SEMICOMPATIBILITY AND FIXED POINT THEOREMS
IN AN UNBOUNDED D-METRIC SPACE

BIJENDRA SINGH, SHISHIR JAIN, AND SHOBHA JAIN

Received 16 March 2004 and in revised form 24 August 2004

Rhoades (1996) proved a fixed point theorem in a bounded D-metric space for a con-
tractive self-map with applications. Here we establish a more general fixed point theorem
in an unbounded D-metric space, for two self-maps satisfying a general contractive con-
dition with a restricted domain of x and y. This has been done by using the notion of
semicompatible maps in D-metric space. These results generalize and improve the results
of Rhoades (1996), Dhage et al. (2000), and Veerapandi and Rao (1996). These results
also underline the necessity and importance of semicompatibility in fixed point theory of
D-metric spaces. All the results of this paper are new.

1. Introduction

There have been a number of generalizations of metric spaces. One such generalization
is generalized metric space or D-metric space initiated by Dhage [1] in 1992. He proved
some results on fixed points for a self-map satisfying a contraction for complete and
bounded D-metric spaces. Rhoades [4] generalized Dhage’s contractive condition by in-
creasing the number of factors and proved the existence of unique fixed point of a self-
map in D-metric space. Recently, motivated by the concept of compatibility for metric
space, Singh and Sharma [5] introduced the concept of D-compatibility of maps in D-
metric space and proved some fixed point theorems using a contractive condition.
In [4], the following theorem has been established.

THeorREM 1.1 (Rhoades [4]). Let X be a complete and bounded D-metric space, and let
T be a self-map of X satisfying D(Tx, Ty, Tz) < kMax{D(x, y,z),D(x,Tx,z),D(y,Ty,z),
D(x,Ty,z),D(y,Tx,z)}, forall x,y,zin X,0 < k < 1. Then T has a unique fixed point p in
X and T is continuous at p.

The object of this paper is to generalize this contraction by increasing the number of
factors in it from five to ten. We involve two semicompatible self-maps in it, one of which
is continuous. Further, the domain of x and y from the whole space has been reduced
to some orbits only. The first result gives a sufficient condition for existence of a unique
fixed point with T is continuous and (S,T) semicompatible and the second one gives
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the same result if S continuous. For the sake of completeness, following Dhage [1, 2], we
recall some definitions and known results in D-metric space.

2. Preliminaries

In what follows (X, D) will denote a D-metric space, N the set of all natural numbers, and
R* the set of all positive real numbers.

Definition 2.1. Let X be a nonempty set. A generalized metric (or D-metric) on X is a
function: D : XXX xX — R* that satisfies the following conditions.
(D-1) D(x,y,z) = 0iff x = y = z (sufficiency).
(D-2) D(x,y,z) = D(p{x, y,z}), (symmetry) where p is a permutation function.
(D-3) D(x,y,z) < D(x, y,a) + D(x,a,z) + D(a, y,z), for all x, y,z, and a in X (tetrahedral
inequality).

The pair (X,D) is called a generalized metric (or D-metric) space. Geometrically a D-
metric D(x, y,z) represents the perimeter of a triangle whose vertices are x, ¥, and z. Im-
mediate examples of such a function are

(a) D(x,y,z) = Max{d(x, y),d(y,z),d(x,2)},

(b) D(x,y,2) = d(x,y) +d(y,z) +d(x,2).

Here, d is the ordinary metric on X.

Definition 2.2 [1]. A sequence {x,} in a D-metric space is said to D-converge to a point x
if for any & > 0, there exists a positive integer ny such that D(x,,, X, x) < ¢, for all n,m > ny.
A sequence {x,} is said to be a D-Cauchy sequence if for each € > 0 there exists 19 € N
such that D(x, X4 p» Xutpst) < & for all n > ng, for all p,t € N. X is said to be complete if
each Cauchy sequence of it converges to some point of X.

