ON THE LOCAL WELL-POSEDNESS OF A
BENJAMIN-ONO-BOUSSINESQ SYSTEM

RUYING XUE

Received 30 March 2005 and in revised form 25 September 2005

Consider a Benjamin-Ono-Boussinesq system #; + ty + dttxyy + (un)x = 0, t4 + 1 + titiy +
CHxxx — diixyr = 0, where a, ¢, and d are constants satisfyinga = ¢ >0,d >00ra<0,c<0,
d > 0. We prove that this system is locally well posed in Sobolev space HS(R) x H*"'(R),
with s > 1/4.

1. Introduction and main results

We consider the Cauchy problem for a Benjamin-Ono-Boussinesq system:

7’]t+ux+a”xxx+(“7’])x:0, t>0, xR,
Up + o+ Ul + Clyyx — AUty =0, >0, x ER, (1.1)
M=o = f(x), ult=o = g(x),

where a, ¢, and d are constants satisfying
a=c>0, d>0 or a<0, c<0, d>0. (1.2)

The system is called a Benjamin-Ono-Boussinesq system because it can be reduced to a
pair of equations whose linearization uncouples to a pair of linear Benjamin-Ono equa-
tions.

Equations of type (1.1) are a class of essential model equations appearing in physics
and fluid mechanics. To describe two-dimensional irrotational flows of an inviscid liquid
in a uniform rectangular channel, Boussinesq in 1871 derived from the Euler equation
the classical Boussinesq system:

Ne+ux+un)y=0, t>0,x€R,

1 (1.3)
uf+’1x+”ux+§’1xxt:0) t>0, xeR.

In [1], Bona et al. derived by considering first-order approximations to the Euler equation
the following alternative (a four-parameter Boussinesq system) to the classical Boussinesq
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system:

Nt t Uy + Alxxx + (l’”’])x - br]xxt = 0)

(1.4)
Up + Ny + Uy + CHxxx — Al = 0,

where the constants obey the relations
a+b—1(92—1) c+d=1(1-0) 20, a+brctd—1, (15
2 3 T2 - -3 '

with 8 € [0,1]. The system (1.1) is one of the four-parameter systems associated with
b =0.When b =0, Bona et al. in [1] determined exactly that the four-parameter systems
are linearly well posed if and only if a, ¢, and d satisfy the relation (1.2). The local well-
posedness of the nonlinear system (1.1) is considered in [2]. They prove that the system
(1.1) associated with (1.2) is locally well posed in the Sobolev space HS(R) x H**!(R),
with s = 1. In this work, we will give some local well-posedness for the Cauchy problem
(1.1) in the Sobolev space H*(R) x H**!(R), with s > 1/4, by using the so-called L? — L4
smoothing effect of the Strichartz type.

Denote by J the Fourier multiplier with symbol (1 + &2)'2, and denote by ¥ the usual
Hilbert transform. Our result is the following.

THEOREM 1.1. Fix s > 1/4. Then, for every (f(x),g(x)) € H*(R) x H*}(R), there exist
T >0 depending only on || f (x) | s + 11g(x) |+ and a unique solution of (1.1) on the time
interval [0, T satisfying

(J~'%€n,u) € C([0,T], L*(R)xL*(R)),

(190 s) €C([0,T), L(R) XL™(R)). (1.6)

Moreover, for any R >0, there exists T depending on R such that the nonlinear map
(f(x),g(x)) — (n,u) is continuous from the ball of radius R of H*(R) x H*"}(R) to C([0, T;
HS(R) x HTL(R)).

In the sequel, we say that the pair (p,q) € R? is admissible if it satisfies

g+l=l, p>4 (1.7)
p q 2
We denote by J the Fourier multiplier with symbol (1 + &2)"2, denote by # the usual
Hilbert transform, and denote by m(D) the Fourier multiplier associated with symbol
m(&). We also denote the dyadic integers 2%, k > 0, by A or y. Whenever a summation
over A or y appears, it means that we sum over the dyadic integers. The notation A < B
(resp., A 2 B) means that there exists a harmless positive constant C such that A < CB
(resp., A = CB). We denote by LYX (resp., LY X) the space of X-valued measurable and
p-integrable functions defined on [0, T] (resp., I), equipped with the natural norm. We
also use the notation || (11, u2,...,ui)llx = luillx + - - - + Jukllx.

