Internat. J. Math. & Math. Sci.
Vol. 22, No. 2 (1999) 239-249
S 0161-1712(99)22239-9
© Electronic Publishing House

ON O-GENERALIZED CLOSED SETS

JULIAN DONTCHEV and HARUO MAKI

(Received 14 October 1996 and in revised form 10 March 1998)

ABSTRACT. The aim of this paper is to study the class of 0-generalized closed sets, which is
properly placed between the classes of generalized closed and 6-closed sets. Furthermore,
generalized A-sets [16] are extended to 0-generalized A-sets and Ro-, T1,2- and Tj-spaces
are characterized. The relations with other notions directly or indirectly connected with
generalized closed sets are investigated. The notion of TGO-connectedness is introduced.
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1. Introduction. The first step of generalizing closed sets was done by Levine in
1970 [15]. He defined a set A to be generalized closed if its closure belongs to every
open superset of A and introduced the notion of T;»-spaces, which is properly placed
between Ty-spaces and Tj-spaces. Dunham [10] proved that a topological space is T2
if and only if every singleton is open or closed. In [13], Khalimsky, Kopperman, and
Meyer proved that the digital line is a typical example of a T;,2-space.

Ever since, general topologists extended the study of generalized closed sets on
the basis of generalized open sets: regular open, x-open [20], semi-open [14], semi-
preopen [1], preopen [19], 8-open [26], 6-open [26], etc.

Extensive research on generalizing closedness was done in recent years as the no-
tions of semi-generalized closed, generalized semi-closed, generalized «-closed, «-
generalized closed, generalized semi-preclosed, regular generalized closed, y-g-closed
and (y,y’)-g-closed sets were investigated [2, 3, 6, 7, 11, 18, 17, 22, 23, 24, 25].

Recently, in [8], Ganster and the first author of this paper defined &-generalized
closed sets and introduced the notion of T3,4-spaces, which is properly placed between
Ti-spaces and Tj,2-spaces. They proved that the digital line is T3/4.

The aim of this paper is to continue the study of generalized closed sets, this time
via the 0-closure operator defined in [26] and characterize T;,2-spaces and T;-spaces
in terms of 0-generalized closed sets. Via 0-closure operator, we extend the class of
generalized A-sets to the class of 0-generalized A-sets and study some new charac-
terizations of Ryp-spaces and T;-spaces.

2. Preliminaries concerning generalized closed sets. Throughout this paper, we
consider spaces on which no separation axioms are assumed unless explicitly stated.
The topology of a given space X is denoted by T and (X, T) is replaced by X if there
is no chance for confusion. For A < X, the closure and the interior of A in X are
denoted by Cl(A) and Int(A), respectively. Sometimes, when there is no chance for
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confusion, A stands for Cl(A). The O-interior [26] of a subset A of X is the union of
all open sets of X whose closures are contained in A, and is denoted by Intg(A). The
subset A is called 0-open [26] if A =Inty(A). The complement of a 6-open set is called
0-closed. Alternatively, a set A C (X, T) is called 8-closed [26] if A = Clp(A), where
Clp(A) ={xe€X:UnA=+©@,UcTandx € U}. The family of all 0-open sets forms a
topology on X and is denoted by 19. We use the name CO-set for sets whose closure
is open.

OBSERVATION 2.1. (i) If A is preopen, then Cly(A) = Cl(A) = Clp(A).

(ii) Every CO-set is preopen.

(iii) Every dense subset is a CO-set.

(iv) Every subset of a space (X, T) is a CO-set if and only if (X, T) is locally indiscrete.

DEFINITION 1. A subset A of a space (X, T) is called

(1) a generalized closed set (= g-closed) [15]if A < U and U € 7 implies that A c U,

(2) a semi-generalized closed set (= sg-closed) [4] if A < U and U is semi-open implies
that ¢Cl(A) = U,

(3) a generalized x-closed set (=gx-closed) [17] if A < U and U is x-open implies
that Cl4(A) Cc U,

(4) a generalized semi-closed set (= gs-closed) [2] if A < U and U € T implies that
sCl(A) € U,

(5) an «x-generalized closed set (= « g-closed) [18] if A < U and U € T implies that
Cly(A) C U,

(6) a generalized semi-preclosed set (= gsp-closed) [7] if A < U and U € T implies
that 4, Cl(A) € U,

(7) aregular generalized closed set (= r-g-closed) [23] if A € U and U is regular open
implies that A € U.

DEFINITION 2. A topological space (X, T) is called
(1) Ro-space [5] if the closures of every two different points are either disjoint or

coincide,

(2) Ri-space [5] if every two different points, with distinct closures, have disjoint
neighborhoods,

(3) Th,2-space[15]if every g-closed set is closed, (= every singleton is open or closed
[10D),

(4) kc-space [27] if every compact set is closed.