In a D-metric space, if D is continous in two variables, then the limit of sequence is
unique, if it exists. Throughout this paper the D-metric is assumed to be continous in
two variables.

Definition 2.3. Let (X, D) be a D-metric space and S be a nonempty subset of X. We define
the diameter of S as §4(S) = Sup{D(x, y,2) | x,y,z € S}.

Definition 2.4 [6]. Let T be a multi-valued map on D-metric space (X,D). Let xp € X. A
sequence {x,} in X is said to be an orbit of T at xy denoted by O(T,xy) if x,-1 € T""!(xp),
thatis, x, € Tx,_1, for all n € N. The set of all orbits of T" at xo is denoted by F(T,xp). An
orbit O(T,xy) is said to be bounded if its diameter is finite.

Definition 2.5 [5]. Self maps S and T on a D-metric space (X,D) are said to be D-
compatible if lim,—. D(STx,, TSxy,,z) = 0, where z = STx,, or TSx,, when ever {x,} is
a sequence in X such that lim,_ . Tx, = lim,_ Sx, = x € X.

Definition 2.6. A pair (S, T) of self-mappings of a D-metric space is said to be semicom-
patible if lim,— STx, = Tx, when ever {x,} is a sequence in X such that lim,_. Tx,
=1lim, . Sx, = x € X.

It follows that (S, T') is semicompatible and Sy = T'y then STy = TSy.
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ProrostioN 2.7. Sand T are D-compatible self-maps on a D-metric space (X,D) and T is
continuous then the pair (S, T) is semicompatible.

Proof. Let {Sx,} — u, {Tx,} — u for some u € X. To show this, STx, — Tu. As T is con-
tinuous TSx,, — Tu.

Now, as (S,T) is D-compatible we have lim,_. D(STx,,STx,, TSx,) = 0. That is,
limy,—.co D(8Tx,, STXp4p, TSx,) = 0. That is, lim,.co D(STx,, STxp4p, Tu) = 0. That is,
limy— o STx, = Tu. Hence (S, T) is semicompatible. O

Prorostion 2.8. Sand T are semicompatible self-maps on a D-metric space (X,D) and T
is continuous then (S, T) is D-compatible.

Proof. Let {Sx,} — u, {Tx,} — uand as T is continuous TSx,, — Tu. The semicompati-
bility of (S,T) gives STx, — Tu. Now, lim,_«D(STx,,STx,, TSx,) = D(Tu,Tu,
Tu) = 0. Hence (S, T) is D-compatible. O

The following is an example of a pair of self-maps (S, T') which is semicompatible but
not compatible. Further, it is shown that the semicompatibility of the pair (S, T') need not
imply the semicompatibility of (T, S).

Example 2.9. Let X = [0, 1] and consider the D-metric space (X, D), where D is defined by
D(x,y,z) = Max{|x — y|,|y — z|, |z — x|}, for all x, y,z € X. Define a self-map as follows:

. 1
Sx=x if0<x< >
(2.1)

1
Sx=1 ifx>—-.
X 1Irx 2

Let I be the identity map on X and x, = 1/2 — 1/n. Then {Ix,} = {x,} — 1/2and {Sx,} —
1/2. Again, {ISx,} = {Sx,} — 1/2 # S(1/2). Thus (I,S) is not semicompatible though it is
compatible. Also for any sequence {x,} in X such that {x,} — x and {Sx,} — x we have
{SIx,} = {Sxn} — x = Ix. Thus (S,1) is always semicompatible.

Remark 2.10. The above example gives an important aspect of semicompatibility in D-
metric space as the pair (I,S) is commuting, weakly commuting, compatible, and weak
compatible, still it is not semicompatible.

The following is an example of a pair of maps which is semicompatible but not com-
patible.

Example 2.11. Let X = [0,2], define D(x,y,z) = Max{|x — y|,|y — z|,|z — x|}, for all
x, ¥,z € X. Define self-maps A and S on X as follows:

S.x = 1, X e [0:1))

2, x=1,

x+3

= x € (1,2], (2.2)
AXZZ, XE[O,I],

x € (1,2].