The rest of this paper is organized as follows. In Section 2, we prove some Strichartz-
type estimates for smooth solutions of (1.1). In Section 3, we give the proof of the local
well-posedness of the Cauchy problem (1.1).
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2. Some estimates

In this section, we give some smoothing effects for (1.1). These estimate will be the main
ingredient in the proof of local well-posedness of the Cauchy problem (1.1). Consider the
following linear system:

N+ Uy +aue, = F(x,t), t>0,x€R,

U+ Ny + CHxx — Al = G(x,1), >0, x €R. (2.1)
Let
_ (052—1)(652—1)]1/2 _ [(afz—l)(dfzﬂ)]m
0@ - [ G SR
Consider the change of variables
n=hD)(v+w), u=v-—w, H=h'Dy=v+w, (2.3)

where h(D) (resp., h~'(D)) is the Fourier multiplier with the symbol h(£) (resp., h~1(£)).
Then we have

1 1 1

vi+o(D)oyw=-h"Y(D)F+=(1+dD?*) G,
2 g (2.4)
wi—(D)agw =™ (D)F — (1 +dD?)'G.
Rewrite 0(§) = (ac/d)V?|&| + y(&) with
_ 2
y(E) = - d—(ac+ad+dc)é (25)

[(ag2 —1)(d€2+1) (c& —1)]"* + (acd) 2 |E| (dE2 +1)

Let ['(D) be the Fourier multiplier with the symbol i§y (), which is a skew-adjoint oper-
ator in L2(R) and is bounded from L?(R) to LP(R) for 1 < p < +o0. Then

1/2
vt (%) Howr =T+ I DIFH L (14+dDY) G,

(2.6)
ac\ V2 1 1 -1
wi (%) Howw = —TDw+ S DI -3 (14dD?) G

Using the Strichartz inequality for the Benjamin-Ono equation, we deduce from (2.6),
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for admissible pair (p,q),

1 _
Ivllpere S Ivllzpre + H —-T(D)v+ %h_l(D)F‘F 5(1 +dD?)"'G

L2
S Wllre + vl e+ [ (DYF+ (14+dD?) 7G|, (2.7)
S (LD IVl + B (D)F|lyge +[|(1+dD?) G|, s
and similarly
Iwllige S (14D Wl + A~ (D)F| e+ [[4dD?) G, o @28)
Thus by (2.3),
G wllpre S U+ D) []5 10+ [ (D)F G )]0 2o
+[[(1+dD*) ' G(x, ) )L}Lz. (29)
Consider a standard Littlewood-Paley decomposition:
w=u, o =2, =27 (2.10)
A A A
where
uy = Mu, m =AM, m=M7, (2.11)

A) are the Fourier multipliers with symbols ¢(&/1) when A = 2F with k > 1, and y(&)
when A = 1, and where the nonnegative functions y € Cy’(R) and ¢ € C5’(R) satisty

X@)+ 2 ¢E/M) =1,
A

0, Il <> orlEl=2, (2.12)

#E) = 1, ifl<|é <

|

For a dyadic integer A, we set

~ Mp+Ay+Ay, ifA>1,
Ay = (2.13)

A+ Ay, ifA=1.

LEMMA 2.1. Let {ay}, {dr}, and {8)} be three sequences indexed on positive dyadic integers
A. Assume that there exist two positive constants 1 < k) < k such that x,0) < 621 < Kx20).
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Then

172 1/2
oY aydAS(Z%aﬁ) (zdg) , (2.14)
A A

u=21/8 A

and hence by duality,

2
Z&%( > ay) <> 6%al. (2.15)
A A

u=A8

Proof. Note that x;0) < 82y < k26, implies 6)/0x) < ka . Using the Cauchy-Schwarz in-
equality, we get

ZS)L z a,,dA = Z(S,\ Z doxydy = Z ka z Ok dakydy
A u=XA/8 A k=-3,2kA>1 k=-3 A=2-k
o 1/2 1/2 1/2 1/2
< St T e (X a) s(Saa) (Sa) -
k=-3 A>2-k A>2-k A A
(2.16)
U

LemMa 2.2. Fix T >0 and o > 1/2. Let (y,u) be a smooth solution of the system (1.1). Then
for every admissible pair (p,q),

1/2
{ZAZU||<%%,W>|@;M}
A

<A+ (1+]7ullz ) (2.17)

1/2
s (111 a1, 9677, 95,7 11 (Z NP2 (i) Hio;p) ,
A

where 1 = h™Y(D)n, ) = h"{(D)Ayn, h™1(D) is the Fourier multiplier with the symbol
h=Y(&) defined in (2.2).

