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and superset of the fuzzy entire sequence spaces are introduced and their properties are
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1. Introduction

The concepts of fuzzy sets and fuzzy set operations were first introduced by Zadeh [1]
and subsequently several authors discussed various aspects of the theory and applica-
tions of fuzzy sets such as fuzzy topological spaces, fuzzy functional analysis, and fuzzy
sequence spaces. Bounded and convergent sequences of fuzzy numbers were introduced
by Matloka [2] where every convergent sequence is bounded. Nanda [3] has studied the
spaces of bounded and convergent sequences of fuzzy numbers and has shown that they
are complete metric spaces. The space I' of entire sequences was studied by Ganapathy
Iyer [4]. In this paper, we introduce fuzzy topology into I'. Then T turns out to be a fuzzy
sequence spaces. Firstly we define the metric for the fuzzy sequence spaces and we try to
introduce the notion of the fuzzy entire sequence spaces. Also we deal with topological
properties of the space of fuzzy entire sequences. We first prove that the space of fuzzy
entire sequence is a complete fuzzy metric space and also is a fuzzy linear metric space.
The concepts of subset and superset of the fuzzy entire sequence space are introduced and
their properties are discussed.
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2. Preliminaries

At first, we recall some definitions and results about fuzzy numbers. A fuzzy number
space is a fuzzy set on the real axis, that is, denote F(R) = {d | d: R* — [0,1], d has the
following properties (a)—(d)}:

(a) a is normal, that is, there exists an xy € R” such that d(xy) = 1;

(b) a is convex, that is, @(Ax + (1 — 1)y) = min{a(x),a(y)} whenever x,y € R" and

0<A<1;

(c) a(x) is upper semicontinuous;

(d) [@]° = cl{x € R": a(x) >0} is a compact set.
As obtained by Zadeh, 4 is convex if and only if each of its a-level sets dy, where a, = {x €
R":d(x) = a} for each a € (0,1], is a nonempty compact convex subset of R” with com-
pact support. The a-level set of an upper semicontinuous convex normal fuzzy number
is a closed interval [d@) ,dj |, where the values d; = —co and dj = +o0 are admissible. Since
each x € R" can be considered as a fuzzy number 4, defined by (2.1), the real number can
be embedded in F*(R). A fuzzy number 4 is called nonnegative if a(x) = 0 for all x < 0.
The set of all nonnegative fuzzy numbers of F*(R) is denoted by F(R). Let k € F(R) and

k = Unepo Ak K],

| forx=k keR",
a(x):{ orx < 2.1)

0 forx#k, ke R

For any d € F(R), a is called fuzzy number and F(R) is called a fuzzy number space. For
d,b € F(R), wedefined < bifand onlyif [a]y = [ay,d)] < [b]y = [by,by ] and [d]) < [b]y
ifand only if 4, < b, and da} < b} forany A € [0,1].

TuEOREM 2.1 (representation theorem). Ford € F(R),
(1) ay is a bounded left continuous nondecreasing function on (0,1];
(2) ay is a bounded left continuous nonincreasing function on (0,1];
(3) ay and ay is right continuous at A = 0;
(4) ay <ajy.

Moreover, if the pair of functions a(1) and b(A) satisfies (1)—(4), then there exists a
unique d € F(R) such that a) = [a(1),b(1)] for each A € [0,1].

Define F(R) X F(R) — Rby d(&,b) = sup,_, ., 8« (Fa b for @, b € F(R) and 8., (A,B) =
max{sup,c, infpep lla — bll,sup,cpinfaea lla — bl }. It is known that (F(R),d) is a com-
plete metric space.

Let 0 and T be defined by

N 1 f =0, N 1 forx=1,
B(x) = orx T(x) = (2.2)
0 forx#0, 0 forx#1.

The absolute value |a] of @ € F(R) is defined by

30t = {max{ﬁ(t),ﬁ(—t)}, £>0, 23

0, t<0.
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Definition 2.2 [5]. A sequence X = (i) of fuzzy numbers is said to be a Cauchy sequence
to a fuzzy number (X,,), written as lim,,_.x Xx = X, if for every & > 0 there exists a positive
integer Ny such that p(Xk,X;,) < ¢ for k,m > Np.

