)) c C((C(Y,Z),c-lim), (C(Y, Z),lim)). 4.2)

By Proposition 3.2, the evaluation map ev is continuous, i.e., ev e C((C(Y, Z),c-lim) X
Y,Z) and, hence, @(ev) € C((C(Y,Z),c-lim), (C(Y,Z),lim)). As @(ev)(g)(y) =
ev(g,-)(y) =ev(g,y) = g(y) = idcw,2)(g)(y), i.e, @(ev) is the identity map on
C(Y,Z), we conclude that lim < c-lim, i.e., lim is splitting for C(Y, Z). O

PROPOSITION 4.4. Let (Y,lim"),(Z,1im?) be fcs’s and lim be a fuzzy convergence
for C(Y,Z). Then the following are equivalent:
(i) lim is conjoining for C(Y,Z),
(ii) for each fcs (X,im™), we have C(X, (C(Y,Z),lim)) C P(C(XxY,Z)).

PROOF. Let first lim be conjoining for C(Y,Z), and let f : (X,limX) - (C(Y,Z),lim)
be continuous. As c-lim < lim, then also f': (X,limX) - (C(Y,Z),c-lim) is continuous.
This yields C(X,(C(Y,Z),lim)) c C(X,(C(Y,Z),c-lim)). Proposition 3.3 now implies
condition (ii).

Conversely, let condition (ii) hold. As (C(Y, Z),lim) is an fcs, we obtain

C((C(Y,Z),lim),(C(Y,Z),lim)) Cc @ ((C(Y,Z),lim) XY, Z). (4.3)
As id¢(y,z) is (lim,lim)-continuous, we deduce, herefrom, that

@ (ideyz): (C(Y,2),lim) XY — Z (4.4)
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is continuous. But, as @ (ev) = id¢(y,z) and @ is a bijection, we get @~ (idc(y,z)) = ev
and, hence, by Proposition 4.2, lim is conjoining for C(Y, Z). O

5. Examples for splitting and conjoining fuzzy convergences

5.1. The discrete and the indiscrete fuzzy convergences. Let A € [0,1]¥. If we
put for a prime fuzzy filter F € F(A)

lim,F:=c(F)1xNA,

c¢(F) if and only if 1(F) = [x], (5.1)

limsF(x) := () yifub) = [x] (x eX)
0 else

and derive lim, respectively lims for arbitrary fuzzy filters on A by (PST), then the

following proposition holds.

PROPOSITION 5.1. Let A € [0,11X. Then
(i) lim,,lims are fuzzy convergences on A,
(ii) for a fuzzy convergence lim on A, we have lim, < lim < lims.

PROOF. (i) That lim, is a fuzzy convergence on A is obvious and, obviously, lims
satisfies axioms (F1p), (PST), and (C1). If F, G € F(A) are prime fuzzy filters and
F < G and lims G(x) > 0, then 1(G) = [x] and, consequently, also 1([F) = [x]. Hence,
lims F(x) = c(F) = ¢(G) = lims G(x) and also (F2p) holds.

(ii) Let F € F(A) be a prime fuzzy filter. As an immediate consequence of (F1p),
we obtain imF C lim, F. Now, let lims F(x) = c(F) > 0. Then 1(F) = [x] and, hence,
AnN1, €F. From this, we conclude that, for F € [,

F(x)=Fn(Anly)(x) =supFNnAnlx(y) = inf supG(x) = c(F), (5.2)
yeX GelF yex

i.e., F < [c(F)1,]. Hence, it follows, by (F2p) and (C1), that
IimF(x) > lm[c(F)1,](x) =c(F)1x(x) =c(F), (5.3)
i.e,, imF D lims F and the proposition is proved. O

lim, is called the indiscrete fuzzy convergence on A and lims is called the discrete
fuzzy convergence on A.

COROLLARY 5.2. Let (A, lim?), (B,lim®) be fcs’s and M c BA. Then
(i) The indiscrete fuzzy convergence on M is splitting for M.
(ii) If M c C(A,B), then the discrete fuzzy convergence on M is conjoining for M.

5.2. The fuzzy convergence of pointwise convergence. Let (A,lim™), (B,lim®) be
fcs’s. We define a fuzzy convergence on B4 by putting, for a prime fuzzy filter F €
F(B4),

p-limF:= () 7! (lim#m. (F)) (5.4)

XEAQ

and derive p-limF for an arbitrary fuzzy filter on B4 by (PST), i.e., p-lim is the ini-
tial fuzzy convergence on B# respectively the (Ty, B)xea,. p-lim is called the fuzzy
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convergence of pointwise convergence on B4 [3]. In [3], we proved the following propo-
sition.