[NSRIP
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Take x, = 2 — 1/(2n) then we have S(1) = A(1) =2 and S(2) = A(2) = 1. Also SA(1) =
AS(1) =1and SA(2) = AS(2) = 2. Hence Ax, — 1 and Sx,, — 1, ASx, — 2, and SAx, — 1.
Now,

lim D(ASx,, ASx,Sy) = D(2,2,2) =0,

n— oo

(2.3)
%i_{{)loM(Aan,SAxn,Aan) =D(2,1,2)=14#0.

Hence (A, S) is semicompatible but it is not compatible.

ProrosTION 2.12. Let S and T be two self-maps of a D-metric space (X, D) such that S(X) <
T(X). For some xo € X define sequences {x,} and {y,} in X by Sx,—1 = Tx, = yn, for all
n € N. Then

(1) O(T718,x0) = {X0,X1,X2,X35- .. sXps-- }

(il) O(ST 1, 8%0) = {¥1, Y2, ¥3rev o> Yrr--e }o

Proof. As Sxo = Tx; we have x; € T~!Sxg and Sx; = Tx; gives x; € T 1Sx; = (T71S)%x.
Similarly, Sx,,—; = Tx, gives x, € T™'Sx,_1 = (T~18§)"x0. Again,

y1=SX(), y2=SX1 EST718X0= (STil)SX(), y3=SX2EST718T715X0= (STﬁl)ZSX().
(2.4)

Similarly, y, € (ST~1)"!Sx,. O

Let ¢ denote the class of functions ¢: R* — R* which are upper semicontinuous non-
decreasing and ¢(t) < t, for t > 0. If the orbit {y,} is bounded, define y; = 84{yi, yi+1,
Yir2s.-- ), i=1,2,.... Then p, is finite for all #n and also {y,} is a nonincreasing sequence
and y, > 0, for all n. Hence y, — y (y = 0) as n — oo.

LemMa 2.13. Let S, T, Xy, Yn,Xo be as above. If
(i) some orbit {y,} = O(ST~1,Sxy) is bounded,
(i) for all x, y,z in O(T~18,x), for some ¢ € ¢,

D(8x,Sy,8z) < ¢Max{D(Tx, Ty, Tz),D(Sx,Tx,Tz),D(Sy, Ty, Tz),D(Sx, Ty, Tz),
D(Sy,Tx,Tz),D(Tx,Ty,Sz),D(8x, Tx,Sz),

D(Sy,Ty,Sz),D(Sx, Ty,Sz),D(Sy, Tx,Sz)},
(2.5)

then lim,—« y, = 0 and {y,} is a D-Cauchy sequence in O(ST,Sxo).
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Proof. We have from condition (ii)

D(yn:yn+p)yn+p+t) = D(an—lasxrwp—l)an+p+t—1)
< OMax {D(Yn-1, Yntp—1> Yntprt-1)sD(Yn-15 Y Yuipre-1)>
D )’n+p—1,yn+p>yn+p+t—1)’D()’n’)’n+p—1))’n+p+t—1)a

(
(yn—l)yn+p)yn+p+t—1)aD(yn—lyyn+p—l>yn+p+t)’ (26)
(
(

S

D
D

Sﬁb()’nfl)-

yn—l)ymyn+p+t))D(yn+pfl’yn+p)yn+p+t))
yn)yn+p—l)yn+p+t))D(ynflxyn+p)yn+p+t) }

Taking sup over p and t we have y, < ¢(y,—1) and letting n — co we get y < ¢(y) <y if
y >0, which is a contradiction. Hence y = 0, that is, y, — 0, as n — co.

Thus, D(yn, Ynips> Ynip+t) < @(yu—1) — 0asn — co. Hence {y,} is a D-Cauchy sequence.