Proof. Let (,u) be a smooth solution of the system (1.1). Then (1), uy) satisfies the fol-
lowing system:

(m),+ (m), +a(m) ., = —(wh(D)fr + [Ar,uh(D)]h),, t>0,x€R,

(2.18)
(1) + (m) o + (M) e — A () 1 = — (u(u,x)x + [A)L,uax]u), t>0, x € R.
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Using (2.9) to the system (2.18) and choosing the interval I satisfying |I| <1 and |I] <
1/A, we get

|| (3 u) ||L§’Lq
S ||(’7)L’”A)||L§’Lq
S (DG ) |l 12 + [[0:hH (D) (uh (DY + [ A, uh(D) 172 312

+[|(1+dD?) ™ (), + (A, udy]u)

)L}“ (2.19)

S+ |I|)H(’7)trul)||L;°L2 + ||”h(D)’7A||L}L2
+ [ uh(D)] [y 2 + [ () [y o + | [ A0, w0k Jullpy
S U+ NG w) e 2+ [l - 1Dy -

+ ||[Al’“h(D)]’%||L}L2 + ||”||L1°°L°°||(”l)x||L}L2 + ||[Al’“ax]“||L;L2-
By the Sobolev embedding, |I| < 1and |I| < 1/,

lullpre S 77ull 725
Bl Sl + 10 |y S T e 2+ TIMIFA o 2 S e 125
oxtall s S ITHAJunl | e S Mlaal g g2
(2.20)

Then, we deduce from (2.19)

17 ) g0 < (14 177ull e ) 1O ) [l 12

8 (2.21)
+[[[Ar uh(D)] |2 + [[[Av, w0 Jul |y o

Partition [0, T = U Ix, where each interval I is of size < min{1/A,1}. We can choose I}
such that their number is bounded by (1 + T')A. Therefore by (2.21), we obtain

[ (i, ) |lpe s < (14 T)I/P/\UPO + ||]0u||L§?L2)

< (1100 1) | 12 + [ A uh(D) 7|y 12 + [ A1, udsTull 2.
(2.22)

To estimate the terms || [Ay, uh(D)]7) 112 and [I[Ay, udx]ullpy 12, we introduce the follow-
ing estimates which come from [3, Lemmas 4.2 and 4.3]:

I[AL voxIwll 2 S llvell s Wiz, I[AsvIwlle STl liwll . (2.23)
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Then, for A > 4,

DRl =[085 Ko
h( )% (2.24)
NHIT 77 S S ot | 1A 25

and forA = 1,2,

|[Av uh(D)]AAA| 2 = [[[Ar, u] (D) A2 (225)
S Hlull || D) < el || BAF |2 '
so we get

|[[Ar, uh(D AWHL1 2~ (||”||L1TL°° + ||ux||Lvl,vL°°)||zl’7||L7-’L2' (2.26)

Now we consider the term || [A)L,uh(D)](Id—ZA)ﬁHLz, that is, IIAA(uh(D)(Id—zA)ﬁ)HLz.
Note that the frequencies of order < A/8 in the Littlewood-Paley decomposition of u do
not contribute, therefore

183 (uh(D) (1d =B Iy = |[Ar > wh(D)(1d=23)7

u=A/8

LyL? (2.27)

S z HAAh(D) (1d _ZA)’WLITLW ||uH||L°T°L2'
u=A/8

Denote

(ad+ac—cd)&? —¢ (2.28)

c[ (a8 = 1) (c82 = 1) (d&2 +1)]"* + (acd) 2| E| (8> — 1)

Let y(§) € C*(R) be a nonnegative function satisfying w(§) = 1 for [{] >2and w(§) =0
for |€] < 1. It is obvious that y(§)A(€)E/|&| € S71; that is, w(E)A(§)E/IE] € C*(R) satis-
fies

PRIGLGHS

golsa +g2)e (2.29)

for any nonnegative integers a. Let A, be the Lipschitz space defined by

Ay = {f : there exists a positive constant A such that || f |z~ < A, ||Ay f]];~ < A/\’V}.
(2.30)
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Stein [4, Chapter 6, Section 5.3, Proposition 6] shows that y(D)A(D)¥ is a bounded
mapping from Aj, to Ass. We have

|| AxR(D)y (D) (1d =A) 7l 1«

<1((%) " a,3t9D) + ADIWD)) (19-E il

S (D)o (1d—A3) 9|1, + || A(D)y (D) (1d A ) HF |1« (2.31)
S ||aX(%’7)HL1TL°° + ||A(D)W(D)%%ﬁ||L1TA3/Z
S 0% (FH) |1 g + 1] 134, S NOx (FER) 131+ [FFH| 1 15