PROPOSITION 5.3. Let A € [0,1]%, B € [0,1]Y be constant fuzzy sets of the same
height « > 0 and (A,limA), (B,limB) be fcs’s. Then p-lim < c-lim.

COROLLARY 5.4. Under the assumptions of Proposition 5.3, the fuzzy convergence
of pointwise convergence p -lim is splitting for BA.

5.3. The fuzzy convergence of strictly continuous convergence. Let (A,lim"),
(B,1im®?) be fcs’s and M C BA. We put for a prime fuzzy filter F € F(M) and a fuzzy
mapping g:A—B

SCy (F,g):= {(x €[0,1]| VO € F(M x A) prime fuzzy filters such that
(5.5)
(@) <F,Vy € By:limPg(ms(0)) () Acx < limBev(G))(y)},

and define
sc-limF (g) := c(F) An(g) AsupSCy (F,g), (5.6)

and derive sc-limF for arbitrary fuzzy filters on M by (PST).

PROPOSITION 5.5. Under the assumptions mentioned above, sc-lim is a fuzzy con-
vergence on M.

PROOF. By definition, sc-lim satisfies (PST) and (F1p). If F < G for two prime fuzzy
filters F, G € F(M), we obviously have SCy (G,g) C SCy (F,g) and, hence, sc-limG C
sc-limF, i.e., (F2p) holds. So, all that remains to be shown is (C1): Let 0 < & < n(g)
and ® € F(M x A) be a prime fuzzy filter such that my(0) < [«ly]. It then follows,
in exactly the same way as in the proof of [7, Prop. 5.1], that ev(®) < g(1m4(0)).
Using (F2p) for (B,lim®), we deduce herefrom lim® g (4 (®)) c lim®ev(®). Hence,
1 € SCu([xly],g) and, therefore, sc-lim[x1,](g) = c([xly]) = & and sc-lim sat-
isfies (C1). (sc-lim is called the fuzzy convergence of strictly continuous convergence
on M.) O

PROPOSITION 5.6. If A= «xly and B = «1y, then sc-lim is conjoining for C(A,B).

PROOF. WeputM := C(A,B).LetF € F(M) be a prime fuzzy filter and g € C(A,B)o.
Further, let x € SCy(F,g) and © € F(M X A) be a prime fuzzy filter such that 1, (©) < F
and let x € Ag. Then g(x) € By and the continuity of g yields

limA 74 (0) (x) A & < g (limA74(0)) (g (x)) A
<lim2g(m1(®)) (g(x)) A x
<lim%ev(®)(g(x))
= (limfev(©))(g).

(5.7)

Hence, «x € Cy(F,g) and so sc-lim > c-lim on M. O
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6. Splitting and conjoining fuzzy topologies. In this number, we only consider
fuzzy topological spaces (X,A),(Y,I') in the sense of Lowen [9] and crisp subspaces
of YX. As in the (classical) theory of convergence space (Poppe [12]), we call a fuzzy
topology T on a crisp subset M = 1y, C YX splitting (resp. conjoining) for M if and only
if the corresponding fuzzy convergence lim(T) is splitting (resp. conjoining) for M.

6.1. The discrete and the indiscrete fuzzy topologies. Let X be a nonvoid set. If
we put As := Fx(X) and A; := {«x:0 < « < 1}, then, obviously, As and A, are fuzzy
topologies on X. As is called discrete fuzzy topology on X and A, is called the indiscrete
fuzzy topology on X.

PROPOSITION 6.1. We have lim(As) = lims and lim(A,) = lim,.

PROOF. First, we show that lim(As) = lims. Let F € F(X) be a prime fuzzy fil-
ter. By the definition of lim(Ag), We obtain lim(As) F = (gep F. If im(As) F = &, as-
sume that limgs F(x) > 0. Then 1(F) = [x] and, therefore, F < [c¢(F)1,] (see the proof
of Proposition 5.1). (F2p) together with (C1) for lim(As) then imply @ = lim(As) F D
c(F)1y, a contradiction to lims F(x) > 0. Hence, also lims F = &. If lim(As) F(x) =: ¢ >
0 < B:=1lim(As) F(y), then F < [xl,] and F < [B1,]. Thus, 1(F) = [x] and «(F) = [y],
i.e,, x = y. From this, we conclude that, lim(As)F = &1y < c(F)1, = lims F. But as
1(F) = [x], we again get F < [c(F)1,] and this yields, using (F2p), lim(As) F > c(F) 1.
Hence, lim(As) = limg is established.