DEFINITION 3. Recall that a function f: (X, T) — (Y,0) is called

(1) g-continuous [3]if f~1(V) is g-closed in (X, T) for every closed set V of (Y,o),

(2) semi-continuous [14] if f~1(V) is semi-open in (X, T) for every open set V of
(Y,o),

(3) strongly 0-continuous [21] if, for each x € X and each open set V containing
f(x), there exists an open set U containing x such that f(U) c V.

3. Basic properties of 0-generalized closed sets

DEFINITION 4. A subset A of a topological space (X,T) is called 0-generalized
closed (= 0-g-closed) if Clg(A) < U, whenever A < U and U is open in (X, T).
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We denote the family of all 0-generalized closed subsets of a space (X,T) by
TGC(X,T).

The next two results together with the examples following them show that the class
of 0-generalized closed sets is properly placed between the classes of g-closed and
0-closed sets.

OBSERVATION 3.1. Every O-closed set is 0-generalized closed.

EXAMPLE 3.2. Let X = {a,b,c} and let T = {QJ, {a,b},X}. Set A = {a,c}. Since the
only open superset of A is X, A is clearly 0-generalized closed. But it is easy to see
that A is not 0-closed. In fact, it is not even semi-closed since its complement {b} has
empty interior.

OBSERVATION 3.3. Every 0-generalized closed set is g-closed and hence « g-closed,
gs-closed, and r-g-closed.

EXAMPLE 3.4. Let X = {a,b,c} and let T = {J,{a},{a,b},{a,c},X}. Set A = {c}.
Clearly, A is closed and hence g-closed. Next, set U = {a,c}. Note that X = Cly(A) ¢
U € 7. Thus, A is not 0-generalized closed.

The following diagram is an enlargement of a Diagram from [7].

0-closed ——— 0-g-closed

| T~

closed set ——— > g-closed set ——— xg-closed

o-closed set — ga-closed set gs-closed set r-g-closed

T

semi-closed set — sg-closed set gsp-closed set

semi-preclosed set

OBSERVATION 3.5. Let (X,T) be a regular space (not necessarily even Ty). Then a
subset A of X is 0-generalized closed if and only if A is generalized closed.

LEMMA 3.6 [12, Thm. 3.1(d), Thm. 3.6(d)]. For a space (X,T), the following condi-
tions are equivalent

(1) X is an Ry -space;

(2) for each x € X, Cl{x} =Clg{x};

(3) for each compact set A < X, Cl(A) = Clg(A).

PROPOSITION 3.7. If (X,T) is Ry, then a compact subset K of X is g-closed if and
only if K is 0-g-closed.

PROPOSITION 3.8. Let A be a preopen subset of a topological space (X, T). Then the
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following conditions are equivalent
(1) A is 0-g-closed;
(2) A is g-closed;
(3) A is xg-closed.

PROOF. Follows easily from Observation 2.1(i) (note that a preopen g-closed set is
a CO-set). 0

LEMMA 3.9. If A and B are subsets of a topological space (X, T), then Clg(AUB) =
Clp(A)uUCly(B) and Clg(ANB) = Clg(A) NClg(B).

PROPOSITION 3.10. (i) A finite union of 0-g-closed sets is always a 0-g-closed set.
(ii) A countable union of 0-g-closed sets need not be a 0-g-closed set.
(iii) A finite intersection of 0-g-closed sets may fail to be a 0-g-closed set.

PROOF. (i) Let A,B € TGC(X).LetU € T suchthat AUB < U. By Lemma 3.9, Clg (AU
B) =Clp(A)UClp(B) cUUU = U since A and B are 0-g-closed. Hence, AU B is 0-g-
closed.

(ii) Let X be the real line with the usual topology. Since X is regular, by Observation
3.5, every singleton in X is 0-g-closed. Set A = |J;~,{1/i}. Clearly, A is a countable
union of 0-generalized closed sets but A is not 0-generalized closed since A < (0,1)
and 0 € Clp(A).

(iii) Let X = {a,b,c,d,e} and let T = {D, {a,b},{c},{a,b,c},X}. Set A = {a,c,d}
and B = {b,c,e}. Clearly, A and B are 9-generalized closed sets since X is their only
open superset. But C = {c} = AnB is not 0-generalized closed since C < {c} € T and
Clg(C) = {c,d,e} & {c}. O

PROPOSITION 3.11. The intersection of a 0-generalized closed set and a 0-closed set
is always 0-generalized closed.

PROOF. Let A be 0-generalized closed and let F be 0-closed. Let U be an open set
such that AnF c U. Set G = X\F. Then A < UuUG. Since G is 0-open, U U G is open
and since A is 0-generalized closed, Clp(A) < UuUG. Now, by Lemma 3.9, Clo(ANF) <
Clp(A)NClp(F) =Clp(A)NFc (UUG)NF=(UnNnF)u(GNF)=(UnF)ugdcU. o

PROPOSITION 3.12. Let B< H < (X, T) and (Clp)g(B) denote the 0-closure of B in
the subspace (H, T | H). Then
(i) (Clp)y(B) = Clp(B)NnH holds.
(ii) IfH is openin (X,T), then (Clp)y(B) D Clg(B) N H holds.

