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Let R be a ring, α an automorphism, and δ an α-derivation of R. If the classical quotient
ring Q of R exists, then R is weak α-skew Armendariz if and only if Q is weak α̃-skew
Armendariz.
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1. Introduction

For a ringRwith a ring endomorphism, α : R→R and an α-derivation δ ofR, that is, δ is an
additive map such that δ(ab)= δ(a)b+α(a)δ(b), for all a,b ∈ R, we denote by R[x;α,δ]
the skew polynomial ring whose elements are the polynomials over R, the addition is
defined as usual and the multiplication subject to the relation xa= α(a)x + δ(a) for any
a∈ R.

Rege and Chhawchharia [1] called a ring R an Armendariz ring if whenever any poly-
nomial f (x)=a0+a1x+ ··· + anxn, g(x)=b0+b1x+···+bmxm ∈ R[x] satisfy f (x)g(x)=
0, then aibj = 0 for each i, j. This nomenclature was used by them since it was Armen-
dariz [2, Lemma 1] who initially showed that a reduced ring (i.e., a ring without nonzero
nilpotent elements) always satisfies this condition. A number of papers have been written
on the Armendariz property of rings. For basic and other results on Armendariz rings,
see, for example, [1–11].

The Armendariz property of rings was extended to skew polynomial rings with skewed
scalar multiplication in [7].

For an endomorphism α of a ring R, R is called an α-skew Armendariz ring (or, a skew
Armendariz ring with the endomorphism α) if for p =∑m

i=0 aixi and q =∑n
j=0 bjx j ∈

R[x;α], pq = 0 implies aiαi(bj)= 0 for all 0≤ i≤m and 0≤ j ≤ n.
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Recall that an endomorphism α of a ring R is called rigid (see [5] and [12]) if aα(a)= 0
implies a = 0 for a ∈ R. R is called an α-rigid ring [12] if there exists a rigid endomor-
phism α of R. Note that any rigid endomorphism of a ring is a monomorphism, and
α-rigid rings are reduced by [12, Propositions 5 and 6].

If R is an α-rigid ring, then for p =∑m
i=0 aix

i and q =∑n
j=0 bjx j ∈ R[x;α,δ], pq = 0 if

and only if aibj = 0 for all 0≤ i≤m and 0≤ j ≤ n [12, Proposition 6].
Various properties of the Ore extensions have been investigated by many authors; (see

[1–13]). Most of these have worked either with the case δ = 0 and α-automorphism or the
case where α is the identity. However, the recent surge of interest in quantum groups and
quantized algebras has brought renewed interest in general skew polynomial rings, due to
the fact that many of these quantized algebras and their representations can be expressed
in terms of iterated skew polynomial rings. This development calls for a thorough study
of skew polynomial rings.

Anderson and Camillo [3] assert that for a semiprime left and right Noetherian ring
R, R is Armendariz if and only if the classical right quotient ring Q(R) of R is reduced.
Anderson and Camillo [3, Theorem 7] proved that if R is a prime ring which is left and
right Noetherian, then R is Armendariz if and only if R is reduced. Kim and Lee in [9]
obtained this result under a weaker condition. They proved that if R is a semiprime right
and left Goldie ring, then R is Armendariz if and only if R is reduced. Kim and Lee also
proved that if there exists the classical right quotient ring Q(R) of a ring R, then R is
reduced if and only if Q(R) is reduced.

In this paper, we obtain a generalized result of [3, Theorem 7] and [9, Theorem 16],
for reduced rings, onto α-skew Armendariz rings [9, Proposition 18 and Corollary 19] as
corollaries.

2. The results

We first give the following definition of α-skew Armendariz ring, and notice that our
definition is compatible with Hong et al.’s [7], assuming δ to be the zero mapping.

Definition 2.1. Let R be a ring with a ring endomorphism α and an α-derivation δ. R is
an α-skew Armendariz ring (or, a skew Armendariz ring with the endomorphism α) if for
p =∑m

i=0 aix
i and q =∑n

j=0 bjx j ∈ R[x;α,δ], pq = 0 implies aiαi(bj)= 0 for all 0≤ i≤m
and 0≤ j ≤ n.

We notice that to extend Armendariz property to the Ore extension R[x;α,δ], we do
not need any more conditions. In the case δ = 0, several examples of α-skew Armendariz
rings are obtained in [7], and in the same method, one can provide similar results as in
[7], for the more general cases, of the Ore extension R[x;α,δ]. For instance, it is easy to
prove that α-rigid rings are α-skew Armendariz.

