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MARCINKIEWICZ-TYPE STRONG LAW OF LARGE NUMBERS
FOR DOUBLE ARRAYS OF PAIRWISE INDEPENDENT
RANDOM VARIABLES
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ABSTRACT. Let {X;;} be a double sequence of pairwise independent random variables.
If P{|Xmn| =t} < P{|X| = t} for all nonnegative real numbers t and E|X|? (log™ |X|)3 < 00,
for 1 < p < 2, then we prove that

1270 (Xij—EXij)

(mn)l/r

Under the weak condition of E|X|Plog™ | X| < o, it converges to 0 in L1. And the results
can be generalized to an r-dimensional array of random variables under the conditions
EIXIP (log® |X)"™ < o0, EIX|? (log* |X])" ! < oo, respectively, thus, extending Choi and
Sung’s result [1] of the one-dimensional case.

— 0 as. as mvn — oo. (0.1)
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1. Introduction. Etemadi [3] extended the classical law of large numbers for i.i.d.
random variables to the case where the random variables are pairwise i.i.d., i.e., if {X;,}
is a sequence of pairwise i.i.d. random variables with E|X;| < oo, then

> (Xi—EXp)

— 0 a.s. (1.1)
n

In 1985, Choi and Sung [1] have shown that if {X},} are pairwise independent and
are dominated in distribution by a random variable X with E|X|? (log® |X |)2 <o,1<
p < 2, then W — 0 a.s. In addition, if E|X|? < oo, then it converges to 0 in
L.

For a double sequence {X;;} of pairwise ii.d. random variables, also Etemadi [3]
proved that if E|X11]log’ | X11| < o, then

Sty 2o (Xij - EXGj)
mn

— 0 as. asmvn— o, (1.2)

Now, we are interested in the extension of Choi and Sung’s result of the one-
dimensional case to a multi-dimensional array of pairwise independent random vari-
ables, which is established in the next section.

2. Main results. Let {X;;} be a double sequence of random variables and let X;; =
XiI{1X;j] < (ij)””},X{} = X;;I{IX;j| > (ij)!/P} for 1 < p < 2. Throughout this paper,
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¢ denotes an unimportant positive constant which is allowed to change and dy the
number of all divisors of integer k.
To prove the main theorem, we need the following lemmas.

LEMMA 2.1. Let {X;j} be a double sequence of pairwise independent random vari-
ables. If P{|Xmn!| =t} < P{|X| = t} for all nonnegative real numbers t, then

) |2
(a) ZZ )z/p < cE|X|"log" |X],

= @.1)
(b) ZZ )1/p_cE|X\”log+|X| forl<p<?2.

i=1j=1

PROOF. The estimation of E|X; |2 is given by
) ij)?lv )
E|X£j| SJ() P(\XU‘\ Zt)dt
(ij)Z/Iﬂ
SJ P(1X>=t)dt
0 2.2)
ij)2/p )
:J P (t<1Xx1% < (i)?P) +P((ij)*? < |X1?) ] dt
0
R
=] xRaEGo @) () < IXP),
0

where F(x) is the distribution of X. If we use the fact that > _; ., dx/k?? = O(logi/
(i+1)2/P-1), we obtain

(ij)l/p d klip
ZZ(U)Z/PJ x dF(x)<czk2/pJ x*dF (x)

o (i+1)l/P )
<c J x“dF(x)
lzo k%l kaiw ) Jiiw (2.3)

00

logi @nlr
<CZ o (i+1)2/p-1 J"l/n X7 dFCx)
scEIXI"’log | X| < oo.

And

D P((i)¥P < |X1?) = > dkP(k < |X|P)

Mz

i=1j=1 k=1
00 k
=> (Z ) Pk<|XIP <k+1)
k=1 \j=1 (2.4

=c > klogkP(k < |X|P <k+1)

<cE|X|Plog" |X]| < oo,
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where we use the fact that >}'_; dx = O(nlogn). It follows that

S E|X | -
gg ThEL < oo, which proves (a). (2.5)

By the fact that >;_; dx/k"? = O(n'~(/P) logn), we can obtain (b) by the same
method. O

The following lemma is a two parameter analog of [5, Lem. 3.6.1a].