3. Fuzzy entire sequence I'(R)

Now we introduce the new fuzzy sequence space and we show that this is a complete
metric space.
For each fixed n, define the fuzzy metric

ﬁ(%mj;n)
= U /1{ | (xn)l_ - ()’n); |1/”’ sup {| (xn),; - (yn)’; | 1/n v, | (xn); — (yn); | l/n}}'

re(0,1] A<n<l1
(3.1)

Let X = {x,,} and y = {¥,} be sequences of fuzzy real numbers. Define their distance by

0(%5)

= U Msuplin); ~ 011 "sup] sup {1y =0y ;- 001 1

Ae[0,1] (n) (n) U=y=1
(3.2)

Clearly, (F(R),p) is a complete metric space [6].

Definition 3.1. X = {X,} is called a fuzzy entire sequence if p(lim,—c X,) = 0. In other
words, given ¢ > 0 there exists a positive integer N such that p(%,,0) < € for all n € N. Let
['(R) = {all fuzzy entire sequences}.

Example 3.2. Let a, = 1/n! for n = 1,2,... be a sequence fuzzy numbers. Now we have
a=(a,) = (1/n!), where n € F(R).
p(,,0)

- el

A€(0,1]

(),

1/n
\

,sup { sup {
n A<y<l

1 +
(—,) -0
ni n

o

(3.3)

This implies that d = (a,) = (1/n!) € T(R). Hence, d = (a,) is a fuzzy entire sequence.

THEOREM 3.3. (I'(R), 5) is a fuzzy complete metric space.



4 International Journal of Mathematics and Mathematical Sciences

Proof. It can be seen that 0 is a metric for T(R). Let {x} be any fuzzy Cauchy sequence
in I'(R). Then for every € > 0, there exist a positive integer N such that

FED )
U Mfsup | = [Vsupd sup {12 = |y 150" =2 |
1€[0,1] n o tdspsl

=0(&D,%)) <= fori,j >Ny

£
5
(3.4)

This implies that {x) }ie; is a Cauchy sequence in F(R) for each fixed ».

(F(R),p) is a complete metric space; hence the Cauchy sequence {x» @ }io) converges to
X, that is p(xn ,Xn) = 0asi— oo for each fixed n

= lim U /\{|xn1 -x, | " sup {|x,(jq)7 —x;ﬂ|l/nv %) = 1/”}} =0 Vn

= /\6[()1] A=p=<1
=lim | )L{Sup|x(z) x;1|1/n’sup{ sup {|x xﬁ,,|l/”v| Gyt %y mﬂ)}zo v
T®rel01) - ™ () Lisp=1

= lim 0(%9,%) =0, whereX € (%,).
1— 00

(3.5)

Now we will show that x € T'(R). In (3.4), letting j — oo, we get p(xn ,Xn) < €/5, since
{xif)} is a Cauchy sequence for each n.

This implies that p(,%\") < &/5 for n,k € N;.

Similarly, ﬁ(JNCi]),JNC,((] ) < ¢/5 for n, k e Nj. For each fixed j, put N = max{N,,N;,N;}.
Then for given & > 0, there exist x(?, x//) € F (R) in connection with (3.4) such that

p(a.% i))<§’ 5(N'(11’N’(1])<§ for i ko> N
= )< e )55 - H
fori,j,k=N

= {x{?}." is a fuzzy Cauchy sequence in F(R) 6

~of i) ~ 3 ~
= by the completeness of F(R),p (x,((l),xk> < —8 for some X € F(R)

) <) ) 4580 5) S
foreach n,k = N

= {X,} is a Cauchy sequence with respect to 6.

This implies that X = {X,} € I'(R). Hence, (I'(R), ) is a fuzzy complete metric space. [
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THEOREM 3.4. The space of the fuzzy entire sequences is a fuzzy linear space.