THEOREM 3.13. LetB< H c (X,T).
(i) If B is 0-g-closed relative to H (i.e., B TGC(H,T | H)), H € TGC(X), andH € T,
then B € TGC(X).
(ii) If B is 0-g-closed in (X, T), then B is 0-g-closed relative to H (i.e., B TGC(H, T |
H)).

PROOF. (i) Let B < U, where U € 1. Then B < H n U and, moreover, (Clg)y(B) <
H N U due to assumption. By Proposition 3.12(ii), H N Clp(B) < HNnU < U. Using the
last inclusion, it follows that H = H U (X\Clg(B)) = (HNClp(B)) U(X\Clp(B)) cUuU
(X\Clp(B)). Since Cly(B) is a closed set, U U (X\ Cly(B)) is open and thus since H €
TGC(X), Clp(H) cUU (X\Clp(B)). Now, Cly(B) € Clp(H) c UuU (X\Clp(B)). From the
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last inclusion, it follows that Clg(B) < U or, equivalently, B € TGC(X).

(i) Let V be an open set of (H,T | H) such that B C V. Then there exists an open
set G € T suchthat GNH =V. Since B GNH < G and B € TGC(X), Clp(B) < G.
By Proposition 3.12(i), (Clg)g (B) < Clg(B) nH =< GNnH < V. Therefore, B is 0-g-closed
relative to H. O

EXAMPLE 3.14. Let X = {a,b,c,d} and T = {&, {a},{a,b},{a,c,d},X}. Then {D, X}
is the set of all O-closed sets of (X,T) and TGC(X,T) = {D,{b,c},{b,d},{b,c,d},
{a,b,d},{a,b,c},X}. Let H={b,c,d} be aset of X. Then, T | H = {90, {b},{c,d},H}.
Note that {QD, {b},{c,d},H} is the set of all 0-closed sets of (H,T | H) and TGC(H, T |
H) =%(H). The subset {b} of H is 0-g-closed relative to H and H is not open (i.e.,{b} €
TGC(H,T | H), H ¢ 1) and H € TGC(X,T). However, {b} ¢ TGC(X,T).

EXAMPLE 3.15. Let (X, T) be the space in the example above. Set H = {a,c,d}.
Clearly, H is open in (X, T) and H is not 0-generalized closed in (X, T). But B = {a,c}
is O-generalized closed relative to H. However, B is not 0-generalized closed in (X, T).

4. Characterizations of T;,2-spaces, T;-spaces and R,-spaces

THEOREM 4.1. Aspace (X,T) isa Ty ,2-space if and only if every 0-generalized closed
set is closed.

PROOF.

NECESSITY. Let A < X be 0-generalized closed. By Observation 3.3, A is g-closed.
Since X is a Tj,2-space, A is closed.

SUFFICIENCY. Let x € X.If {x} is not closed, then B = X\ {x} is not open and thus
the only superset of B is X. Trivially, B is 8-generalized closed. By (2), B is closed or,
equivalently, {x} is open. Thus, every singleton in X is open or closed. Hence, in the
notion of [6, Thm. 6.2(i)], X is a Ty,2-space. O

LEMMA 4.2. LetA < (X, T) be 0-generalized closed. Then Clg(A)\ A does not contain
a nonempty closed set.

THEOREM 4.3. A space (X,T) is a Ty-space if and only if every 0-generalized closed
set is O-closed.

PROOF.

NECESSITY. Let A € X be 0-generalized closed and let x € Clp(A). Since X is T,
{x} is closed and thus by Lemma 4.2, x ¢ Clg(A)\A. Since x € Cly(A), then x € A.
This shows that Clp(A) < A or, equivalently, that A is 6-closed.

SUFFICIENCY. Let x € X. Assume that {x} is not closed. Then B = X\{x} is not
open and, trivially, B is 0-generalized closed since the only open superset of B is X
itself. By (2), B is 0-closed and thus {x} is 0-open. Since a singleton is 0-open if and
only if it is clopen, {x} is clopen. O

The notion of a A-set and a generalized A-set in a topological space was introduced
in [16]. By definition, a subset A of a topological space (X, T) is called a A-set [16] if
A = AN where AN = n{U :U D A,U € T}.Recall that A is called a generalized A-set[16]
if AA = F, whenever A c F and F is T-closed.
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DEFINITION 5. (i) For a subset A of (X, T), we define AQ as follows
Ay ={xeX:Clp{xInA+ T].

In [12], A} is denoted by kerg A.
(ii) A subset A of (X, T) is called 0-generalized A-set (= 0-g-A-set) if AS < F, whenever
A cF and F is closed in (X, T).

OBSERVATION 4.4. (i) Every Gs-set is a A-set.

(i) [12, Lem. 3.5(a)]. For any set A< X, A< AN € Ay < Clp(A).
(iii) Every O-closed set is a A-set.

(iv) Every g-closed A-set is closed.

(V) Every O-generalized A-set is a generalized A-set.

