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The following related fixed point theorem was proved in [1].
THEOREM 1.1. Let (X,d) and (Y, p) be complete metric spaces, let T be a continuous mapping
of X into Y and let S be a mapping of Y into X satisfying the inequalities

d(STz,STz') < cmax{d(z,z'),d(z,STz),d(z',STz'), p(Tz, Tz')},
p(TSy,TSy) < cmax{p(y,y'), p(y, TSy), p(y/, TSY'), d(Sy, Sy')}

for all z,z’ in X and y,3/ in Y, where 0 < ¢ < 1. Then ST has a unique fixed point z in X and T'S has
a unique fixed point winY Further, T2 = w and Sw = 2.
We now prove the following related fixed point theorem.
THEOREM 1.2. Let (X,d) and (Y, p) be complete metric spaces, let T' be a mapping of X into Y
and let S be a mapping of Y into X satisfying the inequalities
d(Sy, Sy')d(STz,STz') < cmax{d(Sy, Sy )p(Tz,Tz'),d(z’, Sy)p(y/, Tz),
d(z,z')d(Sy, Sy'), d(Sy, STz)d(Sy', STz')} )

p(Tz,Tz')p(TSy,TSy') < cmax{d(Sy, Sy)p(Tz,Tz'),d(z’, Sy)p(y/, Tz),
Py )p(Tz,Tz'), p(Tz, TSy)p(Tz', TSy )} ()

for all z,z' in X and y,y' in Y, where 0 < ¢ < 1. If either T or S is continuous then ST has a unique
fixed point z in X and T'S has a unique fixed point w in Y. Further, Tz = w and Sw = 2.
PROOF. Let x be an arbitrary point in X. We define the sequences {z,} in X and {y,} inY by

(ST)'z =z,, T(ST)" 'z =1y,
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forn=1,2,....
We will assume that z,, # z,,1 and y,, # Yn41 for all n, otherwise, if z, = z,41 and y, = yn41 for
some n, we could put z, = zand y, = w.

Applying inequality (1) we get
d(zn—ly In)d(znr zn+1) = d(Syn—lv Syn)d(STzn—hSTIn)
< cma.x{d(:c,,_l, zn)p('.‘:/m yn+l)1 d(xn-ly zn)p(ym yn)y
[d(@n-1,20)]", d(ZTn-1,Tn)d(Tn, Tns1)} ®)
from which it follows that
d(zm er-l) <c max{p(ym yn+l)» d(zn—ly In)}-
Applying inequality (2) we get

[0@Wn, Yns1)* = p(TZn1, TZ0)p(TSYn-1, TSyn)
< cmax{d(Tn-1,Zn)P(Yn; Yn+1): A(Tn-1, Zn)P(Yn» Yn),
PWUn—1,Yn)P(Un, Ynt1)s P(Yns ¥n )P (WUns1, Ynt1)} )

from which it follows that
P(Yn, Yn+1) < cmax{d(Tn-1,Zn), P(Yn-1,¥n)}-
It now follows easily by induction that
d(Zn, Tns1) < " max{d(z, z1), p(y1,%2)}
P(Yns Yn+1) < 7 max{d(z, 21), p(y1,32)}

forn=1,2,.... Since ¢ <1, it follows that {z,} and {y,} are Cauchy sequences with limits z in X
withwinY
Applying inequality (1) we have

d(Sw,z,)d(STz,2,.1) = d(Sw, Sy,)d(STz,STz,)
< cmax{d(Sw, 2,)p(T'2, Yn+1), &(Tn, Sw)p(yn, T2), d(2, ,)d(Sw, z,),
d(Swv STZ)d(In, zn+1)}'

Letting n tend to infinity, we have
d(Sw,2)d(STz, z) < c¢d(Sw, 2)p(Tz,w)
and so either
Sw=z )

or

d(STz,z2) < cp(Tz,w). ©)

Applying inequality (2) we have
P(T2,yn+1)P(TSW,yn+1) = p(T2, TTs)p(TSw, TSyn)

<c max{d(swy :z:n)p(Tz, yn+l)» d(xﬂv Sw)p(y‘m TZ), p(‘UJ, y,,)p(TZ, y“+1)‘
p(Tz, TSw)p(Yn+1,Yn+1)}-

Letting n tend to infinity, we have
p(Tz,w)p(TSw,w) < cd(z,Sw)p(Tz,w)
and so either
Tz=w )

or



FIXED POINT THEOREMS ON METRIC SPACES 561
p(TSw,w) < cd(z, Sw). ®)
If T is continuous, then
w =nl;ug° Yn+1 =f}grg° Tz, =T-2.
If inequality (6) holds, then it implies that
z2=8Tz= Sw,
and so equation (5) will necessarily hold. We then have
TSw=Tz=w.
If S is continuous, then
z =nli’n(}<7 z, ="li'n°1o Sy, = Sw.
If inequality (8) holds, then it implies that
w=TSw="Tz

and so equation (7) will necessarily hold. We then have
STz = Sw = z.

To prove uniqueness, suppose that ST has a second fixed point 2’ and T'S has a second fixed point
w’ Then applying inequality (1) we have

[d(z, 2] = [d(STz, ST < ¢ max{d(z, 2)p(Tz,T2'), [d(z, ) }

which implies that
d(2,2') < cp(T2,T7). )
Further, applying inequality (2) we have

[o(T2,TZ)]® = p(Tz, T2 )p(TSTz, TSTZ') < cmax{d(z, 2Np(T2,T2'), [p(Tz, Tz')]z},

which implies that
p(T2,TZ) < cd(z,2'). (10)

It now follows from inequalities (9) and (10) that

d(z,2') < cp(TZ,w) < cd(z,2')
and so z = 2’ since ¢ < 1, proving the uniqueness of the fixed point z of ST

Now T'Sw/ = w' implies that STSw' = Sw' and so Sw’ = 2z Thus

w=TSw=TSz=TSuw =/,

proving that w is the unique fixed point of T'S. This completes the proof of the theorem.