LEMMA 2.2. Let {X;j} be a double sequence of pairwise independent random vari-
ables with EX;j = 0, and let S = X%, 3.7, Xij. Then

2

m n
E| max 1Si;] | <clogm)2(ogn)® > > E|Xul’. (2.6)
<i1<m
l<j<n k=11=1

PROOF. For m =1 and n = 1, the inequality is trivial. If m > 1, let s be an integer
such that 25! <m < 25. Andif n > 1, let t be an integer such that 21 <n < 2t. We
can assume that m, n > 1. We assign X;; to the point (i, j) of integerin (0,2%] X (0,21]
(if m <i=<2%orn<j=<2! set X;; =0). Divide the interval (0,2%] into (0,251 and
(251,257, each of these two intervals into two halves, and so on. Then the elements
of the ith partition are of length 2°7¢,i = 0,...,s. Also, divide the interval (0,2] in
the same way. Then we obtain the (i, j)th partition P;; of (0,2°] x (0,2!] by the ith
partition of (0,2°] and the jth partition of (0,2!]. Every rectangle (0,i] x (0, j] is
the sum of at most (s + 1)(t + 1) disjoint subrectangles each of which belongs to a
different partition. We can write S;; = Zizo Zfzo Yiiij, where Yy is the sum of all
r.v.’s belonging to the rectangle (a,b] x (c,d],b —a = 2% and d — ¢ = 2!, which may
or may not be a summand of (0,i] x (0, j] so that some Yj;;; may vanish. Let T;; =
zk 1 z 1 |Yr11%, where Yy, is the sum of all r.v.’s which belong to the (k,1)-element of

Pij. fweput T =7, Z;ZO Tij, by the elementary Schwarz inequality, we obtain

K t
1Sij 12 < s+ D(E+1) > S | Yigij | < (s+ 1) (E+ DT 2.7)
k=01=0

Since ET;; < S7L, S E| X |5 ET < (s+ 1) (t+1) S8, S E | X | °. Tt follows that

m n
E| max 1S5 1% | < s+ D2+ 12> SE| X |?
<i<m

1<j<n k=11=1 (28)

m n
2 2 2
<c(logm)?(logn)® > > E|Xul|". -
k=11=1
THEOREM 2.3. Let {X;;} be a double sequence of pairwise independent random vari-
ables. If P{|Xmn| =t} < P{|X| =t} forall nonnegative real numbers t and E|X|? (log™

IXI)3 < oo, forl < p <2, then

lim Z?/:ll ZS‘[:I (Xij _EXiJ)

Llim mip =0 a.s. (2.9)
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PROOF. We denote by Sin = 2i% 271 Xijs Spup = 2i%1 2721 X{;. Then we obtain
the inequalities

00

Z > P{Xi; # X} = > diP{IX11] > k'P}
1= k=1

> (+pt/r (2.10)
=> (Z dk> J AF(x)

(i+1)1/p
<chloglJ ; dF (x)
14

<cE|X|Plog" | X| < oo,
Hence, by the Borel-Cantelli lemma,

21 IZJ I(XIJ XI.J)

(mn)ur — 0 a.s. (2.11)

Now, we use Chebyshev’s inequality and Lemma 2.1 to obtain

i Sékzl ESzkzl - < VarSzkzl
kzuzlpﬂ e | =
o o 1 2k ol
=c —_— Var X
gg(z'@l)z”’;; Y (2.12)
<350

< cE|X|?log" | X|? < oo,

which follows easily by summation by parts. It follows that

S’ ES/
Zokot TOokal g g, (2.13)
(2k20)1/P
And let
* *
_ 2kol Simn
T = 2’@%?2{’”1 (2k2)MP - (mn)l/p
2len<2 (2.14)
|52k21 | ax |S;?m|
(Zkzl)l/p 2k < <2k+l (mn)t/pr’
2lep<ltl

where S, = Sy —ESpn-
By using Lemma 2.2, we obtain, for any € > 0,
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2

