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We prove the existence of a simple, isolated, positive principal eigenvalue for the quasi-
linear elliptic equation —A,u = Ag(x)\ulp‘zu, x € RN, limy| 1o u(x) = 0, where Apu =
div(|VulP=2Vu) is the p-Laplacian operator and the weight function g(x), being
bounded, changes sign and is negative and away from zero at infinity.

1. Introduction

In this paper, we prove the existence of a positive principal eigenvalue of the following
quasilinear elliptic problem:

—Apu(x) = Ag(x)lul??u, xRN, (1.1)
‘ l‘im u(x) =0, (1.2)
x| —+00

where A € R. Next, we state the general hypotheses which will be assumed throughout
the paper.
(E) Assume that N, p satisfy the following relation N > p > 1.
(G) g is a smooth function, at least Cv*(RN) for some a € (0,1), such that g € L*(RN)
and g(x) >0, on QF, with measure of QF, |Q*| > 0. Also there exist Ry sufficiently
large and k > 0 such that g(x) < —k, for all |x| > R.

Generally, problems where the operator —A, is present arise both from pure mathe-
matics (e.g., the theory of quasiregular and quasiconformal mappings), as well as from
a variety of applications (e.g., non-Newtonian fluids, reaction-diffusion problems, flow
through porous media, nonlinear elasticity, glaciology, astronomy;, etc.).

On various types of bounded domains, there is an extensive literature on eigenvalue
problems and the picture for “the principal eigenpair” seems to be fairly complete.

Papers on unbounded domains have appeared quite recently. These problems are of
a more complex nature, as the equation may give rise to a noncompact operator. Such a
problem is the one presented in [7].

The main aim of this paper is to study the quasilinear elliptic problem (1.1)-(1.2), by
generalizing ideas introduced in [9], for the case p = 2. In Section 2, we study the space
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setting of problem (1.1)-(1.2), and give some equivalent norm results to be used later. A
generalized version of Poincaré’s inequality plays a crucial role. Some of the ideas devel-
oped in this section appear also in a different context in [9]. In Section 3, we define the
basic operators for the construction of the first positive eigenvalue, the proof which is
based on Ljusternik-Schnirelmann’s theory. Also here, we derive some regularity results.
Finally, in Section 4, we establish the simplicity and isolation of the principal eigenvalue.

Notation. We denote by By the open ball of RN with center 0 and radius R and B} =:
RN\ Bg. For simplicity reasons, sometimes we use the symbols Ci°, L?, WP, respectively,
for the spaces Cg’(RN), L?(RN), WP (RN) and | - ||, for the norm [| - || r(rn). Also, some-
times when the domain of integration is not stated, it is assumed to be all of RN. Equalities
introducing definitions are denoted by “=:”. Denote g, =: max{+g,0}.

2. Space setting

In this section, we are going to characterize the space ¥, (introduced below) in terms of
classical Sobolev spaces. Let B be a ball centered at the origin of RV, such that [ g(x)dx <
0 and g(x) < —k, for all x € B*. First, we prove the following type of Poicaré’s inequality.

THEOREM 2.1. Suppose that [gx g(x)dx < 0. Then there exists o > 0 such that [gx |V ulPdx >
o [gn () |ulPdx, for allu € WHP(RN).

Proof. (i) If [gx g(x)|ul?dx < 0, then obviously the inequality holds.
(ii) Let [gpn g(x)|ul?dx > 0 then we can rewrite the above inequality as follows:

| vutrass ol | gonurds | g@lulrax). 2.1)

To complete the proof of the theorem, since g(x) < —k < 0 for all x € B*, it is enough
to prove that there exists « > 0 such that

J IVuIde>0cJ glulPdx, (2.2)
B B

where B is such that [;g(x)dx <0 and g(x) < —k <0, for all x € B*. Suppose that the
result is not true. This means that there exists a sequence {u,} in W"?(B) such that
Jp 1V uy|Pdx < (1/n) [3g(x)|u,|Pdx, for all n € N. Define v,, =: un/llunllf,,(B). This implies
that [ |v,|Pdx = 1 and [5g(x)|v,|Pdx > 0. Therefore, we have that

J |an|deleg|vn|pdxs&J |vn|des&, (2.3)
B nJs n Jp n

where Kp =: max{|g(x)| : x € B}. Hence {v,} is a bounded sequence in WLP(B). Thus
there is a subsequence—denoted again by {v, }—which will converge strongly to some v
in L?(B). We also know that

v — Vm“gvl»p(B) = ||vn - Vm”lL)P(B) +|[Vv, — vvaIL]P(B)' (24)
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Furthermore, for all p € [1,+), we have that

