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ABSTRACT. In this paper, we establish the relation between the concept of control sub-
groups and the class of graded birational algebras. Actually, we prove thatif R = @scc Ro
is a strongly G-graded ring and H < G, then the embedding i : R‘H) — R, where R() =
@Dosecn R, is a Zariski extension if and only if H controls the filter £(R — P) for every
prime ideal P in an open set of the Zariski topology on R. This enables us to relate certain
ideals of R and R up to radical.
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1. Introduction. The study of birational extension of rings was, in some sense,
started by F. van Oystaeyen in 1978, [11]. The main motivation in introducing the
class of birational algebras was to generalize the notion of Zariski central rings which
behaves very well with respect to localizations at prime ideals [10]. Birational algebras
received some interest on one hand because all the semiprime PI rings are birational
algebras over their centers and on the other hand because the birationality properties
determine interesting classes within the classes of fully left bounded Noetherian rings,
HNP rings, regular and biregular rings, and Von Neuman rings, cf. [7, 11].

In Passman’s book [8], some use has been made of control subgroups of ideals of
group rings, in particular, in the study of radicals of group rings. The case where a
subgroup H of a group G left controls some basis of a Gabriel filter of left ideals
of a group ring F[G] has been investigated intensively and extensively in [5]. The
notions of control subgroups of submodules of graded modules as well as for other
objects related to graded objects have been introduced in [3] with the aim of studying
localizations and filtrations of strongly graded rings, cf. [3, 4].

All of this has prompted us to establish the relation between the concept of control
subgroups and the class of graded birational algebras. After introducing the basic
notions and definitions in Section 2, we prove, in Section 3, that if R = @, s Ry is a
strongly G-graded ring and H < G, then an extension R®) — R, where R‘") = @,y Ry,
is a Zariski extension if and only if H controls the filter £(R — P), for every prime ideal
P in an open set of the Zariski topology. This enables us to relate certain ideals of R
and R‘™ up to radical. The main results are contained in Theorem 3.2, Corollary 3.3,
and Theorem 3.8.

2. Preliminaries. All the rings considered are associative with unit. For definitions
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and properties of birational extensions of rings, we refer to [11]. A ring homomor-
phism f : A — B is said to be an extension in the sense of C. Procesi [9] if B =
f(A)Cg(f(A)), where Cp(f(A)) ={b €B,ba =ab forall a € f(A)}.In this paper, we
consider only the inclusions A — B, so the condition reduces to B = A-Cg(A). For any
ring A, the set of prime ideals X = Spec(A) may be equipped with the Zariski topology
given by the open sets X(I) = {P € Spec(A),I ¢ P} associated with (two-sided) ideals I
of A.If I is an ideal of A, then, by rad(I), we denote the intersection Nn{P;P € Spec(A)
and I C P}. An extension f : A — B is a birational extension if there exist nonempty
open sets U C Y = Spec(B) and V C X = Spec(A) such that

(1) if P € Y is such that f~1(P) € V, then P € U;

(2) the correspondence P — f~1(P) induces a topological isomorphism U = V.
Moreover, this birational extension f : A — B is called a Zariski extension if, to an ideal
J of B, there corresponds an ideal J' C J of A such that X(I'-J') = Y(I-J) under f~1.

If P is a prime ideal of a ring A, then, by £(A - P), we denote the symmetric filter

$(A-P)={I C A,Iis aleftideal of Awith AsA C I forans e A-P}. (2.1)

The kernel functor induced by £(A —P) is denoted by o . For details on torsion theory
and localization theory, we refer to [1, 2].

Throughout, G is a finite group with neutral element e, H is a subgroup of G, and the
ring R = @, ¢ Ry is a strongly G-graded ring. For details on graded rings and modules,
we refer to [6]. All modules are left modules. If M is a G-graded R-module, then,
by M) we denote the R,-module @pcyMp. If m = 3 ;o mye € M, then Supp(m)
denotes the subset {0 € G, m # 0}. There is a canonical R.-linear map 1y : M —
MW given by 1y (3 gecc Mo) = > gey Mo It has been proved in [3] that, for any R-
submodule N of M, the following assertions are equivalent

(1) mg(N) CN.

(2) mg(N) =NnM®E,

(3) N=R-my(N).

If one of these conditions holds, then we say that H left controls N in M. The control
subgroup of N in M is the smallest subgroup H of G left controlling N in M. Thus,
the control subgroup Cy (N) of N in M is the intersection in G of all the subgroups
controlling N in M [3].

3. Control subgoups and birational extensions. Throughout this section, H is a
normal subgroup of G and R is a strongly G-graded ring. By R-mod, we denote the
category of left R-modules.