P max —H—>—|<c ———E S
k%)l:zo %klsmszlk*fll (mn)t/r =2 kgog(:) (2k2l)2/p 2k1<"1<21k 11 S|
2t<n<2tt 2t<n<2tt
_. i i (k+1)2(L+1)2 Zki‘%lmx 2o @19)
= z
Coiso (2k+1211)P = =1 Y
< (logyij)? 2
< E|X;:|%,
o (lJ)Z/p | ij |
where the last inequality follows easily be summation by parts. But
1/p
(log, i) d(logy k)® (477,
ZZ LB x| < Z J x2dF(x)
i=1j=1 (ij)2r k=1 k2l 0
0 0 dk(logz k)2 J(Hl)”r’ )
< —_— dF
= %( Z k2/p illp X (x) (2.16)

(i+1)1/P

< —-(2/p) 3 2
; P (logi) J L, | XPAFGO

1

< CE|X|” (log* |X|")? < o

)2 ) .
where we use >p_; d"(,lfiig,f,k) = O( (120/%1)) : ) which follows by summation by parts.

Hence, (2.13), (2.15), and (2.16) give us

S;nn 7ES1,frm
Combining (2.11) and (2.17), we get
Swn —ESh

Since

Smn —ESmn _ Smn_ES;nn _ 2?11 Z?:1E|Xl,3| (2.19)
(mn)lr— (mn)l/r (mn)l/p ’ ’

it remains to prove that the second term of the right-hand side converges to 0 a.s. By
Lemma 2.1(b), we obtain

k 1’
$$SRTLEXG] $ EXG
Sio (ken'” o e (2.20)
<cE|X|?Plog" |x| < oo,
from which, it follows that
Zk
L E X

kvl (2k21)1/’”
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But since

rr k l 44
> Z;L:IE’XU ’ B Z%:l 25:1 E| Xij |

’
T, = max

2ksm=akel (mn)l/r (2k21)1/P
2len<plt 2.22
2k+121+1 ( )
< E X
(2k+121+1 1/10 ; JZ:I |

Ty, converges to 0 which implies that, by (2.21),
SIS EIXG]

(mm)iv (2.23)

This completes the proof. O

COROLLARY 2.4. Let {X;;} be a double sequence of pairwise i.i.d. random variables
with E| X1117 (log* | X11 \)3 < oo, forl<p<?2. Then

lim 2?:11 Z;L:I (Xij —EXij)
mvn—oo (mn)i/p

=0 a.s. (2.24)

REMARK. The generalization to r-dimensional arrays of random variables can be
obtained easily under the condition E|X|? (log* IXI)”1 < 0.

THEOREM 2.5. Let {X;;} be a double sequence of pairwise independent random vari-
ables. If P{|X;;| = t} < P{|X| = t} for all nonnegative real numberst and E|X|?log*
|X| < 00,1 <p<2,then

Zﬁl Z?:l (Xij _EXij)

7 —0 inL'asmvn— co. (2.25)

PROOF. Since {X;;} are pairwise independent, {X;; — EX];} are orthogonal which
implies that
2

4 4 4 2

I ZﬁlZ?zl (Xij_EXij) - Zﬁlz}l:lE|Xij| (2.26)
(mn)l/p (mn)?2/p
Since
E 2?:11 Z;’l:l (Xij —EXij) E Z?:Ll Z;‘lzl (Xl{j _EXl{j)
(mn)t/p B (mn)t/p 2.27)
Zl IZJ 1E{X -
(mn)l/r’ ’

it suffices to show that (3%, Z}LlElX{j\z)/(mn)Z/P converges to 0 as mvn — 0.
But this can be shown by a method similar to that used in the proof of (2.23) in
Theorem 2.3. O

COROLLARY 2.6. Let {X;;} be a double sequence of pairwise ii.d. random variable
with E| X11|7log™ | X11] < o, for 1 < p < 2. Then

Sty 2 (Xij—EXij)
(mn)l/p

— 0 inL'asmvn— o, (2.28)
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REMARK. The generalization to r-dimensional arrays of random variables can be
obtained under the condition E|X|? (log* [X])"! < &
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