P 1 1 \?
199 = Vvl < (199l +17mllfow) < Ko+ ) @9)

Therefore {v,} is a Cauchy sequence in W?(B). So {v,} converges strongly to some
v € WHP(B). From (2.3), we also have that

J Vv]Pdx = limJ Vv, | Pdx = 0, (2.6)
B n—o Jp
which means that Vv = 0 and v = c. However,
ICIPI g(x)dx = lim J 2(x)| va| Pddx = 0. 2.7)
B n—o )g

Since [z g(x) < 0, we have that ¢ = 0, that is, v = 0. But on the other hand, we have that

J vPdx=1lim | vidx=1, (2.8)
B n—e Jp
which is a contradiction and the proof is completed. O

By the above result, we may introduce the following norm:

o 1/p
lully =: (JRN'W'%‘_ ELRNg(x)IuIde) . (2.9)

We define the space ¥y to be the completion of Cg° with respect to the norm || - [|¢. Let
V5 be the dual space of ¥’y with the pairing (-, - )y Note that V¢ is a uniformly convex
Banach space. Although the space V¢ would seem to depend on g, we will prove that the
space is independent of g. To achieve this result, we need the following two lemmas.

COROLLARY 2.2. Under the assumptions of Theorem 2.1, for allu € Cg° (RN),
() Jpx 1V ul? < 20l
(ii)

2
ngmwdx <2 ulf. (2.10)

LEMMA 2.3. Assume that the hypotheses of Theorem 2.1 are valid. Let {u,} C Cy’(RN) bea
bounded sequence in"V'y. Then {[pglun|Pdx} is bounded in V.

Proof. Suppose that {[;glu,|?dx} becomes unbounded, as n — . Since g < 0, for all
x € B*, we have that

JRNg\un|de<JBg|un|pdx, (2.11)

that is, [ glu,|?dx is bounded below. This implies that [; g|u,|?dx — +oo. Let u, = ¢V,
where ¢, € R such that [y g|v,|Pdx =1 and ¢, — o, as n — co. Then,

limj \an|pdx=1imipj | Vu, | dx. (2.12)
B n—c ch Jp

n— oo



2874  Eigenvalue problems for quasilinear elliptic equations

But [ | Vu,|?dx is bounded by relation (2.10), therefore lim,—« [5 |V v,|Pdx = 0, that
is, {v,} is a bounded sequence in W?(B). Thus there exists a subsequence denoted again
by {v,} such that {v,} converges in (L?(B))N. Since {Vv,} converges in (L?(B))N, {v,}
is a Cauchy sequence in W'?(B), and hence there exists a v € WP(B) such that v, — v,
that is, Vv, — Vv =0 or v = ¢. However,

1=1lim | g|v,|fdx= ICIPJ gdx <0, (2.13)
n—e Jp B
which is a contradiction, and thereby the proof is complete. O

To prove the next results, we need to introduce the following notation: D; =: {x € B:
g(x) >0}, D, =: {x € B: g(x) <0}, and

.. |&x), xeDy
g(x)—.{_g_(x), ceD, (2.14)

LEMMA 2.4. Assume that the hypotheses of Theorem 2.1 are valid. Then there exist constants
Ko >0 and K; > 0 such that

(@)

Jg+(x)|u|f’dx < Kollull?, (2.15)

—Jg-(X)Iu\de <Ky llull, (2.16)

for all u € C (RN).

Proof. (i) Suppose that the inequality (2.15) is not true. Then there exists a sequence
{un} € C7'(RN) such that [ g |u,|Pdx = 1 and ||u,|l; — 0, as n — oo. By Corollary 2.2, we
have that [z |Vu,|Pdx — 0, as n — . Hence there exists a subsequence—again denoted
by {u, }—converging to some constant function ¢ in W?(B). But then,

3%J3g+(x)|ulﬁdx= ICIPIBng(x)dx: 1. (2.17)
Therefore, ¢ # 0. Since g < 0 on RN/B, we obtain
rllijglosupjg(x) |1, | Pdx < 11151010 JBg(x) |y |Pdx = |c| JBg(x)dx <0. (2.18)
On the other hand, from relation (2.12), we have that | [ g|u,[?dx| < (2/«) Hu,,llg -0,
as n — +oo, which is a contradiction.

(ii) Using relation (2.16) and [ g_|u,|Pdx = [ glu,|Pdx — [ g+ |u,|Pdx, we complete the
proof of the lemma. U

Next, we give the following uniform Sobolev characterization of the space V.
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PROPOSITION 2.5. Suppose that g satisfies (6). Then Vg = WHP(RN).
Proof. Because of density, we only compare the V,- and W'P-norms on the space
Cy’(RN).