DEFINITION 2.1. We say that the subgroup H of G (left) control a Gabriel filter &£
of left ideals of R if, for every L € &, there exists (a left ideal) an ideal I € & such that
I c L and I being (left) controlled by H, i.e., I = R- (INnR™), A Gabriel filter £’ of left
ideals of R®) is said to be G-invariant if I’ € ¢’ implies RyI'Ry-1 € &' for every g € G,
cf. [3].

THEOREM 3.2. Suppose that the embedding i : R™) — R is an extension. If H controls
£(R—P) for all P in a nonempty open set U of Spec(R), theni: R — R is a birational
extension.
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PROOF. Let X = Spec R Y = SpecR, and U = Y(I) for some ideal I of R. In fact,
the ideal I can be chosen such that I is controlled by H. Indeed, since I € £(R —P),
for every P € Y(I), then there exists an ideal Ip C I such that Ip € (R —P) and Ip
is controlled by H. Thus, the ideal J = > pcy)Ip C I is controlled by H. Moreover,
JE€XLR~-P) and Y(I) = Y(J). If V is the open set X(1ry(J)) of Spec(R"), then
PNR™ ¢V for every P € Y(J). Hence, we can define a map @ : U — V as follows:

W(P)=i"'(P) =PnRU, (3.1)

Since H controls J, then, for every P € Y with i 1 (P) = PNnR®™ €V we have J ¢ P or,
equivalently, P € U = Y (J). Thus, it only remains to prove that ¢ is a homeomorphism.
Let PeY(J)and Q € Y such that Q # P and Q "R = P R™) We consider the
following two cases
(i) If Q ¢ P, then Q € £(R — P). Hence, there exists an ideal Q' € £(R — P) such
that Q' € Q and H controls Q’. Thus,

Q' =R-(QnR™M) cR-(QnR™M) =R-(PnRM) cP. (3.2)

On the other hand, Q' € $(R —P) implies Q’ ¢ P and we have a contradiction.

(ii) If Q is a proper subset of P, then Q € U. Thus, H controls £(R—-Q) and P €
2(R-Q).

Since P ¢ Q, case (ii) reduces to case (i) and we obtain the same contradiction. There-
fore,  is injective.

To prove that y is surjective, let P € V. Since R is G-graded, then (R-P)nR =P,
Indeed, every x € (R-P) nR¥) can be decomposed as

n
x=>a"p"; a?eR bepPi=12,..,n. (3.3)
i=1

Moreover, if S = Suppa” and T = Suppb?, i =1,2,...,n, then

a®=>al,  b?=3n"; al eR,b” €R,. (3.4)
ses teT

Since x € R™ and T ¢ H, the G-gradation of R implies that S ¢ H. Thus, a'¥ € R,
i=1,2,...,n. This entails that x € P. Hence, (R-P) "R c P. Clearly, P c (R-P)n
R Thus, (R-p) nR™ = P, Since i is an extension, then R - P is an ideal of R. If L
is the maximal ideal of R such that LnR®™ = P, then it is not hard to prove that L is
a prime ideal of R. Since J is controlled by H, then L € Y (J). It follows that L is the
 —preimage of P. Hence, y is surjective.

Now, let W be an open set in Y (J). Thus, W = Y(F), where F C J is an ideal of R. It
follows that there exists anideal F’ ¢ F of R such that H controls F' and Y (F) = Y (F').
It is not hard to prove that ¢ (W) = X (1t (F')). Since g (F’) C 7ty (F) C 7ty (J), then
X (1t (F")) is open in X (15 (J)). Therefore,  is an open map.

Finally, we show that y is continuous. If O is an open set in X (115 (J)), then there
exists an ideal g of R™) such that g € Tty (J) and O = X(q). Clearly, ¢~1(0) = Y(R -
q) C Y(J). Thus, ¢y ~1(0) is open in Y (J). Hence, y is continuous. O

COROLLARY 3.3. Ifi: R™ < R is an extension and H controls £(R — P) for all
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P cY(J) CSpec(R), then
(@) IfL c J is an ideal of R, thenrad(L) = rad(R - (LN R"))).
(i) For any ideal L of R, rad(J-L) =rad(J-(LNR™W).R).
(ili) If P € Spec(R) and g =P nR™) thenrad(J-P) =rad(J-q).
Furthermore, i: R™) < R is a Zariski extension.

PROOF. The proof is a slight modification of the proof of [5, Cor. 3.3]. O

PROPOSITION 3.4. Suppose that the embedding i: R™) — R is an extension. If P is a
prime ideal of R such that H left controls the filter £(R — P), then H controls £(R —P).