REMARK 4.5. (i) A A-set need not be 0-closed. Any singleton of an infinite space
with the cofinite topology is a A-set (since the space is T7) but none of the singletons
is 0-closed.

(ii) A closed setneed not be a A-set. In the Sierpinski space (X = {a,b},T = {J,{a},
X1}), the set B = {b} is closed but B is not a A-set. However, in [16, Prop. 3.8], it was
shown that in a topological space (X, T), every subset of X is a generalized A-set if
and only if every closed set is a A-set.

(iii) A generalized A-set need not be 0-generalized A-set. In an infinite cofinite space
X, as mentioned in Remark 4.5, every singleton is a A-set and, hence, a generalized
A-set but none of the singletons is a 0-generalized A-set since the 6-closure of every
singleton is X.

In [16], it was proved that in T;-spaces, every set is a A-set. Note that the converse
is also true.

PROPOSITION 4.6. (i) A topological space (X, T) is a T,-space if and only if every
subset of X is a A-set.

(ii) A topological space (X,T) is an Ry-space if and only if every singleton of X is a
generalized A-set.

PROOF. (i) Obvious.

(ii) In [9], Dube showed that a space is Rq if and only if, for each closed set A,
A = A7 Thus, if X is Ry, then for each singleton {x} and each closed set F containing
x,we have {x} c {x}* € FA = F. So, {x} is a generalized A-set. For the reverse assume
that F < X is closed. For each x € F, by assumption, {x}* < F. Thus, F* = Uycr{x}" c
F according to [16, condition (2.5)]. This shows that F = FA, O

OBSERVATION 4.7. (i) A subset A of an R, -space X is generalized A-set if and only
if A is 0-generalized A-set.

(ii) In Hausdorff spaces, every subset is a 0-generalized A-set.

(iii) A topological space X is Hausdor(f if and only if X is a kc-space and every closed
set of X is a 0-generalized A\-set.

5. 0-g-continuous and 0-g-irresolute functions

DEFINITION 6. A function f: (X,T) — (Y, 0) is called
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(1) @-g-continuous if f~1(V) is 0-g-closed in (X, T) for every closed set V of (Y,0),
(2) 0-g-irresoluteif f~1(V)is 0-g-closedin (X, T) for every 8-g-closed set V of (Y, o).

OBSERVATION 5.1. If f : (X,T) — (Y,0) is strongly 0-continuous, then f is 0-g-
continuous.

EXAMPLE 5.2. Let (X,T) be the space in Example 3.2. Let 0 = {&, {b},X}. Let f:
(X,T) — (X,0) be the identity function. Clearly, in the notion of Example 3.2, f is
0-g-continuous but f is not strongly €-continuous, not even semi-continuous.

OBSERVATION 5.3. Letf:(X,T) — (Y,0) be 0-g-continuous. Then f is g-continuous
but not conversely.

EXAMPLE 5.4. Let (X,T) be the space in Example 3.4. Let 0 = {J, {a,b},X}. Let
f (X, T) — (X,0) be the identity function. Clearly, f is continuous and hence g-
continuous but as shown in Example 3.4, A = {c} ¢ TGC(X,T) and hence f is not
0-g-continuous.

Example 5.2 and Example 5.4 also show that continuity and 6-g-continuity are in-
dependent concepts. Thus, we have the following implications and none of them is
reversible.

0-g-continuous

T

Strongly 6-continuous g-continuous

\/

continuous

EXAMPLE 5.5. Let f be the function in Example 5.2. Let v = {J,{c},X}. Let
g: (X,0) — (X,v) be the identity function. It is easily observed that g is also 6-
generalized continuous. But the composition function go f : (X,T) — (X,Vv) is not
0-generalized continuous since {a,b} ¢ TGC(X,T).

THEOREM 5.6. If f:(X,T) — (Y, 0) is bijective, open and 0-generalized continuous,
then f is 0-g-irresolute.

PROOF. LetV € TGC(Y) andlet f~'(V) < O, where O € 1. Clearly, V < £(0O). Since
f(0) € o and since V € TGC(Y), Clg(V) < £(O) and thus f~1(Clg(V)) C O. Since f
is 0-generalized continuous and since Cly(V) is closed in Y, Clg(f~1(Clg(V))) € O
and hence Clg(f~1(V)) € O. Therefore, f~1(V) € TGC(X). Hence, f is 0-g-irresolute.

O

DEFINITION 7. A function f: (X,T) — (Y,0) is called 0-generalized closed if, for
every closed set F of (X, T), f(F) is 0-g-closed in (Y, o).

THEOREM 5.7. (i) Let f: (X,T) — (Y,0) be continuous and 0-generalized closed.
Then, for a 0-g-closed set A of X , f(A) is 0-g-closedinY.
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(ii) Let f : (X,T) — (Y,0) be strongly 0-continuous and closed. Then, f is 0-g-
irresolute.

PROOF. (i) Left to the reader.