O

3. Main results

TaEOREM 3.1. Let S and T be self-maps of a D-metric space (X, D) satisfying the following.
(1) 8(X) = T(X).
(2) The pair (S,T) is semicompatible and T is continuous.
(3) For some xy € X, some orbit {y,} = O(ST~1,Sxy) is bounded and complete.
(4) Forallx,y € O(T~'8,x0) UO(ST ', Sx0) and for all z € X and for some ¢ € ¢,

D(8x,Sy,8z) < ¢Max {D(Tx,Ty,Tz), D(Sx,Tx,Tz), D(Sy, Ty, Tz),
D(Sx,Ty,Tz), D(Sy,Tx,Tz), D(Tx,Ty,Sz),
D(Sx,Tx,Sz), D(Sy,Ty,Sz), D(Sx,Ty,Sz),
D(Sy,Tx,Sz)}.

(3.1)

Then S and T have a unique common fixed point.

Proof. For xy € X, construct sequences {x,} and {y,} in X as Sx,_1 = Tx, = y,, for all
n € N. Then by Lemma 2.13, {y,} is a Cauchy sequence in O(ST~!,Sx,) which is com-
plete. Hence,

Yn=Txp=Sxn-1 —ucX. (3.2)
As T is continuous and (S, T) is semicompatible we get

T?x, — Tu, STx, — Tu. (3.3)
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Step 1. Putting x = Tx,, y = Txy, z = x,, in condition (4) we get

D(STxy,STxy,Sxy) < dMax{D(TTxy, TTxn, Txy),D(STxn, TTxn, Txn),
D(STx,, TTxy, Txy), D(STXp, TTx0, Txy),
D(STx,, TTx,Txy), D(TTxp, TTxy,S8%,), (3.4)
D(STx,, TTx,Sx,), D(STx, TTx0,S%,),
D(STxp, TTxyyS%1), D(STxy, TTx,Sx,) }.

Taking limit as n — oo and using (3.2) and (3.3) we get
D(Tu, Tu,u) < ¢{D(Tu, Tu,u)} = Tu = u. (3.5)
Step 2. Putting x = x,,, ¥ = X,,, and z = u in condition (4) we get

D(8x,Sx,Sut) < ¢ Max{D(Txy, Txy, Tu),D(Sxpn, Txn, Tut), D(Sxy, T, Tth),

(
D(Sxy, Txpy Ttr),D(Sxy, Txp, Ttr)y, D(T 0, T, Sut),
3.6
D(Sxy, Txpn, Stt), D(Sx, Ty Stt), D (Sxs Ty Sth), (3.6)
D(Sx, Tx,, Su) }.
Taking limit as n — oo using (3.2) and (3.5) we get
D(u,u,Su) < ¢p{D(u,u,Su)} < D(u,u,Su) if D(u,u,Su) >0, (3.7)

which is a contradiction, hence D(u,u,Su) = 0, that is, u = Su. Hence u = Su = Tu. That
is, u is a common fixed point of S and T.
Step 3 (Uniqueness). Let w be another common fixed point of S and T, then

w=S8w=Tw. (3.8)
Putting x = x,,, ¥ = x,,, and z = w in condition (4) we get

D(8xy,Sx1,SW) < ¢ Max {D(Txy, Txn, Tw), D (Sxn, Txn, Tw), D (Sxn, Txn, Tw),

(
D(Sx, Txns Tw), D(Sxy, T, Tw), D(Txp, Ty SW),
3.9
D(Sx, Ty SW), D(Sx05 Ty SW), D(Sxp, T, SW), (39)
(

D(Sxy,, Txp, SW) }.

Taking limit as n — oo using (3.2) to (3.8) we get D(u,u,w) < ¢p{D(u,u,w)} < D(u,u, w)
if D(u,u, w) > 0 which is a contradiction, hence D(u,u,w) = 0, that is, u = w. Hence, u is
a unique common fixed point of Sand T.

a

Remark 3.2. Tt is clear from the above proof that the satisfaction of condition (4)
of Theorem 3.1 for all x, y € O(T~1S,x9) U O(ST~!,Sxy) and for all z € O(ST~1,8x) en-
sures the existence of a common fixed point of S and T.
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Remark 3.3. In view of Proposition 2.7, in condition (2) of Theorem 3.1 the semicom-
patibility of the maps can be replaced by compatibility.