PROOF. let L € ¥£(R — P). By assumption, there exists a left ideal I € £(R — P)
such that I c L and H left controls I. It follows that there exists an s € R — P such that
RsR C I.1f Y is aleft transversal for H in G, then R = @,y R, R, Hence, there exists
a finite subset Y’ of Y such that s = >, ¢y 7y 5,, where, for every y € Y', v, € R, and
sy € R Since s ¢ P, then there is yy € Y’ with s,, € R — P. Moreover,

R sy R € 0y (RUR, 1 sRE) C 1. (3.5)

Since i is an extension, then J = RR®™)s, R™) c [ is an ideal of R. Thus, J = Rs, R €
P(R-P) and J C L. Since H controls J, the result follows. O

PROPOSITION 3.5. Suppose that P is a prime ideal of R. If g = PNR™) | then $ (R —
q) is G-invariant.

PROOE. By definition, if I € £(R) —g), then there exists an s € R"¥) — g such that
R sRUD I, It follows from the strong gradation of R that

RRysR;-1RM™ = RGRM SRR, -1 C RyIR 1. (3.6)

Thus, RyIR,-1 € £(R —q) or, equivalently, £(R") - q) is G-invariant. O

REMARK 2.6. With assumptions as those in Proposition 3.4, if g = Pn R™ and
L={I' c R® there exists anI € (R —P) such that I’ = InR“D}, then one can easily
check that L is nothing but £(R™) —gq).

PROPOSITION 3.7. With assumptions as those in Proposition 3.4, if o’ denotes the
Kernel functor associated with £(R™) — q), then Q,(R) = Qu (R) as R -modules,
where Q,(—), resp. Qo (=) denote the localization functor in R-mod, resp. R®) -mod
corresponding to o, resp. o’.

PROOF. A direct consequence of the previous remark and [3, Thm. 4.5]. O

THEOREM 3.8. Ifi:RY < R is a Zariski extension, then H controls (R —P) for all
P in a nonempty open set U of Spec(R).

PROOF. Let U = Y(J) be an open set of Y = Spec(R) and V = X(J') be the corre-
sponding open set of X = Spec(R™)) such that Y(J) = X(J’) under i~!. Clearly, P €
Y (J) implies the existence of an s € J—P such that RsR C J.Hence, J € £(R—P).If P €
Y(J) and I' € £(R — P), then there exists an ideal I € £(R — P) such that I c I'. Thus,
the primitivity of P implies J-I € £(R —P). Moreover, we obtain, from [11, Prop. 1.2],



CONTROL SUBGROUPS AND BIRATIONAL EXTENSIONS OF GRADED RINGS 415

that Y(J-1I) = Y(J' - InR™).R) or, equivalently, rad(J -I) = rad(J' - I nR™) -R).
Since J-I crad(J-I) and J-I € £(R—P), then rad(J - I) € £(R — P). Furthermore,
the kernel functor o induced by £(R — P) is radical (cf. [11, Thm. 2.4]). Therefore,
rad(J'- UNnRW).R) € L(R—P) implies L= J' - INnR™).R € (R —P). Because i is
an extension, L is an ideal of R. Obviously, H controls L and L ¢ (InR")).RcIcT.
Thus, H controls £(R — P) and the assertion follows. O

REFERENCES

[1]  J.S. Golan, Localization of noncommutative rings, vol. 30, Marcel Dekker, New York, 1975.
MR 51 3207. Zbl 302.16002.
[2]  O. Goldman, Rings and modules of quotients, J. Algebra 13 (1969), 10-47. MR 39#6914.
Zbl 201.04002.
[3] S.S. Hussein and F. van Oystaeyen, Control subgroups for group graded rings, Comm.
Algebra 20 (1992), no. 8, 2219-2237. MR 93e:16057. Zbl 769.16019.
, Note on inertia properties of filtrations on group graded rings and modules, Comm.
Algebra 20 (1992), no. 10, 3027-3041. MR 93f:16040. Zbl 769.16018.
[5] E.Jespers, F. van Oystaeyen, and K. Zeeuwts, Control subgroups and localization of group
rings, Comm. Algebra 9 (1981), no. 12, 1263-1284. MR 82j:16021. Zbl 458.16008.
[6] C. Nastasescu and F. van Oystaeyen, Graded ring theory, North Holland Mathematical
Library, vol. 28, North Holland Publishing Co., Amsterdam, 1982. MR 84i:16002.
Zbl 494.16001.
[7] E. Nauwelaerts and F. van Oystaeyen, Birational hereditary Noetherian prime rings,
Comm. Algebra 8 (1980), no. 4, 309-338. MR 82a:16009. Zbl 429.16004.
[8] D.S. Passman, The algebraic structure of group rings, John Wiley & Sons., New York,
London, Sydney, Toronto, 1977, Pure and Applied Mathematics. MR 81d:16001.
Zbl 368.16003.
[9] C.Procesi, Rings with polynomial identities, Pure and Applied Mathematics, vol. 17, Marcel
Dekker, 1973. Zbl 262.16018.
[10] F. van Oystaeyen, Zariski central rings, Comm. Algebra 6 (1978), no. 8, 799-821.
MR 57 16341. Zbl 389.16001.
[11] _____, Birational extensions of rings, Ring theory, Lecture Notes in Pure and Appl. Math.,
vol. 51, Proc. Antwerp Conf., Univ. Antwerp, Marcel Dekker, 1979. MR 81b:16005.
Zbl 435.16001.