(i) Let B be a 8-g-closed set of (Y,o0) and let U € T such that f~1(B) < U. Put
H=Clp(f~1(B)) n(X\U). Amap f: (X,T) — (Y,0) is strongly 0-continuous if and
only if f:(X,T) — (Y,0) is (y,id)-continuous in the sense of Ogata [22, Def. 4.12],
where y : T — P(X) is the closure operation and id : 0 — P(Y) is the identity op-
eration. Using [22, Prop. 4.13()] and the fact that Cl,(E) = Clg(E) and Cliq(E) =
CI(E) for the closure operation y, the identity operation id and the subset E, we get
f(H) < f(Cla(f1(B))) nf(X\B) = CI(f(f1(B))) n(X\B) = CI(B)\B C Clg(B)\B. By
Lemma 4.2, f(H) = @ since f(H) is closed. We have H = @ and hence Clyg(f~1(B)) <
U. Therefore, f~1(B) € TGC(X,T). O

COROLLARY 5.8. (i) Under the same assumptions of Theorem 5.6, if (X,T) is T1,2,
then (Y,o) is Ty 2.

(il) Under the same assumptions of Theorem 5.7(ii), if (X, T) is Tyj2 and f: (X,T) —
(Y, o) is surjective, then (Y,o) is T1 2.

PROPOSITION 5.9. Let f: (X,T) — (Y,0) be a 0-generalized continuous function
and let H be a 0-closed subset of X. Then the restriction f | H: (H,T | H) — (Y,0) is
0-generalized continuous.

PROOF. Let F be a closed subset of (Y, o). By Proposition 3.11, H, = f 1 (F)nH is
0-generalized closed in (X, T). Then, by Theorem 3.13(ii), H; is 6-g-closedin (H, T | H).
Since (f | H)"Y(F) = Hy, f | H is 8-g-continuous. O

Next, we offer the following “Pasting Lemma” for 0-g-continuous functions.

PROPOSITION 5.10. Let (X,T) be a topological space such that X = AU B, where
both A,B € TGC(X) and A,Be T. Let f: (A,T|A) —» (Y,0) andg:(B,T|B) - (Y,0)
be 0-generalized continuous functions such that f(x) = g(x) for every x € AnB. Then
the combination « : (X,T) — (Y,0) is 0-generalized continuous, where x(x) = f(x)
forany x € A and x(y) = g(y) for any y € B.

DEFINITION 8. A subset A of (X, T) is called 0-generalized open (= 0-g-open) if its
complement X\A is 0-generalized closed in (X, T).

THEOREM 5.11. (i) A subset A of (X,T) is 0-g-open if and only if F < Intg(A),
whenever F C A and F is closed in (X, T).

(ii) If A is 8-g-open in (X,T) and B is 0-g-open in (Y,o), then AX B is 0-g-open in
the product space (X XY, TX0).

PROOF. (i) Obvious.

(ii) Let F be a closed subset of (X XY, T x o) such that F € AxB. For each (x,y) €
F, Cl({x}) xCl({y}) < CI(F) = F < AXB. Then the two closed sets Cl({x}) and
Cl({y}) are contained in A and B, respectively. By assumption, Cl({x}) < Intg(A)
and Cl({y}) < Intp(B) hold. This implies that, for each (x,y) € F, (x,y) € Intg(A) X
Inty (B) < Inty(A X B) and hence F C Inty (A X B). By (i) it is clear that AX B is 6-g-open.

O
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PROPOSITION 5.12. The projection p : (X XY, T xX0) — (X,T) is a 0-g-irresolute
map.

PROOF. By definition and Theorem 5.11(ii), for a 0-generalized closed set F of
(X,T), p 1 (x\F) = (X\F)xY is 0-g-openin (XxY,T x o). Therefore, P! (F) = FXY =
XxY\(p~H(X\F)) is 0-generalized closed. O

6. TGO-connected spaces. In 1991, Balachandran et al. [3] introduced a stronger
form of connectedness called GO-connectedness. A set is called g-open [15] if its com-
plement is g-closed.

DEFINITION 9. (cf. [15]). A topological space X is called TGO-connected (respec-
tively, GO-connected [15]) if X cannot be written as a disjoint union of two nonempty
0-g-open (respectively, g-open) sets. A subset of X is called TGO-connected if it is
connected as a subspace.

Clearly, every TGO-connected space is connected. The space in [3, Ex. 11] shows that
there are connected spaces which are not TGO-connected. Since every 0-generalized
closed set is g-closed, every GO-connected space is TGO-connected. Thus, we have the
following implications and none of them is reversible.

GO-connected = TGO -connected = Connected

EXAMPLE 6.1. Let X = {a,b,c,d} and let T = {J, {a},{a,b},{a,c,d},X}. Since {c}
is both g-closed and g-open, X is not GO-connected. Note that TGC(X) = {J, {b,c},
{b,d},{a,b,c}, {a,b,d},{b,c,d},X}. Hence, X is TGO-connected.

OBSERVATION 6.2. (i) [3, Prop. 10]. For a topological space (X, T), the following
conditions are equivalent.
(1) X is TGO-connected;
(2) the only subsets of X, which are both 0-g-open and 0-g-closed, are & and X;
(3) each 0-generalized continuous function of X into a discrete space Y, with at
least two points, is constant.