[|AA(D) (1d=y(D)) (1d =83) 7l 1 S [AD) (1A= (D)7l 1 S Nl 115
because of h(&)(1 — y(£)) € C5°(R). Hence, we get

|| Arh(D) (1d =A) ]l 1
S MR(D)y(D) (1d=A3) 7|3 1 + [|AA(D) (1d =y (D)) (1d =A2) 7l 1
S ox (T |y o + 137y o + 7]y -
(2.32)

A combination of (2.26) with (2.27) and (2.32) yields

[l (uh(D) (1d=A2)7) [l .2

~ ~ ~ 2.33
S (||ax%’7”L,}4Lm +{1 %7l - +||’7||L»1,<L°°> 2. ol 125 (2.33)
u=A/8

and so

||[Alauh(D)]’71||L1TLZ S (||”||L1TL°° + ||ux||L1TL°°)||zl’7||L°T°LZ
+ (10T + NFF N+ 171 ) S Vol

u=M/8
(2.34)

Similarly,

||[A)t:“ax]”||L1TL2 S ||ux||L1TL°°||Z/\u||L°T°L2 + ||ux||L1TL°° Z ||uﬂ||L°T°L2‘ (2.35)
u=1/8
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It follows from (2.22), (2.34), and (2.35) that

|| (Hifa, 1) ||L€-Lq
S A+ VAP (1+])ull5.0)
x (11937 10) s 12 + 180 k(DY 17l 1y 12 + [1[Ar, D12

<A+ (1417l 20 ) (2.36)

o (10 g1 B9 B+ 19 0 5.

117,296, e S ||u,4||m)-
u=X1/8

Hence,

> 2% (i, wa) |[72 0
A

2
S D (1 T)¥Ppetee (1 + ||]ou||L°T°L2)
p

x (H(u,ux)nim||<Zl%ﬁ,ﬁw>|liw 1] (9 1) |71

2
+||<%ﬁ,ax%ﬁ,ﬁ,ux>||LlTLm( 5 ||uy||Lo;Lz) )

u=X1/8

2
SA+ T2 (14 J7ullyspe) (1+ | ouo K296, 7) ly,-) 337

x (ZA”’“"(II(%f%,m)lliw + II(KA%%EW)IILW)
A

2
+Z/\2/P+20< > ||uy||L%oL2> )
h

u=X1/8
2
S AT (14 7ull ) (111 o100, 55, 0,568, 7) 7,1 )
X > AP (i, ) |15 125
A

where we have used the inequality due to Lemma 2.1:

2
Z)Lz/erz(r( Z ||uﬂ||L?Lz) SZAZ/[HZU||”A||12,§?L2’ (2.38)

) y=Ms p
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and the inequality

S Ryt By 2 < SNV ) e (239
A A
Thus we get

2
ST (7, ) [0 S L+ TP (14770212 )
A

(1 11ty 0 I, 029677 7)1 ) X227 (3 100) |1
A
(2.40)

We complete the proof. O

LEMMA 2.3. Let 1 < k; < Ky, and let {6y} be the dyadic sequence of positive numbers sat-
isfying k10) < 6a) < k20) and A < 8) < A? for all dyadic integers A. Then for all 7,t € I, the
smooth solution (1, u) of (1.1) satisfies

> S (0, un ()72 < D O (Fia(2), 1 (1)) 72 exp (21] (st H, DR | 11 )
A A
(2.41)

Proof. Let F = —(un)x and G = —uuy in (2.6), and without loss of generality assume 7 < ¢.
Multiplying (2.6) by (Ayva, Axwy) and integrating by parts, we get

1d (nm(t)n;) R
5 dt 2 =Re— .
2dt \ |lwy(o)|]7. dt MW’“”{

(2.42)
B J [h_l(D)((W’I)x)A +(1 +dD2)_1 (u”X)A]V)L dx

=Re
= [ [ ) (), — (1+dD%) ™ ()

>

where we denote (v, w1) = F(va,v1). Using (h"1(D)n,u) = (v+w,v — w) = (1,u), we
get

d

21 U@ + a0l
(2.43)

=2Re ( - Jh*I(D)((un)x)ﬁA dx — J (1+dD?) ™" (uuy) yur dx),
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and so for the dyadic sequence {6, }, we get

GG RTOI
A

S 28 (I @Il +wall:)
A

< S (@I + @) + |
A T

t
g
T

<S8 @), m () || +1+11,
|

j6§h*(D>((u(a)nw))x)ﬁ(mdx do
A

do

s Jaﬁ (1+dD?) ™ (u(0)ux(0)) yu(o)y dx
A

(2.44)

with

do,

t
-

T

t
H=J

T

The estimate of I. Using A < §) < A%, we have

> J‘th*l(D)((un)x)ﬂ% dx
A (2.45)
do.