Definition 2.2. Let R be a ring with a ring endomorphism α and an α-derivation δ. R
is a weak α-skew Armendariz ring, if for linear polynomials f (x) = a0 + a1x and g(x) =
b0 + b1x ∈ R[x;α,δ], f (x)g(x)= 0 implies aiαi(bj)= 0 for all 0≤ i, j ≤ 1.

Note that an α-skew Armendariz ring is trivially a weak α-skew Armendariz ring and
a subring of an α-skew Armendariz ring is also α-skew Armendariz; while for the identity
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endomorphism IR of a ring R, R is Armendariz if and only if R is IR-skew Armendariz and
δ = 0.

Let R be a ring with the classical right (left) quotient ring Q. Then each injective en-
domorphism α and α-derivation δ of R extends to Q, respectively, by setting α̃(c−1r) =
α(c)−1α(r) and ˜δ(c−1r)= α(c)−1(δ(r)− δ(c)c−1r), for each r,c ∈ R with c regular.

A ring R is called right Ore given a,b ∈ R with b regular if there exist a1,b1 ∈ R with b1

regular such that ab1 = ba1. It is a well-known fact that R is a right Ore ring if and only if
there exists the classical right quotient ring of R.

Note that every Ore domain is an α-skew Armendariz ring for every automorphism α
and α-derivation δ.

Now we obtain a generalized result of [9, Theorem 16], for reduced rings, onto α-skew
Armendariz rings, by showing that the weak α-skew Armendariz condition extends to its
classical quotient ring.

Theorem 2.3. Let R be a ring, α an automorphism, and δ an α-derivation of R. If the
classical quotient ring Q of R exists, then R is weak α-skew Armendariz if and only if Q is
weak α̃-skew Armendariz.

Proof. Let f (x)=c−1
0 a0+c−1

1 a1x and g(x)=s−1
0 b0+s−1

1 b1x∈Q[x; α̃,˜δ] such that f (x)g(x) =
0. Then there exist a′i ,b

′
j ∈ R and regular elements c,s ∈ R such that c−1

i ai = c−1a′i and
s−1
j b j = s−1b′j . We then have (c−1a′0 + c−1a′1x)(s−1b′0 + s−1b′1x) = 0. So (a′0 + a′1x)s−1(b′0 +

b′1x) = 0 and hence [a′0s−1 + a′1˜δ(s−1) + a′1α̃(s−1)x](b′0 + b′1x) = 0. Then [a′0s−1−
a′1α(s)−1δ(s)s−1 + a′1α(s)−1x](b′0 + b′1x)= 0. Now there exist d,s2 ∈ R, with s2 regular, such
that δ(s)s−1 = s−1

2 d. Thus [a′0s−1 − a′1α(s)−1s−1
2 d + a′1α(s)−1x](b′0 + b′1x) = 0. There exist

a′′0 ,a′′1 ,a′′′1 ,s3,s4,s5 ∈ R, with s3, s4, s5 regulars, such that a′0s−1 = s−1
3 a′′0 ,a′1α(s)−1s−1

2 =
s−1

4 a′′1 ,a′1α(s)−1 = s−1
5 a′′′1 . So [s−1

3 a′′0 − s−1
4 a′′1 d+ s−1

5 a′′1 x](b′0 + b′1x)= 0. There exist t,d0,d1,
d2 ∈ R, with t regular, such that s−1

3 a′′0 = t−1d0,s−1
4 a′′1 = t−1d1,s−1

5 a′′′1 = t−1d2. Hence
t−1(d0 − d1d + d2x)(b′0 + b′1x) = 0. Now the Armendariz condition implies the following
equations:

(

d0−d1d
)

b′0 = 0,
(

d0−d1d
)

b′1 = 0,

d2α
(

b′0
)= 0,

d2α
(

b′1
)= 0.

(2.1)

We have (d0 − d1d + d2x)(b′0 + b′1x) = 0, so (d0 − d1d)b′0 + d2δ(b′0) + ((d0 − d1d)b′1+
d2α(b′0) +d2δ(b′1))x+d2α(b′1)x2 = 0. Thus we get the following equations:

(

d0−d1d
)

b′0 +d2δ
(

b′0
)= 0,

(

d0−d1d
)

b′1 +d2α
(

b′0
)

+d2δ
(

b′1
)= 0,

d2α
(

b′1
)= 0.