(ii) [3, Prop. 12]. If (X, T) is a Ty 2-space, then the following conditions are equivalent
(1) X is GO-connected;
(2) X is TGO-connected;
(3) X is connected.

(iii) A regular space X is GO-connected if and only if X is TGO-connected.

(iv) Let f:(X,T) — (Y,0) be a surjection. Then
(a) If f is 0-generalized continuous and X is TGO-connected, then Y is connected.
(b) If f is O-g-irresolute and X is TGO-connected, then Y is TGO-connected.

COROLLARY 6.3. Ifthe product space (XxY,T x o) is TGO-connected, then its factor
space (X, 1) is TGO-connected.

THEOREM 6.4. Let f: (X,T) — (Y,0) be 0-g-continuous. Then the image of every
0-closed, TGO-connected subset of (X, T) is connected in (Y,o).
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PROOF. Let H be a 0-closed and TGO-connected set in (X, T). Then, by Proposition
5.9, the restriction of f to H, f | H: (H,T | H) — (Y,0), is 0-g-continuous. For f,
a function vy (f): (H,T7 | H) — (f(H),o | f(H)) is well defined by (g (f))(x) = f(x)
for any x € H. Since f | H = jorg(f), where j: (f(H),T | f(H)) — (Y,0) is an
inclusion. Then it is clear that vy (f) is 0-g-continuous. In fact, for an open set V of
(f(H),o | f(H)), take an open set G € T such that Gn f(H) = V. Then 4 (f)"1(V) =
(f | H)~Y(G) is 8-g-open. Now, by Observation 6.2(iv), (f(H),o | f(H)) is connected
and hence f(H) is a connected subset of (Y,0). O

ACKNOWLEDGEMENT. The authors thank the referee for his help in improving the
quality of this paper.

Research supported partially by the Ella and Georg Ehrnrooth Foundation at Merita
Bank, Finland and by the Japan-Scandinavia Sasakawa Foundation.

REFERENCES

[1] D. Andrijevi¢, Semipreopen sets, Mat. Vesnik 38 (1986), no. 1, 24-32. MR 87j:54002.
Zbl 604.54002.
[2]  S.P.Aryaand T. M. Nour, Characterizations of s-normal spaces, Indian J. Pure Appl. Math.
21 (1990), no. 8, 717-719. MR 91h:54004. Zbl 706.54021.
[3] K. Balachandran, P. Sundaram, and H. Maki, On generalized continuous maps in topologi-
cal spaces, Mem. Fac. Sci. Kochi Univ. Ser. A Math. 12 (1991), 5-13. MR 91m:54009.
Zbl 736.54005.
[4] P.Bhattacharyya and B. K. Lahiri, Semigeneralized closed sets in topology, Indian J. Math.
29 (1987), no. 3, 375-382. MR 90a:54004. Zbl 687.54002.
[5] A.S.Davis, Indexed systems of neighborhoods for general topological spaces, Amer. Math.
Monthly 68 (1961), 886-893. MR 35#4869. Zbl 106.15504.
[6] R. Devi, H. Maki, and K. Balachandran, Semi-generalized closed maps and generalized
semi-closed maps, Mem. Fac. Sci. Kochi Univ. Ser. A Math. 14 (1993), 41-54.
MR 94h:54043. Zbl 787.54015.
[7] J. Dontchev, On generalizing semi-preopen sets, Mem. Fac. Sci. Kochi Univ. Ser. A Math.
16 (1995), 35-48. MR 95k:54039. Zbl 833.54001.
[8] J. Dontchev and M. Ganster, On ¢-generalized closed sets and T3;4-spaces, Mem. Fac. Sci.
Kochi Univ. Ser. A Math. 17 (1996), 15-31. MR 97d:54034. Zbl 853.54019.
[9] K. K. Dube, A note on Rq-topological spaces, Mat. Vesnik 11 (1974), no. 26, 203-208.
MR 51 13982. Zbl 293.54014.
[10] W. Dunham, Tj,2-spaces, Kyungpook Math. J. 17 (1977), no. 2, 161-169. MR 57 10677.
Zbl 382.54013.
[11]  T.Fukutake, On generalized closed sets in bitopological spaces, Bull. Fukuoka Univ. Ed. III
35 (1986), 19-28. MR 87i:54071. Zbl 624.54001.
[12] D. Jankovi¢, On some separation axioms and 0-closure, Mat. Vesnik 32 (1980), no. 4, 439-
449. MR 84b:54039. Zbl 528.54016.
[13] E.Khalimsky, R. Kopperman, and P. R. Meyer, Computer graphics and connected topolo-
gies on finite ordered sets, Topology Appl. 36 (1990), no. 1, 1-17. MR 92¢:54037.
Zbl 709.54017.
[14] N. Levine, Semi-open sets and semi-continuity in topological spaces, Amer. Math. Monthly
70 (1963), 36-41. MR 29#4025. Zbl 113.16304.
, Generalized closed sets in topology, Rend. Circ. Mat. Palermo (2) 19 (1970), 89-96.
MR 46 4471. Zbl 231.54001.
[16] H. Maki, Generalized A-sets and the associated closure operator, The Special Issue in
Commemoration of Prof. Kazusada IKEDA’s Retirement (1986), 139-146.