To prove lim(A,) = lim, it suffices to remark that, for F € [0,1]%X, we have FAl =
sup,eyx F(x) and so lim(A,) F = infrepsup,ex F(x) = c(F) for a prime fuzzy filter
F e F(X). O

COROLLARY 6.2. Let (X,A) and (Y,T) be fuzzy topological spaces and M = 1y, C YX
be a crisp fuzzy subset of YX. Then
(i) The indiscrete fuzzy topology on M is splitting for M.
(ii) If M Cc C(X,Y), then the discrete fuzzy topology is conjoining for M.

6.2. The fuzzy compact open topology. In [11], Peng defines a notion of fuzzy
compact open topology using the notion of N-compactness due to Wang [13]. Here,
we alter his definition slightly using Lowen’s [9] definition of compactness. Let (X,A),
(Y,I) be fuzzy topological spaces. For a subset k ¢ X and G € [0,1]Y, we put

(1x,G)(g) = irégG(g(x)). (6.1)

So, (1x,G) € [0,1]Y. It is easily verified that the system
{(1x,G) : 1} compact in (X,A),G €T} (6.2)

is a subbase for a fuzzy topology on Y¥, the fuzzy compact open topology Ac, on YX.
If we restrict the functions (1x,G) on C(X,Y), then the subspace topology of A, is
also denoted by Aco.

For the proof of the next proposition, we need two lemmas, the proofs of which are
left to the reader.
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LEMMA 1. Let X be a nonvoid set and A, T be fuzzy topologies on X. If, foreveryD €T
and for every x € X such that D(x) =: &y > 0, there is Hy € A such that Hy N &y C D
and Hy (x) A&y = D(x), then A >T.

LEMMA 2. Let (X,A) and (Y,T') be fuzzy topological spaces and let (X XY,AXT) be
their product space. Then G € AXT if and only if, for every (x,y) € X XY and every
€ > 0, there are fuzzy sets HS € A, K5 eT such that H xXK§, CG and HS X K5 (x,y) =
G(x,y)—¢e.

PROPOSITION 6.3. Let (X,A) and (Y,I') be fuzzy topological spaces and T be a con-
Jjoining fuzzy topology on YX (respectively C(X,Y)). Then T = Aco.

PROOF. Let 1 € [0,1]X be compact and G €T and (1x,G)(g) = infycr G(g(x)) =:
&g > 0. Then, for every x € k, we have &y < G(g(x)) = ev1(G)(g,x). As T is conjoin-
ing, the evaluation map is continuous (Proposition 4.2 and [5, Prop. 4.3]) and, hence,
ev 1(G) € TxXA.Let € > 0. Lemma 2 yields the existence of fuzzy sets Hx € T, Ox € A
such that

Hy, X0y Cev 1(G),

_ € (6.3)
Hy(9) A Ox(x) 2 evH(G) (9,%) =5 = &g =

N M

From this, we see that the system {Ox : x € k} is an open cover of (xg —(€/2))1x. As

1y is compact, there are finitely many x/!,...,x" € k such that U’,J:l Ox§ D (&g —€)1g.

We put H := ﬂz:Ing. Then H € T. We prove that H N g C (1¢,G) in two steps.
STEP 1. ev(H X (g —€)1y) CG. Let b €Y, then

ev(HX (og—€)1x)(b) = sup H(f)A(xg—e€). (6.4)
(f,x):xek, f(x)=b

Let 6 > 0, then there are f5, x5 € k such that f5(xs) = b and
ev(Hx (g —€)1x)(b) =6 < H(fs5) A (g —€). (6.5)
We choose k € {1,2,...,1n} such that Oxé (x5) =z &g —€. Then

ev(Hx (og—€)1x)(b) -6
<H(fs) A O,k (x5) < ev ' (G)(fs,%5) (6.6)
=G(f5(xs)) = G(D).

The arbitrariness of 6 > 0 now yields the assumption.

STEP 2. For every x € k, we have G(f(x)) = ev(H X (&g —€)1x) (f(x)) = H(f) A
(xg —€). Hence, (1x,G)(f) = H(f) A (g —€). The arbitrariness of € > 0 now yields
(1x,G) D HN tg. As, moreover, H(g) = ﬂleng (g) = &g — (€/2), we finally get, again
by the arbitrariness of € > 0, H(g) A &g = (1§,G)(g). Lemma 1 now yields (1x,G) € T.
Hence, A¢, < T and the proposition is proved. O
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