Proof. Let &,[? € I'(R) and let & = (d,) and ,8N= (b,,), where plim, .« @, =0 and plim, .« b,
=0. To prove ad + b/? € I'(R) and aa + b/,? =a(a,) + b(gn). It is enough to prove that
plim,_(ad, + bzn) = 0. Since plimy,_ d, = 0, given ¢ > 0, there exists a positive integer
N; such that ﬁ(ﬁn,ﬁ) < ¢/]al for all n > Nj. Since plim,_« E,, =0, given ¢ > 0, there exists
a positive integer N, such that ,3(5,,,6) <¢/|b| for all n = N,.

Let N = max{N;j,N,}. Then

plim (a, +bb,) = p(ad, +bb,,0) = p(ady,0) + F(bb,,0) = ap(d,,0) +bp(b,.0)
ac  be

:m+m=e+s<s VnzNﬁ(aan+bzn,5)<£_

(3.7)

This implies that plim,_« (ad;, + bz,,) = 0. Therefore, a& + bﬁ € I'(R). Hence, I'(R) is a
fuzzy linear space. U

THEOREM 3.5. The space of the fuzzy entire sequence is a fuzzy linear metric space.

Proof. T(R) is a fuzzy metric space if we define the metric p by

PEH = U M1 = 6y 1 s {1 o)y = )y 1V G0y = ;1
(3.8)

where &,[? € I'(R) and a = (a,) and E = (Zn). To prove that ['(R) is a fuzzy linear metric
space, it is enough to prove & + 8, k& where &,[)N’ €T(R) and k € R*. That &+ f is fuzzy
continuous follows from the property |& + ﬁ | < la|o| E |. To prove that ka is continuous;
it is enough to prove that &, — & in T'(R) and k, — k = k,& — ka for each & € T(R).

Case 1. Let &, — & in T(R). To prove that k,& — ka since &, — &, given ¢ > 0, there exists
N such that p(@,,a) < &/|k|" for all n > N. Now

p(ktiy, ka)
< U A{sup | ke, — kot | l/n,sup{ sup { |k, —ka | V., | ki, —ka* | V"}}},
1€[0,1] (n) (n) Udsp=1

ki, k)

< U /\{sup 17| &, — &) U”,sup{sup k1Y &, =6 kI & - V”}}},

refo,1] L (m) (n) Lsp=1

ﬁ(k&n,k&) < |k|1/”ﬁ(&n,&) < ‘k|1/n£/|k|1/n <e
(3.9)

Therefore, k,& — ka as n — oo that is plim,_« d, = &.
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Case 2. Let k, — k. To prove k,a for each & € I'(R), consider k = 0. Let & = (a,) €
[(R), where plim,_ dy = 0. Since plim,_.«d, = 0, given ¢ > 0, there exists N such that
,3(5”,6) < ¢ for all n > Nj. Since k, — 0, we may suppose that ﬁ(kmﬁ) <1foralln=Nj.

~

From the fuzzy metric space [6], obviously we get |k,&| < ¢ for n > Nj. That is, k,a& — 0
as n — co. This proves that I'(R) is a fuzzy linear metric space. O

THEOREM 3.6. A fuzzy entire sequence space is separable.

Proof. Let C = {x1,%2,%3,...,%1,0,0,0,...} be a countable subset of I'(R) and x; € Q C
['(R), where Q = {all fuzzy rational numbers}. Hence, I'(R) is separable. a

4. A subset of T'(R)

In fact, y is a subset of . For each fixed n, define the fuzzy metric

G = U A{un(xnn—zn( AL
A€[0,1] (41)

Asup {|4n(xn),; —Zn(yn), | n, |4n(xn);_4n(yn):lr| l/n}}.
<n<1

Let X = {X,} and J = {¥,} be sequence of fuzzy real numbers. Define their distance by

1(%,9)
1/n

1/n va n 7_4’1 n "
= U /\{Sup | Zn(xn), = Zn(yn), | ! ,sup{ sup { ol )’1 v )’1+||1/n}}}'

1e[0,1] (n) (n) W=p=1 LV | 4n(xn); - Li’l(yn)’7
(4.2)

Definition 4.1. X = {X,} € x if p(limy—.Xn) = 0. In other words, given ¢ > 0 there exists a
positive integer N such that i(X,,0) < ¢ for all n € N. The set of all fuzzy subsets of T'(R)
is denoted by y(R). Note that y(R) C T'(R).