(i) For all u € C7 (RN), we have

Il < j (Vultdx+ £lgl j lulPdx < Clat llglloo) 1120y, (2.19)

where C(a, l|gll«) = max{1,al/gll»/2}. Hence, we have that W? C ¥/,
(ii) Let {u,} C C5°(RN) be a Cauchy sequence in Vg converging in some u € V. Then,
relations (2.10) and (2.16) imply that

J|V(un—u)|pdx—>0, Ig(x)!un—u|pdx—>0, asn— oo, (2.20)
B B

Suppose that [5(u, — u)?dx - 0. Then if v, =: (u, — u)/|lu, — ullg, we have that
limy—e [ [VvalPdx = lim,— [pg(x)|va|Pdx = 0. Since {Vv,} converges (strongly to
zero) in LP(B), {v,} is a bounded sequence in W (B). Hence, there is a subsequence, de-
noted again by {v,}, such that {v,} strongly converges in L?(B). But lim,—.« [5 |V v, |Pdx
=0, so {v,} is a Cauchy sequence in W'?(B), that is, there exists some v € Wb?(B) such
that v, — v in WHP(B). On the other hand, since Vv, — Vv in (L?(B))", it implies that
Vv =0orv=c, where ¢ # 0 since [;v”dx = 1. However,

0= limJ g(x) | v | Pelx = ICIPJ g(x)dx £ 0, (2.21)
B B

n—oo
which is a contradiction. Hence we have
J (g —u)’dx — 0, asn— . (2.22)
B

By adding the two inequalities (2.15) and (2.16), we get

Lg(x)|un—u|pdx+J (—g) () | uy—ulPdx < (Ko + Ky)||un — ul|?, (2.23)

B*

forall u € C§°. But, as n — oo, we have [ §(x)|u, — ulPdx = M, [ |u, — ulPdx — 0, where
the quantity M,, given by the intermediate value theorem for integrals, is finite positive,
forall n € N (g € L*). Also we have that

kJB* |y —u|Pdx < JB* (—g) ) |y —ulPdx < (Ko + Ky)||uy — u||§, (2.24)
which implies that, as n — o,

JB* (1 —u)Pdx — 0. (2.25)

Therefore by relations (2.22) and (2.25), we get [gn (un — u)Pdx — 0, as n — co. Sum-

marizing, we have that u, — u, in W', that is, ¥, € W2, for every g satisfying hypoth-
esis (%), and the proof is completed. O
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3. Principal eigenvalue and regularity results

In this section, we are going to define the basic operators and some of their characteristics,
which will help to prove the existence of a positive principal eigenvalue of problem (1.1)-
(1.2). Finally, we close this section by proving some regularity results.

For any r, large enough (ry = Ry), there exists 0y > 0 such that g(x) < —k/0y, for all
|x| = ro. For later needs, we introduce the following smooth splitting of the weight func-
tion g:

g1(x) =:g(x) — @ (x). (3.1)

g(x) for |x| = 1,
£(x) =:

k
—— for |x| <rg,
0o

Let us define the operator A, : D(A;) C WH? — W4 as follows:

(Ay(u),v) = J‘(IVuIP*ZVuVV —AglulPuv)dx, Yu,v e WhP, (3.2)

We can then define the mapping
ay: WP x Whe — R, by ay(u,v) =: (Ar(u),v). (3.3)

It is easy to see that a, is bounded, for all #,v € D(A)) and A > 4. Indeed, we have

lay(u,v)| = ‘J(IVuIP*ZVqu—/\gzlu\f’*zuv)dx

< [ (IVuIP’1|VVI + );—k|u|P*1|v|)dx
0

(3.4)
(p-1/p 1/p Ak (p—-1)/p 1/p
< (Jrowe) ™ (Jrowe) e (Jre) ()
0o
< cllullfyy lullwis < co.
Also a) (u,v) is coercive, that is,
(1, 1) = J (1Vul? = Agoul?)dx > j (IVuIP + i;—kup)dx > i—k . (3.5)
0 0
Next, we introduce the following form:
b(u,v) = Igllulp’zuvdx, Yu,v € WHP(RN). (3.6)

We see that b(u,v) is bounded, that is, with the help of the Holder inequality and the
definition of gj, for all u,v € WP, we have

|b(u,v)| = nglulp’zluVI <|lgal 1~ (J IuIP’IIVI)

<C*<J|u|p)(p1)/p<J|V|P)1/P (3.7)

-1
< c*lullfys VI wee,
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where ¢* = ||g1]|~. Therefore by the Riesz representation theory, we can define a non-
linear operator B: D(B) C L? — L1 such that (B(u),v) = b(u,v), for all u,v € D(B) and
A > 0. It is easy to see that D(B) C Wb, Moreover, it is easy to see that the operators Ay,
B are well defined and A) is continuous.