(4]

HUSSEIN: DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, AIN SHAMS UNIVERSITY,
ABBASSIA, CAIRO 11566, EGYPT


http://www.ams.org/mathscinet-getitem?mr=51:3207
http://www.emis.de/cgi-bin/MATH-item?302.16002
http://www.ams.org/mathscinet-getitem?mr=39:6914
http://www.emis.de/cgi-bin/MATH-item?201.04002
http://www.ams.org/mathscinet-getitem?mr=93e:16057
http://www.emis.de/cgi-bin/MATH-item?769.16019
http://www.ams.org/mathscinet-getitem?mr=93f:16040
http://www.emis.de/cgi-bin/MATH-item?769.16018
http://www.ams.org/mathscinet-getitem?mr=82j:16021
http://www.emis.de/cgi-bin/MATH-item?458.16008
http://www.ams.org/mathscinet-getitem?mr=84i:16002
http://www.emis.de/cgi-bin/MATH-item?494.16001
http://www.ams.org/mathscinet-getitem?mr=82a:16009
http://www.emis.de/cgi-bin/MATH-item?429.16004
http://www.ams.org/mathscinet-getitem?mr=81d:16001
http://www.emis.de/cgi-bin/MATH-item?368.16003
http://www.emis.de/cgi-bin/MATH-item?262.16018
http://www.ams.org/mathscinet-getitem?mr=57:16341
http://www.emis.de/cgi-bin/MATH-item?389.16001
http://www.ams.org/mathscinet-getitem?mr=81b:16005
http://www.emis.de/cgi-bin/MATH-item?435.16001

Mathematical Problems in Engineering

Special Issue on
Time-Dependent Billiards

Call for Papers

This subject has been extensively studied in the past years
for one-, two-, and three-dimensional space. Additionally,
such dynamical systems can exhibit a very important and still
unexplained phenomenon, called as the Fermi acceleration
phenomenon. Basically, the phenomenon of Fermi accelera-
tion (FA) is a process in which a classical particle can acquire
unbounded energy from collisions with a heavy moving wall.
This phenomenon was originally proposed by Enrico Fermi
in 1949 as a possible explanation of the origin of the large
energies of the cosmic particles. His original model was
then modified and considered under different approaches
and using many versions. Moreover, applications of FA
have been of a large broad interest in many different fields
of science including plasma physics, astrophysics, atomic
physics, optics, and time-dependent billiard problems and
they are useful for controlling chaos in Engineering and
dynamical systems exhibiting chaos (both conservative and
dissipative chaos).

We intend to publish in this special issue papers reporting
research on time-dependent billiards. The topic includes
both conservative and dissipative dynamics. Papers dis-
cussing dynamical properties, statistical and mathematical
results, stability investigation of the phase space structure,
the phenomenon of Fermi acceleration, conditions for
having suppression of Fermi acceleration, and computational
and numerical methods for exploring these structures and
applications are welcome.

To be acceptable for publication in the special issue of
Mathematical Problems in Engineering, papers must make
significant, original, and correct contributions to one or
more of the topics above mentioned. Mathematical papers
regarding the topics above are also welcome.

Authors should follow the Mathematical Problems in
Engineering manuscript format described at http://www
.hindawi.com/journals/mpe/. Prospective authors should
submit an electronic copy of their complete manuscript
through the journal Manuscript Tracking System at http://
mts.hindawi.com/ according to the following timetable:

December 1, 2008
March 1, 2009

‘ Manuscript Due

‘ First Round of Reviews

June 1, 2009

‘ Publication Date

Guest Editors

Edson Denis Leonel, Departamento de Estatistica,
Matemadtica Aplicada e Computagdo, Instituto de
Geociéncias e Ciéncias Exatas, Universidade Estadual
Paulista, Avenida 24A, 1515 Bela Vista, 13506-700 Rio Claro,
SP, Brazil ; edleonel@rc.unesp.br

Alexander Loskutov, Physics Faculty, Moscow State
University, Vorob’evy Gory, Moscow 119992, Russia;
loskutov@chaos.phys.msu.ru

Hindawi Publishing Corporation

http://www.hindawi.com



http://www.hindawi.com/journals/mpe/
http://www.hindawi.com/journals/mpe/
http://mts.hindawi.com/
http://mts.hindawi.com/

	1Call for Papers-4pt
	Guest Editors