ProrosiTIOoN 4.2. y(R) is a proper subset of T'(R).

Proof. Let |x,| < Znl|x,|. This implies that |x,|"" < (Zn|x,|)'". Let (x,) € x(R) =
(Lnlxg)V" < &= |x,|V" < e forall n > ny = (x,) € [(R) = x(R) C [(R). O

THEOREM 4.3. ¥(R) is a proper closed subspace of T(R).
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Proof

Step 1. (1/4n) & y(R) But (1/£n) € T(R). This implies that y(R) is a proper subspace of
I'(R).

Step 2. Suppose that a?) — a ex(R) = Ia(()p) - aol,[énla,(qp) —ay|]V" < e for p > po,

1/n 1/n

< [4n|a£,p)|]1/n+[4n|a5f)—an|]

< [4n|a£f’) | ]1/"+ (£n)V"e/n for p = p (4.3)

= [4n|ay|]

— [£n]an]]"" < e +ke, for sufficiently large n.

From Stirling’s formula, where € — 0 as p — o and k is a positive constant
:ﬁ([4n|an|]l/n,5) <e Vn=nyg= a=(a,) € x(R). (4.4)

THEOREM 4.4. A subset y(R) of I'(R) is a fuzzy complete.

Proof. Let {a,: p = 1} be a fuzzy Cauchy sequence in y(R), where Mna;p)ll/" — 0 as
n — oo, for each p = 1.
Let € > 0, there exists N = N(¢) such that

sup{|alf’ —al™ |,[zn|af —am 1" n=1}<e formp=N

= |alf —ai™ | <& [sn|af —am|]"" < e formp>=N (n=1,2,...)
(4.5)

= {Anlaip ) [}V7 and so {aff’ )} is a fuzzy Cauchy sequence in the complex plane for each
nx=1.

(p) )

=a) —a, asp-— Vn21=>4na51p—>4nan as p — . (4.6)

Now for n =1, p = 1, | Znan| " < [Znla, — a1 + {Zn|al |} V7,

Let € > 0, then there exists py such that [énlag,p ) _ a,|]Y" < ¢ and so this holds in
particular for p = py.

Consequently,

1/n
— 0 asn— oo,

(4.7)

|1/n (pg) ]1/}1

| Zna,| " <e+[| Znan forn=>1. Now |4na£,P°) |
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Thus,

ﬁ(%ijl;oln|an|l/n) <e, —_—>%ijr010ﬁ[4n|an|]1/"=0, = a=(a,) €x(R). (4.8)
Also (4.5) and (4.6), Iaép) —agl <& [4n|a£f) —ag|]""<eforp>=N(n=12,..)= lay —
al = 0as p — o = y(R) is a fuzzy complete of I'(R). O

~

CoroOLLARY 4.5. (x(R),0) is a complete fuzzy metric space.

Proof. From Proposition 4.2 and Theorem 3.3, it follows that y(R) is a closed subspace of
the complete fuzzy metric space of I'(R). Hence, y(R) is complete fuzzy metric space. [

5. A superset of I'(R)
In fact, A is a superset of T

Definition 5.1. X = {X,} € A is called a fuzzy analytic sequence A, if ﬁ(?cn,a) < M, for all
n and some constant M >0. The set of all fuzzy analytic sequences is denoted by A(R).
Note that I'(R) € A(R).

Without proof, we state the following theorems.

THEOREM 5.2. (A(R),0) isa complete fuzzy metric space.
Proof. It is similar to the proof of Theorem 3.3. O
TaeOREM 5.3. T(R) is a closed subspace of A(R).

Proof. Tt is similar to the proof of Theorem 4.3. O

6. Conclusion

In this paper, we try to introduce the concept of fuzzy entire sequence spaces and we deal
with some topological properties also. Many known sequence spaces can be fuzzified.
There is considerable scope for further research in this area like in matrix transformation.
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