The following theorem is a counterpart of Theorem 3.1 and establishes the existence
of a unique common fixed point of a pair of semicompatible maps (S, T) when S is con-
tinuous.

THEOREM 3.4. Let S and T be self-maps of a D-metric space (X,D) satisfying conditions
(1), (3) of Theorem 3.1 and
(1) the pair (S, T) is semicompatible and S is continuous,
(2) forallx, y € O(T~S,x0) and for all z € X, and for some ¢ € ¢,
D(Sx,Sy,S82) < ¢ Max {D(Tx,Ty,Tz),D(Sx, Tx,Tz),D(Sy,Ty,Tz),
D(Sx,Ty,Tz),D(Sy,Tx,Tz),D(Tx,Ty,Sz),D(Sx, Tx,Sz),

D(Sy,Ty,Sz),D(Sx,Ty,Sz),D(Sy, Tx,Sz)}.
(3.10)

Then S and T have a unique common fixed point.

Proof. For xy € X, construct sequences {x,} and {y,} in X as in the proof of Theorem 3.1
then Sx, — u, Tx, — u. As S is continuous we get STx,, — Su and as (S, T') is semicompat-
ible we get STx,, — Tu. As the limit of the sequence is unique we get

Su="Tu. (3.11)
Step 4. Putting x = x,,, ¥ = X,;, and z = u in condition (2) we get

D(Sxy, 8%, Su) < ¢Max {D(Txy, Txy, Tu),D(Sxpn, Txn, Tu),

D(Sxp, Txy, Ttr), D(Sx, Ty, Ttr), D (Sxp, Ty, Tth),
3.12
D(Txp, Txp, Stt), D(Sx, Ty Stt), D (Sx, Ty Stt), (3.12)
D(Sxy, Tx, Stt), D(Sxp, Ty Sut) }.
Taking limit as n — oo using (3.2) and (3.11) we get
D(u,u,Su) < ¢p{D(u,u,Su)} < D(u,u,Su) if D(u,u,Su) >0, (3.13)

which is a contradiction. Hence u = Su and we get u the common fixed point of S
and T.
The uniqueness of fixed point follows from Step 3 of Theorem 3.1. O

Remark 3.5. Inview of Propositions 2.7 and 2.8, condition (1) of the above theorem is not
in the close reach of compatibility, weak commutativity. Thus it highlights the necessity
and importance of semicompatibility in the fixed point theory of D-metric spaces.

In Theorem 3.1 if we take ¢(t) = At, forallt € R*¥,;A < 1. AsA < 1, ¢ € ¢ and we get the
following.
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CoROLLARY 3.6. Let S and T be self-maps of a D-metric space (X, D) satisfying conditions
(1), (3), (2), of Theorem 3.1 or (1) of Theorem 3.4 and
(1) forallx,y € O(T7'S,x0) UO(ST,Sxp), z € X, there exists A € [0,1) such that
D(8x,Sy,Sz) < AMax {D(Tx,Ty,Tz),D(Sx,Tx,Tz),D(Sy, Ty, Tz),
D(Sx,Ty,Tz),D(Sy,Tx,Tz),D(Tx,Ty,Sz),
D(Sx,Tx,Sz),D(Sy, Ty,Sz),D(Sx,Ty,Sz),
D(Sy, Tx,Sz)}.

(3.14)

Then S and T have a unique common fixed point.

In the above corollary if we take T' = I, the identity map on X, then conditions (1), (2)
of Theorem 3.1 are satisfied trivially and we get the following.