J&i(l +dD?) ™ (i) yup dx
P

t
15[ 116716372 ) do
A T

12
2

) do
LZ

< Lt (;&fﬂm\ﬁz) 1/2(§A4“]2(uux)/1“22> mda

< f:(§8i||uu|iz)m(§ainfZ(uux»

1/2

¢ 1/2 ¢
<[ (Satholi) oo s [ (Seitall ) atis sl do
T\ T\ g

t
< [ ol el .
T A
(2.46)

The estimate of I. 'To estimate the term I, we introduce

1/2
BEO =@ - (5) 1 (2.47)
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with
B(E) = (¢cd —ac—ad)&*+c
{ad|EI[(ag? - 1) (d€2 +1) (c&2 = 1)]"* + (acd)"2 (a2 — 1) (d€2 +1) }IE|
(2.48)
For A > 2,

> f 8th (D) ((un)x), i dx

A>2
o (2.49)
2 45; - ~ 2 ~
| Sfoi(e) ppymaiinas| + | S [BO) ) i
Using |¢(§/M)B(&)| <A73 for A > 2, we have
> [ 8B (), i v
A>2
< 2 B ((um)) [l 7l
A>2
12 12
g{za)%HB(D)((”ﬂ)x))\”iz} {ZfSﬂI%IIiz} (2.50)
A>2 A>2

1/2 1/2
s{zamniz} {Zw((umniz}

A>2 A>2

< {Z5illr7alliz}l/zllur1||y-

A>2

By (2.28),

1/2
lunlizz = [|u- (D)7, = ||u- (A(D) + (%) ID1) 7|,
SNuAD)| g+ u(IDI)|| 2 S el [JAD) |2 + | (H7) |2

< a7+ ) g+ o (37 . 251)
el s+ el 196+ e 196

1/2
~ 112
5(||u||Lm+||ux||Lm){Zc?§llmlle} :
A
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A combination of (2.50) with (2.51) yields

> J(SAB(D )((un)x) \7adx

A>2

S (Ml el XSl (252)
A

Using (2.28) again, we get

Z%J% (A(D)+ (@>1/ZIDI)17)A-%dx

A>2

<1 >8 J% ulD|R), - frdx

A>2

Z 82 J H(uA(D)Y), - mrdx|.

A>2

ZJ8A|D| (url)X))L ’ﬂdx

A>2

(2.53)

A(&) € $7! and the inequality A < §) < A? imply

Z&AJ% (uA(D)), -1 dx

A>2

1/2 1/2 1/2
s{zafn%(%(mmﬁz} {zaﬂmniz} s{zamn;} A Dl

A>2 A>2 A>2

< Zwmnp} (I[4ADIH 1+ o (- ADI

A>2

{ Z ‘SA||’7/1||L2} (”””Lm ||A(D)’7||L2+||“x||Lw ||A(D)’A7/||Hl"'||u||Lm ||ax(A(D)’7)||H1)
A>2

||u||Lw+||ux||Lm)Eélllmllw

(2.54)
S8 [ (il -
A>2
- Z%J (ud IR , - 9 dx
A>2
< zagjuax%m-%mdx 362 J A udy 965 - 97 dx (2.55)
A>2 A>2
2
< ZS/%J((%(W))A) caned |+ S [ A, ud | HA . - ||
A>2 A>2

Sllusl - > 83119+ 3 8311 Ar, uds 197 - [ -

A>2 A>2
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Using (2.23), we obtain

([0 ud %] 2 < 1A ud | ArFi] |2 + || [ Ay udx ] (1A —A0) il 25

. L (2.56)
([[Ax udJ A 2 S [l | (AN -

Then we get

> S3II[ A1, ude ] BrFA a6 2 < Noaal o > SR (2.57)

A>2 A>2

Now we estimate the term ||[A), u0,](Id —ZA)%ﬁlle. Letu = ZH u,. We have

112,40, ] (1d ~B0) A2 = [|Ax (w0 (1d B2 %)
< 2 Nudx(1d=2) A2 < 3 110x9€7l - [l

u=A/8 u=A/8
(2.58)

and then by using Lemma 2.1,

> Sil1[ 0, udx] (1d =B #fl| . |9 |-

A>2

S lloxdeifll > SRl1%e 1 > Mually:

A>2 u=A/8

1/2 1/2
s||ax%7||m{zai||%m||;} {Zaﬂmné}
A A

(2.59)

< 10t ( S8 + 3.3l ).
A A
It follows from (2.55), (2.57), and (2.59) that

> (%u((“c”l)l/2|D|)r7)A Fivdx

1> (2.60)

< (Nl + 12563, (;amniz +§6i||m|iz).