COROLLARY 1.3. Let (X,d) be a complete metric space and let T be a continuous mapping of
X onto X satisfying the inequality

d(Ty, Ty)d(T%z,T?z') < cmax{d(Ty, Ty')d(tz,Tz'),d(z', Ty)d(y, Tz),
d(z,z')d(Ty, Ty'),d(Ty, T*z)d(Ty', T*<') }

for all z,z’,y,v in X, where 0 < ¢ < 1. Then T has a unique fixed point z in X.
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PROOF. It follows from the theorem with (X,d) = (Y,p) and S = T that T? has a unique fixed
point 2. Then T?(T'z) = T(T?z) = Tz and so we see that T’z is also a fixed point of T? Since the fixed
point is unique, we must have Tz = z.

We now prove a fixed point theorem for compact metric spaces.

THEOREM 1.4. Let (X,d) and (Y, p) be compact metric spaces, let T' be a continuous mapping
of X into Y and let S be a continuous mapping of Y into X satisfying the inequalities

d(Sy, Sy')d(STz,STz") < max{d(Sy, Sy )p(Tx,Tz'),d(z’, Sy)p(y, Tz),
d(z,z')d(Sy, Sy'),d(Sy, STz)d(Sy', STz')} (93]

p(Tz,Tz')p(TSy,TSy') < max{d(Sy, Sy )p(Tz,Tz'),d(z', Sy)p(y', Tz),
P, ¥)e(Tz,Tz'), p(Tz, TSy)p(Tz', TSY')} (12)

for all z,z’ in X and y,/ in Y. Then ST has a unique fixed point z in X and T'S has a unique fixed
point win Y. Further, T2 = w and Sw = 2.
PROOF. Suppose first of all that there exists no a < 1 such that

d(Sy,STSy)d(STz,STSTz) < amax{d(Sy, STSy)p(Tz,TSTz),d(STz, Sy)p(TSy,Tz),
d(z,STz)d(Sy, STSy),d(Sy, STz)d(STSy,STSTz)} (13)

forallzin X andyinY. Then there exist sequences {z,} in X and {yn} in ¥ such that

d(Syn, STSyn)d(STz,,STSTz,)
> (1 = 7™ max{d(Syn, STSYn)p(TZn, TST,), (ST, Syn)p(T Syn, T:),
d(zn, STx,)d(Syn, STSys), d(Syn, STz,)d(STSyn, STSTz,)} (14)

forn=1,2,.... Since X and Y are compact, and by relabelling if necessary, we may suppose that the
sequence {z,} converges to 2’ in X and the sequence {y,} converges to w' in Y. Letting n tend to
infinity in inequality (16), it follows that
d(Sw',STSw')d(STZ',STSTZ)
> max{d(Sw', STSw')p(TZ,TSTZ'),d(STZ,Sw')p(TSw', T7'),
d(2',STZ)d(Sw', STSw'),d(Sw', ST )d(STSw', STST=')}. (15)

This is only possible if the right hand side of inequality (17) is zero. It follows that either
STz = STST2' or Sw' = STSw'.

If ST2' = STSTZ', then ST2' = z is a fixed point of ST and it follows that Tz = w is a fixed
point of TS ’

If Sw' = STSw/, then Sw’ = z is a fixed point of ST and it again follows that Tz = w is a fixed
point of T'S.

Now suppose that there exists no b < 1 such that

p(Tz,TSTz)p(TSy, TSTSy)
< bmax{d(Sy, STSy)p(Tz,TSTx),d(STx, Sy)p(TSy, Tz),
p(y, TSy)o(Tz,TSTz), po(Tz, TSy)p(T STz, TSTSy)} (16)

forall zin X and y in Y. Then it follows similarly that ST has a fixed point z and T'S has a fixed point
w.

Finally, suppose that there exist a,b <1 satisfying inequalities (15) and (18) Then with
¢ = max{a, b}, it follows that if the sequences {z,} and {y.} are defined as in the proof of Theorem 2,
inequalities (3) and (4) will hold. It then follows as in the proof of Theorem 2 that {z,} and {y,} are
Cauchy sequences with limits 2z in X and win Y. Since ST and T'S are continuous, it now follows that z
is a fixed point of ST and w is a fixed point of T'S.
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To prove uniqueness, suppose that ST has a second distinct common fixed point 2’ Then applying
inequality (13) we have
[d(z 2" = [d(ST2, 5T < max{d(z,2)p(T=, T2), [d(z, )] },

which implies that
d(z2,2') < p(T2,TZ2). a7
Further, applying inequality (14) we have
[o(T2, T2 ) = p(Tz, T2 )p(TST2, TST) < max{d(z, )p(Tz,T2'), [po(Tz T) }

which that
p(Tz,T2') < d(z,2). (18)
It now follows from inequalities (19) and (20) that
d(2,2') < p(TZ,Tz) < d(z,7'),

a contradiction and so the fixed point z must be unique.

The uniqueness of w is proved similarly. This completes the proof of the theorem

COROLLARY 1.5. Let (X,d) be a compact metric space and let T be a continuous mapping of X
into X satisfying the inequality

d(Ty, Ty')d(T?z, T?z') < max{d(Ty,Ty')d(Tz,Tz'),d(z', Ty)d(y, Tz),
d(z,z")d(Ty, Ty'),d(Ty, T’z)d(Ty, T?z')}

for all z,z’,y,y in X for which the right hand side of the inequality is positive. Then T has a unique
fixed point z in X.
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