[15]



http://www.ams.org/mathscinet-getitem?mr=87j:54002
http://www.emis.de/cgi-bin/MATH-item?604.54002
http://www.ams.org/mathscinet-getitem?mr=91h:54004
http://www.emis.de/cgi-bin/MATH-item?706.54021
http://www.ams.org/mathscinet-getitem?mr=91m:54009
http://www.emis.de/cgi-bin/MATH-item?736.54005
http://www.ams.org/mathscinet-getitem?mr=90a:54004
http://www.emis.de/cgi-bin/MATH-item?687.54002
http://www.ams.org/mathscinet-getitem?mr=35:4869
http://www.emis.de/cgi-bin/MATH-item?106.15504
http://www.ams.org/mathscinet-getitem?mr=94b:54043
http://www.emis.de/cgi-bin/MATH-item?787.54015
http://www.ams.org/mathscinet-getitem?mr=95k:54039
http://www.emis.de/cgi-bin/MATH-item?833.54001
http://www.ams.org/mathscinet-getitem?mr=97d:54034
http://www.emis.de/cgi-bin/MATH-item?853.54019
http://www.ams.org/mathscinet-getitem?mr=51:13982
http://www.emis.de/cgi-bin/MATH-item?293.54014
http://www.ams.org/mathscinet-getitem?mr=57:10677
http://www.emis.de/cgi-bin/MATH-item?382.54013
http://www.ams.org/mathscinet-getitem?mr=87i:54071
http://www.emis.de/cgi-bin/MATH-item?624.54001
http://www.ams.org/mathscinet-getitem?mr=84b:54039
http://www.emis.de/cgi-bin/MATH-item?528.54016
http://www.ams.org/mathscinet-getitem?mr=92c:54037
http://www.emis.de/cgi-bin/MATH-item?709.54017
http://www.ams.org/mathscinet-getitem?mr=29:4025
http://www.emis.de/cgi-bin/MATH-item?113.16304
http://www.ams.org/mathscinet-getitem?mr=46 4471
http://www.emis.de/cgi-bin/MATH-item?231.54001

ON 0-GENERALIZED CLOSED SETS 249

[17] H.Maki, R. Devi, and K. Balachandran, Generalized x-closed sets in topology, Bull. Fukuoka

Univ. Ed. IIT 42 (1993), 13-21. Zbl 888.54005.

, Associated topologies of generalized o-closed sets and «-generalized closed

sets, Mem. Fac. Sci. Kochi Univ. Ser. A Math. 15 (1994), 51-63. MR 95¢:54037.

Zbl 821.54002.

[19] A. S. Mashhour, M. E. Abd El Monsef, and S. N. El Deep, On precontinuous and weak
precontinuous mappings, Proc. Math. Phys. Soc. Egypt (1982), no. 53, 47-53.
MR 87¢:54002. Zbl 571.54011.

[20] O. Njastad, On some classes of nearly open sets, Pacific J. Math. 15 (1965), 961-970.
MR 33#3245. Zbl 137.41903.

[21]  T. Noiri, On §-continuous functions, J. Korean Math. Soc. 16 (1979;1980), no. 2, 161-166.
MR 82b:54020. Zbl 435.54010.

[22] H. Ogata, Operations on topological spaces and associated topology, Math. Japon. 36
(1991), no. 1, 175-184. MR 92¢:54004. Zbl 725.54004.

[23] N. Palaniappan and K. C. Rao, Regular generalized closed sets, Kyungpook Math. J. 33
(1993), no. 2, 211-219. MR 94k:54018. Zbl 794.54002.

[24] P. Sundaram, H. Maki, and K. Balachandran, Semi-generalized continuous maps and
semi-T1,2 spaces, Bull. Fukuoka Univ. Ed. III 40 (1991), 33-40. MR 92j:54032c.
Zbl 790.54010.

[25] J. Umehara, H. Maki, and T. Noiri, Bioperations on topological spaces and some separation
axioms, Mem. Fac. Sci. Kochi Univ. Ser. A Math. 13 (1992), 45-59. MR 93b:54020.
Zbl 751.54010.

[26] N. V. Velicko, H-closed topological spaces, Amer. Math. Soc. Transl. 78 (1968), 103-118.
Zbl 183.27302.

[27]  A. Wilansky, Between T and T>, Amer. Math. Monthly 74 (1967), 261-266. MR 34#8367.
Zbl 147.22704.