COROLLARY 3.7. Let S be a self-map on a D-metric space (X,D) such that for xo € X the
orbit O(S,x) is bounded and complete and for all x, y € O(S,xo), for all z € X, there exists
A € [0,1) such that

D(Sx,Sy,Sz) < AMax{D(x, y,z),D(Sx,x,z),D(Sy, y,z),D(Sx, y,2),
D(Sy,x,z),D(x, y,5z),D(Sx,x,52), D(Sy, y,5z), (3.15)
D(8x,y,5z),D(Sy,x,Sz)}.

Then S has a unique fixed point.

If we restrict the contractive condition of the above corollary to the maximum of those
factors which contain z in the third place of function D, we get the following.

CoROLLARY 3.8. Let S be a self-map on a D-metric space (X, D) such that for some xy € X
the orbit O(S,xy) is bounded and complete and for all x, y € O(S,xy), for all z € X, there
exists A € [0,1) such that

(A) D(8x,Sy,Sz) < AMax{D(x, y,z),D(Sx,x,2),D(Sy, y,2z),D(x,Sy,2),D(y,5x,2) }.
Then S has a unique fixed point u in X and S is continuous at u.

Proof. The existence of the unique fixed point u follows from Corollary 3.8. To prove the
continuity, let {z,} C X such that z,, — u. Putting x = X,,, ¥ = X, and z = z,, in condition
(A) we have

D (8% Sxm»Sz) < AMax {D (XymsXm»>Zn)> D (SXimsXm»> Zn ) s D (SXims X Zn ) »

(3.16)
D (X Sxm»>2n) s D (X Sxim»2n) |

Taking limit as m — oo we get

D(u,u,8z,) < AMax{D(u,u,z,), D(u,u,z,), D(u,u,z,), D(u,u,2,), D(u,u,z,)}.
(3.17)

Thus, D(u,u,Sz,) < AD(u,u,z,) and hence lim,o D(u,u,Sz,) = 0. Now, D(Sz:p,
Szp,u) < D(S8zp4p, U, u) + D(u, Sz, u) implies that lim,, - o D(Sz41p, Sz, u) = 0. Thus, {Sz, }
D-converges to u. Therefore, S is continuous at u. ]
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Remark 3.9. The above corollary improves and generalizes [4, Theorem 1] in which the
required domain of x and y in the contractive condition is needed to be the whole space
X while in this corollary the required domain of x, y is just an orbit O(S,x). Further, in
the above corollary boundedness of just an orbit is taken where as in [4] the boundedness
of the whole space was assumed.

Example 3.10 (of Corollary3.8). Let X = {2" | n€ Z} u {0} = {1,1/2,1/2%,...,0,2,
22,1, d(x,y) = |x— yl, forall x, y € X. Consider

D(x,y,z) = Max{lx— yl,|y —zl,l1z—x|} Vx,y,z€X. (3.18)

Let S be a self-map on X given by Sx = x/2, for all x € X.

Then O(S,1) = {1,1/2,1/2%,...} and O(S,1) = O(S,1) U {0}. Thus the orbit O(S,1) is
bounded and complete, however X is not bounded. To show the existence of A of condi-
tion (A), let M(x, y,z) = Max{D(x, y,z), D(Sx,x,z), D(Sy, y,2),D(x,Sy,2),D(y,8%,2)}.
Case 1. x, y,and z € O(S,1), taking x, y, and z in descending order. We take x = 1/2""},
y = 1/2"P71 7z =1/2mP*"1 then Sx = 1/2", Sy = 1/2"P, Sz = 1/2"*P*, Now,

1 1
D(8x,8y,8z) = 20 " gl
1 1 1 1 1
M(x)y>z) = Max{zn_l - 2ﬂ+])+f*1 > 211+p*1 - 2ﬂ+p+t*1 )z_n - 2n+p+t—1} (3.19)

1 1 1 1
T on1 " purprt—1  “\on T pniprt )
Thus, D(8x,Sy,Sz) = (1/2)M(x, y,z) in this case.
Note. In case x,z, and y are in descending order or else z,x, y are in descending order,
the computation can be made similarly and for A = 1/2 condition (A) is satisfied.