(2.2)
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These equations and (2.1) imply that

d2δ
(

b′0
)= 0,

d2δ
(

b′1
)= 0.

(2.3)

Now we have
(

d0−d1d
)

b′0 = 0⇐⇒ t−1(d0−d1d
)

b′0 = 0⇐⇒ (s−1
3 a′′0 − s−1

4 a′′1 d
)

b′0 = 0

⇐⇒ (a′0s−1− a′1α(s)−1s−1
2 d
)

b′0 = 0⇐⇒ (a′0s−1− a′1α(s)−1δ(s)s−1)b′0 = 0

⇐⇒ (a′0s−1 + a′1 ˜δ
(

s−1))b′0 = 0.
(2.4)

A similar argument shows that

(

d0−d1d
)

b′1 = 0⇐⇒ (a′0s−1 + a′1˜δ
(

s−1))b′1 = 0. (2.5)

Also we have

d2δ
(

b′0
)= 0⇐⇒ t−1d2δ

(

b′0
)= 0⇐⇒ s−1

5 a′′′1 δ
(

b′0
)= 0⇐⇒ a′1α(s)−1δ

(

b′0
)= 0

⇐⇒ a′1 α̃
(

s−1)
˜δ
(

b′0
)= 0.

(2.6)

A similar argument shows that

d2δ
(

b′1
)= 0⇐⇒ a′1 α̃

(

s−1)
˜δ
(

b′1
)= 0, (2.7)

d2α
(

b′0
)= 0⇐⇒ a′1 α̃

(

s−1) α̃
(

b′0
)= 0, (2.8)

d2α
(

b′1
)= 0⇐⇒ a′1 α̃

(

s−1) α̃
(

b′1
)= 0. (2.9)

Now take h(x) = a′0 + a′1x and k(x) = s−1b′1 ∈ Q[x; α̃,˜δ], and using (2.9), (2.5),
(2.7), then we get

h(x)k(x)= (a′0 + a′1x
)(

s−1b′1
)= a′0s

−1b′1 + a′1α̃
(

s−1b′1
)

x+ a′1˜δ
(

s−1b′1
)

= a′0s
−1b′1+ a′1˜δ

(

s−1b′1
)

+ a′1α̃
(

s−1) α̃
(

b′1
)

x

= a′0s
−1b′1+ a′1˜δ

(

s−1)b′1+ a′1α̃
(

s−1)
˜δ
(

b′1
)

= (a′0s−1 + a′1˜δ
(

s−1))b′1+ a′1α̃
(

s−1)
˜δ
(

b′1
)= 0.

(2.10)

Therefore, we have (a′0 + a′1x)(s−1b′1)= 0. Now there exist m,n∈ R with n regular, we get
s−1b′1 =mn−1. Thus (a′0 + a′1x)mn−1 = 0, hence (a′0 + a′1x)m = 0. Since R is weak skew-
Armendariz, we can deduce that a′0m= a′1δ(m)= 0. But

a′0m= 0⇐⇒ a′0mn−1 = 0⇐⇒ a′0s
−1b′1 = 0. (2.11)
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Equations (2.5) and (2.11) imply that

a′1 ˜δ
(

s−1)b′1 = 0. (2.12)

Now take p(x)= a′0 + a′1x and q(x)= s−1b′0, using (2.8), (2.4), (2.6) then we get

p(x)q(x)= (a′0 + a′1x
)

s−1b′0 = a′0s
−1b′0 + a′1 α̃

(

s−1b′0
)

x+ a′1 ˜δ
(

s−1b′0
)

= a′0s
−1b′0 + a′1 ˜δ

(

s−1)b′0 + a′1 α̃
(

s−1)
˜δ
(

b′0
)

+ a′1 α̃
(

s−1) α̃
(

b′0
)

x

= (a′0s−1 + a′1 ˜δ
(

s−1))b′0 + a′1 α̃
(

s−1)
˜δ
(

b′0
)= 0.