What remains is to estimate the term |87 [ h~'(D)((un)s)x - fadx|, with A =1 or 2.
Let x(§) € Cy°(R) satisfy x(§) = 1 for [£] < 10 and x(&) = 0 for |£| >20. Since A = 1 or 2
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implies [|0x7allz2 < 1771122 and x(D)((un)x)r - Ha = ((un))r - §, we get

Jh X)) mdx'

Zjh-l(max;((D)(um Fhdx

< | [ 02D (4 MDD, -+ (- WY (D7), - s |

N N h(D)(Id—x(D)) ., ~
< - MO, -l + | (-, MK )
LI
. WD)(1d—x(D)) .\
< Nulle 1712 + (axu-—iD ”)A"“ )

h(D)(1d—x(D)) ., N
e o0y o

< (el + foeel [ ) 1772 S (el + eyl ) S 831 Gis )]
A

L

(2.61)

A combination of (2.52), (2.60), and (2.61) with (2.49) yields

Zjlf‘(D)((un)x))L x| S ||, 967, 3:967) || S S Gl )|l (2.62)
A

and so
t
15 [ 1100 560,036 . 3 0311 G ] o (2.63)
T A

Hence, by (2.44), (2.46), and (2.63)

S 82| G, m )17
A

t (2.64)
< S S+ | 10, 35,2,36) - X 81 o) 7 dor
A T 2

The Gronwall inequality implies

> GO, O)7 < > 8 (0, un(0)) |17 exp (2] (us e, 7, 0 577) 3. )
A A
(2.65)

We complete the proof. O
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THEOREM 2.4. Fix T >0and 1< o <2 —1/p. Let (n,u) be a smooth solution of (1.1). Then
for every admissible pair (p,q),

||]U(’7)”)||LPM S+ T)I/P(l + ||]J”||LTL2)||]UH/P ||LTL2

(2.66)
X <1+|| U, Uy, 17, 0 K1, 1]) ||L1TLM>.

Proof. 1f (p,q) is an admissible pair, then both p and g are greater than or equal to
two and different from infinity. Therefore Minkowski inequality, Littlewood-Paley square
function theorem, and Mikhlin-Hormander theorem show

||]0(’7’”)||L’}Lq ~S Z”] >t HL’}M ~ zAZ‘TH > ux ||L’}Lq (2.67)
By Lemma 2.2,

2 2
> A2 G ) 7250 < (L D2 (14170 p2) (1 (10 937,098, 7)1, 1 )
A

~ 2
x 222 (s ) 5
A

(2.68)
Choosing 7 =0, 8y = A°"VP,and I = [0, T] in (2.64), we get
DA (3 ) |
)
S ZAZ"”/PH 1(0),0(0) 7
(2.69)
o 5 29 51 i)
N <1+|| u, i, H1j, 0x H) ||L1TL )HJGH/‘D ||L°°L2
Theorem 2.4 follows from (2.67), (2.68), and (2.69). O

3. The local well-posedness

3.1. Uniqueness. Let (771,u1) and (#2,u2) be two solutions of the system (1.1). Let ; =
h(D)(v; +w;)and u; = v; — w; (j = 1,2). Then (v; — v2, w1 — w») satisfies the system (2.6)
associated with F = —(u;#1 — uz12)x and G = — (41 0x141 — U057 ). Multiplying the equa-
tion satisfied by v, — v, (resp., w1 — wy) with v; — v, (resp., w; — w,) and integrating by
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parts easily yield

1 2
EEH(W — V2, W1 _W2)||L2

= —JF(D)(VI -v) - (v —vz)dx+J1"(D)(w1 —wy) - (wy —wy)dx

- %J [h_l(D)(Wll - uzﬂz)x] - (1 —m2)dx (3.1)
- %I [%W(ulaxul - uzaxuz)] (uy —uy)dx

<Gy = oo r — o) ||, +ITT 41V,
with
I = _%Jathl(D)[(”l —w)m +ur(m —n2) | - () = 72)dx
= 2 [ sy ) G~ ) [0 D) s~ ) - G~ i),

IV = ! J ! [(u1 — u2) Oty + 1 (Ot — Oxtha) | - (1 — 1) dx.