Case 2. x,y € O(S,1) and z = 0. We take x = 1/2""!, y = 1/2"P~1, z = 0 then Sx = 1/2",
Sy = 1/2"?, Sz = 0. Now,

1 1 1 1 1
D(SX,S}/,SZ) = ?, M(X,y,Z) = Max{ﬁ, W, ?} = on-1 . (320)
Thus, D(Sx,Sy,Sz) = (1/2)M(x, y,z) in this case too.
Case 3. x,y € O(S,1),z=X — 0(S,1), and z # 0. We take x = 1/2"71, y = 1/2"P71 z =
2m*t1 then Sx = 1/2", Sy = 1/2™*7, Sz = 2™, Now,

m 1
D(8x,Sy,Sz) = 2™ — S
M ) _ M 2Wl+l 1 2m+1 i m+1 1
(x,y,2) = Max T oontp-1° "o’ T oontp |2
1 1
— 1 _ 3.21
M(x,y,2) = 2" = o = 2(2"1 - 2n+p+1> (3.21)

m 1
> 2(2 — 2n+p>
=2D(Sx,Sy,Sz).
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Thus forall x,y € O(S, 1), for all z € X, condition (A) is satisfied. Hence all the conditions
of Corollary 3.8 are satisfied and “0” is the unique common fixed point of S.

Remark 3.11. The above example shows that the assumption of boundedness of the whole
space X in [4] can be removed.
In [3], Dhage et al. established the following result.

TaEOREM 3.12 (Dhage et al. [3]). Let (X,D) be a D-metric space, f a self-map on X. Sup-
pose that there exists xo in X such that O(x) is bounded and f-orbitally complete. Suppose
also that f satisfies

(A") D(fx, fy, fz) < AMax{D(x, y,z),D(x, fx,2)}, for x, y,z € O(x0)
for some 0 < A < 1. Then f has a unique fixed point in X.

In Corollary 3.8, if we restrict the maximum to only the first two factors in the con-
tractive condition, we get the following.

CoROLLARY 3.13. Let S be a self-map on a D-metric space (X, D) such that for some xo € X
the orbit O(S,xo) is bounded and complete and for some A € [0,1)

D(Sx,Sy,8z) < AMax{D(x,y,2),D(x,8x,2)} Vx,y€ 0(Sx), z€ X. (3.22)

Then S has a unique fixed point and S is continuous at it.

Remark 3.14. This corollary improves Theorem 3.1 of Dhage et al. [3] in the sense that in
the contractive condition the domain of x, y is just an orbit O(S,x¢) and not its closure.
Also this result corrects the above said result in the sense that the domain of z in the
condition must be the whole space X and not just the closure of the orbit O(S,xy), for
otherwise the uniqueness of the fixed point does not follow. The following is an example
of it.

Example 3.15. Let X = {2" | n € Z} U {0} = {1,1/2,1/22,...,0,2,22,...} and d(x,y) =
|x — y|, for all x, y € X. Consider

D(x,y,z) =Max {|lx—yl, |y —zl,1z—x|} Vx,y,z€X. (3.23)
Let a self-map S on the D-metric space (X, D) be given by

11
ifx e {1,7,—,...,0},
1 x B 22

ifxe {2,22,...}.

Sx (3.24)

R‘l\[)\)l\J\R

Then O(S,1) = {1,1/2,1/2%,...} and O(S,1) = O(S,1) U {0}. Thus the orbit O(S,1) is
bounded and complete. To show the existence of A of condition (A”) see the following.
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Case 4. x,y,z € O(S,1). We take x = 1/2"71, y = 1/27P71) z = 1/27PH~1 A seen in
Case 1 of Example 3.10, for A = 1/2, condition (A") is satisfied.