(2.13)

So (a′0 + a′1x)s−1b′0 = 0. But there exist u,v ∈ R with v regular such that s−1b′0 = uv−1.
Thus (a′0 + a′1x)uv−1 = 0 and hence (a′0 + a′1x)u = 0. The Armendariz condition implies
that a′0u= 0, and so a′0uv−1 = 0. So we get

a′0s
−1b′0 = 0. (2.14)

By (2.14) and (2.4), we have

a′1 ˜δ
(

s−1)b′0 = 0. (2.15)

By (2.14),

a′0s
−1b′0 = 0⇐⇒ c−1a′0s

−1
0 b0 = 0⇐⇒ c−1

0 a0s
−1
0 b0 = 0. (2.16)

By (2.11),

a′0s
−1b′1 = 0⇐⇒ c−1a′0s

−1
1 b1 = 0⇐⇒ c−1

0 a0s
−1
1 b1 = 0. (2.17)

By (2.6) and (2.15), we have a′1 ˜δ (s−1)b′0 = 0= a′1 α̃ (s−1) ˜δ (b′0). Thus

a′1
(

˜δ
(

s−1)b′0+ α̃
(

s−1) ˜δ
(

b′0
))= 0⇐⇒ a′1 ˜δ

(

s−1b′0
)= 0⇐⇒ c−1a′1 ˜δ

(

s−1b′0
)= 0

⇐⇒ c−1
1 a1

˜δ
(

s−1
0 b0

)= 0.
(2.18)

By (2.12) and (2.7), we have a′1˜δ(s−1)b′1 = 0= a′1α̃(s−1)˜δ(b′1). Thus

a′1˜δ
(

s−1)b′1 + a′1α̃
(

s−1)
˜δ
(

b′1
)= 0⇐⇒ a′1˜δ

(

s−1b′1
)= 0⇐⇒ c−1

1 a1
˜δ
(

s−1
1 b1

)= 0. (2.19)

Using (c−1
0 a0 + c−1

1 a1x)(s−1
0 b0 + s−1

1 b1x) = 0 and (2.16), (2.17), (2.18), (2.19), we also
have c−1

1 a1α̃(s−1
0 b0)= 0 and c−1

1 a1α̃(s−1
1 b1)= 0. Therefore Q is a weak α̃-skew Armendariz

ring. �

Now we show that skew-Armendariz rings are Abelian (i.e., every idempotent is cen-
tral).

Lemma 2.4. Every weak α-skew Armendariz ring is Abelian.
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Proof. Let R be a weak α-skew Armendariz ring and let e2 = e, a∈ R. Consider the poly-
nomials f (x) = e− ea(1− e)x and g(x) = 1− e + ea(1− e)x ∈ R[x;α,δ]. Then we have
f (x)g(x) = 0. Since R is weak skew Armendariz, eea(1− e) = 0. So ea = eae. Next let
h(x) = 1− e− (1− e)aex and k(x) = e + (1− e)aex ∈ R[x;α,δ]. We have h(x)k(x) = 0
and since R is weak skew Armendariz, it implies that (1− e)(1− e)ae = 0. Thus ae = eae
and so ae = ea which implies that R is Abelian. �

Corollary 2.5. Let R be a semiprime Goldie ring and α-automorphism and δ an α-
derivation of R. Then the following are equivalent:

(1) R is weak α-skew Armendariz;
(2) R is α-skew Armendariz;
(3) Q is α̃-skew Armendariz;
(4) Q is weak α̃-skew Armendariz;
(5) R is α-rigid;
(6) Q is α̃-rigid.

Proof. The proof follows by Theorem 2.3. For the implication 2⇒ 5, notice that when R
is a weak α-skew Armendariz ring, then by Theorem 2.3, Q is weak α̃-skew Armendariz
and hence Q is Abelian by Lemma 2.4 so Q is an aAbelian semisimple ring and hence is

reduced. Now, suppose that aα̃(a) = 0 for a ∈ Q. So we have ˜δ(a)α̃(a) = α̃(a)˜δ(α̃(a)) =
0. Now, let h(x) = α̃(a)− α̃(a)x and k(x) = a + α̃(a)x ∈ Q[x; α̃,˜δ]. Then h(x)k(x) = 0.
Since Q is weak α̃-skew Armendariz, we have α̃(a)α̃(a) = 0. But Q is reduced and α̃ is a
monomorphism, therefore a= 0. Thus Q is α̃-rigid, so R is α-rigid. �

By Corollary 2.5, it is shown that a semiprime right Goldie ring R with an automor-
phism α is weak α-skew Armendariz if and only if it is reduced.
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