2] pdp: (3.2)
It is obvious that
V1S 11 (@xt1,502) | 1 = w2l (3.3)
By (2.28), we have
e = (%)t g1+ AL (4

Moreover, A(§)/(1+ [€]) € HY(R) and A(&)sgn(&)/(1+ |&]) € H'(R) decay like [€]72 at
infinity, and so they define some L*-multipliers. Thus,

ad\"? A(D) AD)HN .,
||'7‘||L°°_H(<T> a"+1+|D|a"_ 1+\D|>%7l

L~ (3.5)
SNH s +1|0xH A1 |-
and so
‘ J (u1 — u2)m1 - 0ch™ 1 (D) (1) — 1) dx
Sl G = o = )17 (3.6)

< L1967 + 1192571 11 it = Fartr = w2) [
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To bound the term [ d,h ™' (D)(u2(n1 — 12)) - (i1 — 72)dx, we use (2.28) again and get
| [0k D) s =) - G = )|
ad 1/2 N
= | [au @) wa (%) 1D1+AD)) G~ 7o) | - G~ )
12 12
d ~ o~ ~ o~
- j[(i) %+axB<D)][uz(“—) IDIG ) | - G~ o) v
ac c
+Hah [ AD) (i - 1) - (iy — 7o) dx

| [0, = 72)1 - 96— o)

N

+| [ 0B, )] - G~ )
+ w2 AD) (7 = 72) |2 712 = 72212

S | [Buusl(h ~ o) Ptz | + | [ BBOIHLus3 Gy~ 7o) - G~ )
| [0~ )] - (= )b |+l 17—

< [11sallo + leallo 11 = il
(3.7)

It follows from (3.1)—(3.7) that

d ~ ~ ~ o~
gl (i =vm —w) |l S [1+ 1191, 03371, 2, 0t0) || - [ Gt = s 1 — w2)
(3.8)

By the Gronwall lemma,

||(’71 — o, Uy — Mz)(t)”Lz

5 ||(’71(0) - ﬁZ(O))ul(O) - uZ(O))HLZ eXp (1 + ||(%ﬁbax%ﬁl,uz,axuz)||L;FLOO),
(3.9)

which clearly implies the uniqueness.
3.2. Existence. Without loss of generality, we assume 1/4 < s < 1. Let (#,u) be a smooth

solution of the system (1.1). Setting o = s+ 3/4, 8 = A*", and I = [0, T] in Lemma 2.3,
we deduce that

7 i, u ) [1510 S 0 (7(0), 1(0) |12 €xp (2] (1t 140 I, 0 ||y 1) (3-10)
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If (p,q) is an admissible pair, then o+ 1/p < 0 + 1/4 = s+ 1 < 2. Therefore using Theorem
2.4 and (3.10), we get that for every admissible pair (p,q) and every T >0,

oGz ge < 4 DYP (14 77ull o0 ) (1+ 1] (1t 100 967, 05567, 71) 1711 )

(3.11)
X |7 (7(0),u(0)) || . exp (2|| (u, v, H17, 0 K7, ’7)”L1TL°°)’

Using the Sobolev embedding in the spatial variable together with the Holder inequality
in time variable, we can choose an admissible pair (p,q) such that

|| (w1, H7, 02 7, 77)||L1TL“’ STV (7, u)”Lqu' (3.12)
A combination of (3.12) with (3.11) yields

||(u>ux>%ﬁ)ax%ﬁ’ﬁ)||Lr1,<L°°
< T=VP(1+ T)l/p(l + ||]U”||L$L2> (1 + ||(”)ux)%ﬁ’ax%ﬁ’ﬁ)uilﬂw> (3.13)

<75 (37(0), u0)) [ exp (211 (st H77, R, ) 13 )
Choosing 8) = A**!, 7 =0, and t = T in (2.64), we deduce

7L G, ul)) 1510 < I (7(0),u(0)) |7

1 N N (3.14)
+{F () ’”(t))||L§-°L2||(u’uxi%’1’ax%’7)||L'TL°°'
Then there exists a positive constant Cy so small that
W (), w) 512 S (7(0),u(0))||;. fort e [0,T] (3.15)

providing that [|(u, ux, #7],0H7, )| 11~ < Co. Let H(T) = [ (u, thy, Hif, 0 FHA]) I 11 1
Equations (3.13) and (3.15) imply that

H) S (1 = 1 GO ) 1174 G0

% Tl—l/p(l +T)VP(1+H?(T)) exp (2H(T))

(3.16)

providing that H(T) < Cy. For every R > 0, we choose a positive constant Ty such that for
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all T € [0, Tr],

(1 + . 1C R)RTl_l/P(l +T)VP(1+ C?)exp (2Cp) < %. (3.17)
-G
Then for [|(#(0),u(0))|/ =1 < R, we deduce from (3.16) that, for all T € [0, Tx],
H(T) < Cy implies H(T) < %Co. (3.18)