Case 5. x,y € O(S,1) and z = 0. As seen in Case 2 of Example 3.10, for A = 1/2, condition
(A") is satisfied.

Case 6. x =0 and y,z € O(S,1). We take x =0, y = 1/2""}, z = 1/2""P~! then Sx = 0,
Sy = 1/2", Sz = 1/2"P. Now,

D(Sx,Sy,Sz) = 2—1” Max {D(x, y,2),D(x,8x,2)} = Max{%’#} = 2n—171

(3.25)

Thus, for A = 1/2, condition (A”) is satisfied.
The cases {x =0,y =0,z =0} and {x =0,y = 0,z = 1/2"} trivially satisfy (A") for A =

1/2. Thus for all x, y,z € O(S, 1), condition (A") is satisfied. Hence all the conditions of
[3, Theorem 3.1] are satisfied, still S has two fixed points which are “0” and “2.”

Remark 3.16. In the above example, take x = 1/2, y = 1/2%, and z = 2 then we have Sx =
1/2%, Sy = 1/2%, and Sz = 2. Now,

1 1
D(8x,Sy,8z) =2— < = —5>
8 8
1 7 . 7 (3.26)
D(x,y,2)=2— = = —, D(Sx,x,2) =2— —= = —.

22 4 22 4

Thus the contractive condition of Corollary 3.13 is not satisfied for all x, y € O(S,1)
and z € X. Hence, Corollary 3.13 too cannot assure the uniqueness of a fixed point in
Example 3.15.

It is to be noted that Example 3.10 is also an example of Corollary 3.13.

CoROLLARY 3.17. Let S and T be self-maps of a D-metric space (X, D) satisfying conditions
(1), (2), (3) of Theorem 3.1 and
(1) let a;, i =1 to 10 be constants such that a; > 0 for all i, Y a; < 1 and for all x,y €
O(T718,x)) UO(ST1,8x0), z€ X

D(Sx,Sy,82) < a1D(Tx, Ty, Tz) + a;D(Sx,Tx,Tz) +asD(Sy, Ty, Tz)
+a4sD(Sx,Ty,Tz) +asD(Sy, Tx,Tz) +asD(Tx,Ty,Sz)
+a;D(8x, Tx,Sz) + agD(Sy, T'y,Sz) + agsD(Sx, Ty, Sz)
+a10D(Sy, T'x,Sz).

(3.27)

Then S and T have a unique common fixed point.
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Proof. Let > a; =A(<1). Let

M(x,y,z) = Max {D(Tx, Ty, Tz),D(Sx,Tx,Tz),D(Sy, Ty, Tz),
D(8x,Ty,Tz),D(Sy,Tx,Tz),D(Tx,Ty,Sz),
D(8x,Tx,Sz),D(Sy, Ty,Sz),D(Sx,Ty,Sz),
D(Sy,Tx,Sz)}.

(3.28)

Then from condition (1) of Corollary 3.17 we have

10
D(Sx,Sy,8z) < > aiM(x, y,z)

i=1

10 (3.29)
= M(x,y,2) > ai
i-1

=AM(x,y,z) (A<1).

O

The rest of the proof follows from Corollary 3.6.

In Corollary 3.17 if we take T = I, the identity map on X, then conditions (1),
(2) of Theorem 3.1 are trivially satisfied and if we take a3 = as = as = a6 = a7 = a9 =
aio = 0, we get the following.

CoROLLARY 3.18. Let S be a self-map on a D-metric space (X, D) such that for some xy € X,
the orbit O(S,xo) is bounded and complete and

D(8x,Sy,8z) < a1D(x, y,z) + a,D(x,Sx,z)

3.30
+asD(Sy,y,82) Vx,y€0(Sx0), z€ X. ( )

Then S has a unique fixed point.

Remark 3.19. The above corollary generalizes and improves [7, Theorem 1] in which the
required domain of x and y was needed to be the whole space X. In this corollary the
required domain of x and y is just an orbit O(S,x() and only z varies over the whole space
X.
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