(18]

DONTCHEV: DEPARTMENT OF MATHEMATICS, PL 4, YLIOPISTONKATU 5, UNIVERSITY OF HELSINKI,
00014 HELSINKI 10, FINLAND

MAKI: DEPARTMENT OF MATHEMATICS, FACULTY OF EDUCATION, SAGA UNIVERSITY, SAGA 840,
JarPAN


http://www.emis.de/cgi-bin/MATH-item?888.54005
http://www.ams.org/mathscinet-getitem?mr=95c:54037
http://www.emis.de/cgi-bin/MATH-item?821.54002
http://www.ams.org/mathscinet-getitem?mr=87c:54002
http://www.emis.de/cgi-bin/MATH-item?571.54011
http://www.ams.org/mathscinet-getitem?mr=33:3245
http://www.emis.de/cgi-bin/MATH-item?137.41903
http://www.ams.org/mathscinet-getitem?mr=82b:54020
http://www.emis.de/cgi-bin/MATH-item?435.54010
http://www.ams.org/mathscinet-getitem?mr=92c:54004
http://www.emis.de/cgi-bin/MATH-item?725.54004
http://www.ams.org/mathscinet-getitem?mr=94k:54018
http://www.emis.de/cgi-bin/MATH-item?794.54002
http://www.ams.org/mathscinet-getitem?mr=92j:54032c
http://www.emis.de/cgi-bin/MATH-item?790.54010
http://www.ams.org/mathscinet-getitem?mr=93b:54020
http://www.emis.de/cgi-bin/MATH-item?751.54010
http://www.emis.de/cgi-bin/MATH-item?183.27302
http://www.ams.org/mathscinet-getitem?mr=34:8367
http://www.emis.de/cgi-bin/MATH-item?147.22704

Journal of Applied Mathematics and Decision Sciences

Special Issue on

Intelligent Computational Methods for

Financial Engineering

Call for Papers

As a multidisciplinary field, financial engineering is becom-
ing increasingly important in today’s economic and financial
world, especially in areas such as portfolio management, as-
set valuation and prediction, fraud detection, and credit risk
management. For example, in a credit risk context, the re-
cently approved Basel II guidelines advise financial institu-
tions to build comprehensible credit risk models in order
to optimize their capital allocation policy. Computational
methods are being intensively studied and applied to im-
prove the quality of the financial decisions that need to be
made. Until now, computational methods and models are
central to the analysis of economic and financial decisions.

However, more and more researchers have found that the
financial environment is not ruled by mathematical distribu-
tions or statistical models. In such situations, some attempts
have also been made to develop financial engineering mod-
els using intelligent computing approaches. For example, an
artificial neural network (ANN) is a nonparametric estima-
tion technique which does not make any distributional as-
sumptions regarding the underlying asset. Instead, ANN ap-
proach develops a model using sets of unknown parameters
and lets the optimization routine seek the best fitting pa-
rameters to obtain the desired results. The main aim of this
special issue is not to merely illustrate the superior perfor-
mance of a new intelligent computational method, but also
to demonstrate how it can be used effectively in a financial
engineering environment to improve and facilitate financial
decision making. In this sense, the submissions should es-
pecially address how the results of estimated computational
models (e.g., ANN, support vector machines, evolutionary
algorithm, and fuzzy models) can be used to develop intelli-
gent, easy-to-use, and/or comprehensible computational sys-
tems (e.g., decision support systems, agent-based system, and
web-based systems)

This special issue will include (but not be limited to) the
following topics:

e Computational methods: artificial intelligence, neu-
ral networks, evolutionary algorithms, fuzzy inference,
hybrid learning, ensemble learning, cooperative learn-
ing, multiagent learning

o Application fields: asset valuation and prediction, as-
set allocation and portfolio selection, bankruptcy pre-
diction, fraud detection, credit risk management

e Implementation aspects: decision support systems,

expert systems, information systems, intelligent
agents, web service, monitoring, deployment, imple-
mentation

Authors should follow the Journal of Applied Mathemat-
ics and Decision Sciences manuscript format described at
the journal site http://www.hindawi.com/journals/jamds/.
Prospective authors should submit an electronic copy of their
complete manuscript through the journal Manuscript Track-
ing System at http://mts.hindawi.com/, according to the fol-
lowing timetable:

December 1, 2008
March 1, 2009

Manuscript Due

First Round of Reviews

Publication Date June 1, 2009

Guest Editors

Lean Yu, Academy of Mathematics and Systems Science,
Chinese Academy of Sciences, Beijing 100190, China;
Department of Management Sciences, City University of
Hong Kong, Tat Chee Avenue, Kowloon, Hong Kong;
yulean@amss.ac.cn

Shouyang Wang, Academy of Mathematics and Systems
Science, Chinese Academy of Sciences, Beijing 100190,
China; sywang@amss.ac.cn

K. K. Lai, Department of Management Sciences, City
University of Hong Kong, Tat Chee Avenue, Kowloon,
Hong Kong; mskklai@cityu.edu.hk

Hindawi Publishing Corporation

http://www.hindawi.com



http://www.hindawi.com/journals/jamds/
http://mts.hindawi.com/

	1Call for Papers
	Guest Editors