Note that H(0) = 0. A straightforward continuity argument shows that H(T') < Cy/2 for
all T < Tx < 11(7(0),u(0)) I 5% . Using (3.10), we obtain that if (5, u) is a smooth solution
of the system (1.1), then it satisfies

||(u,ux,?€77,ax?€ﬁ)||LlTLw <C VT<Tg, (3.19)
s w) [ SE0),u(0) [ VT < Tr. (3.20)

The bounds (3.19) and (3.20) enable us to perform a standard compactness argument.
More precisely, consider that the smooth sequence { f,(x),g,(x)} satisfies ||( fn, G|l g
< R for some positive constant R, which converges to (f(x),g(x)) in H*(R) x H"1(R),
where we denote by fn = h™ (D) f,. Let {#,,u,} be the solution of the system (1.1)
with data (f,(x),g.(x)) which exists globally in time due to [2, Theorem 3.5]. We will
prove that {#,,u,} converges and the limit object is a solution of the system (1.1) with
data (f(x),g(x)). Indeed, (3.20) implies that {#,,u,} converges in weaks-topology of
L= ([0, Tr] : H* X H**) to some limit (#,u). Using (3.9), we deduce that {#,,u,} con-
verges strongly to (,u) in L®([0,Tg] : H™! X L?), and therefore (u,1,)x and u,(uy)x
converge to (un), and uu,, respectively, in a distributional sense. This proves that the
limit (#,u) satisfies the system (1.1) in a distributional sense. The map [0,Tz] > t —
(n(t),u(t)) € HY(R) x H*"1(R) is weakly continuous. Lemma 2.3, with §) = A**!, implies
that the map [0,Tr] 2 t — lln(£)llgs + llu(t)|lg=1 is continuous because exp (Cl|(u, uy,
¥, 0x97) |l 111~ ) tends to one as 7 tends to ¢ if I = [,¢]. Hence [0, Tr] > t = (1(t),u(t)) €
H:(R) x H**1(R) is continuous.

3.3. Continuous dependence on the data. We present a proof of continuous dependence
on the data based on Lemma 2.3.

LemmaA 3.1. Fix s € [0,1). Suppose that (v",y") — (v,y) in H*''. Then there exists a se-
quence {8)} of positive numbers which satisfies 2718, < 8, < 48), A < 8y < A%, and §)/1°*!
— o0 such that sup,, >, 81 [ (A", Ayy™) |7, < +oo.

Proof. For A =2/, set a’t = XXV [(v,97) 1725 aj = AV [[(v1,2)117. The assumptions
imply that {a;’}jeN —{ajljenin ¢1(N). Then for all k € N, there exists Ni such that

Nk =k, sup Z a;‘ <272k, (3.21)
n =N
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For a fixed j € N, there exists a unique k € N such that Nx_; < j < Nj. We set g = 25179
and 8) = A""!y; for A = 27. Obviously 2716, < &1 < 46) and §)/A*! — +o0, and

00 N1

SUPZ‘SZH A", Ayy" ||L2 = Z!‘J“; = Z Z ujaj;
j=1

k=0 j=Nj (322)

e Nii1 o
szu s) Z al < zzk(1—s)2—zk<+m.
k=0

k=0 Jj=Nk

Let {(#",u")} be a sequence of solutions in C([0, T]; H*~! x H*) with (4"(0),u"(0)) —
(17(0),u(0)) in H* x H**!. As in the proof of the existence of solutions, we have

(7" (1), u"(t)) — (7(£),u(t)) in C([0,T];L* X L?). (3.23)

Using Lemmas 3.1 and 2.3, we deduce

sup sup > & (1| G (1, it () |1z + 1| (a8 (D) 1) < +eo, (3.24)

n 0<t<T

Set o = Dy<af> Ua = Da<p tr. Fix € > 0, there exists by (3.24) a A such that for every
te[0,T],

Sup {” (’77\(0 - ﬁn(t),MX(t) - un(t))”HsH + ||(P]/A(t) - ﬁ(t):”A(t) - u(t))HHHI} < E

5
(3.25)
By (3.23), there exists ng such that forn > npand 0 <t < T,
~ ~ €
1A ® = a0, 4 (8) = un(®O) [l = @AFTHFRO = T ui (6) = ua )|z < 5.
(3.26)
Therefore, we get for n > ng and 0 < ¢ < T that
[ GR () = (0, uf (8) = () [] gy
< [[(FR(E) = Fa(t), uR () = ua()) || 1 pyons
|| ’TANH ”IANn A ) A ) ||LTH (3.27)
+ ||(’7A(t) - 7] (t)) uA(t) —u (t))| Hstl
+ [ (7a (1) = () un(t) = u()) ||y e <€
We complete the proof of the continuous dependence on the data. O
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