Lemma 3.1. () If {u,} is a sequence in WP, with u, — u, then there is a subsequence,
denoted again by {u,}, such that B(u,) — B(u).
(i) If B'(u) = 0, then B(u) = 0.

Proof. (i) Now suppose that u, — u in WP, We have

||B(u,,) _B(u)”WlM = Sup | (B(”n) —B(u),v) whp |

vl <1

ng(x)( L |20 — [P 20) v

= sup
Ivlly1p <1

(3.8)

< sup
VIl y1p <1

J € ) ([t |” 21t — ul? 20y
|x|<K

+ sup
vl yp <1

[ e
[x[>K

Note that from the definition of g; (x) and for any € > 0, we can choose a K > 0 so that
| fix15k &1(%) (It [P =214, — |u|P~>u)v| = 0, while for this fixed K and by the strong conver-
gence of u, — u in L9 on any bounded region, the integral over (|x| < K) is smaller than
€, for n large enough. Hence, we have proved that B(u,) — B(u) strongly in W4, which
means that B is a compact operator.

(ii) For the proof, see [5, Theorem 1]. O

THEOREM 3.2. Let 1 < p < N. Assume that g satisfies (4). Then
(i) problem (1.1)-(1.2) has a sequence of solutions (Ax,ux) with [g(x)|ugl? =1, 0 <
AM<Ah < "<l — o,ask — oo,
(i) the eigenfunction u, corresponding to the first eigenvalue can be taken positive in RN,

Proof. (i) We will just sketch the proof. Denote that

G:= Whe  p( )::l | |p:l ,
{ue lu pjg u p} o
I(u) = ;quw.

The functional I is even and bounded below on G. Since the critical points of I(u) on
G are solutions of problem (1.1)-(1.2) for certain value of A, to continue the procedure,
it is necessary to prove that I(u) satisfies the Palais-Smale condition on G, that is, for any
sequence {u,} C G, if the sequence {I(u,)} is bounded and

<I,(”n):”n>

(‘P’(unaun)> ’ (3.10)

I'(uy) —a, ¥ (u,) — 0, a,:=
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then {u,} has a convergent subsequence in W'?. This proof follows the same lines as in
[1, Lemma 1]. Then we apply the Ljusternik-Schnirelmann theory.
(ii) This follows the standard maximum principle arguments (e.g., see [7]). O

The next theorem examines the regularity as well as the LP* character and asymptotic
behavior of the W? solutions of problem (1.1)-(1.2).

THEOREM 3.3. Suppose that u € WYP is a solution of problem (1.1)-(1.2). Then u € LF*,
for all pi € [ pc,+oo] and the solutions u(x) decay uniformly to zero, as |x| — +oo.

Proof. Let ¢ > 1, px = pck, and my = (K — 1)p. Assume that u € L' (RN); then we will
prove by induction that u € LP¢(RYN), for all k > 1. Let u € LP*(RN), for some fixed k.
Consider the following Sobolev-type inequality:

lullze < Kollullwie, Vqe[p,p*] (3.11)
Rewriting the above inequality and multiplying problem (1.1) by w = u!*™, we have
k k
{12, < KPII7 (u) 17

< Kockj [[VulP=2Vu - Tul*m | dx
(3.12)
< KP k-1 J IAgllulP~1[ultm | dx

< Kock = ju|B%,

where Ky = K?|Alllgllw. Letting k — +oco, by the dominated convergence theorem, we
obtain

/ _
lullpe™ < Koc P~V lullp. (3.13)

Therefore, u € Lt (RN). Hence we may deduce from the above inequality that u €
L>(RN). But, we already know that u € LP*(RN)(L*(RY). Thereby, we have that u €
LPe(RN), for all px € [p1,+00]. By Theorem 1 of Serrin [8], for any ball B, (x) of radius r
centered at any x € RN and some constant C(N, p,), the solution u € W'? of the equa-
tion

—Apu=f (3.14)
satisfies the estimate

sup |u(y)| = C{llullr e + I f e }- (3.15)
y€EB(x)

For g = px/(k — 1) = p», we obtain for the solution of problem (1.1)-(1.2)

lu@)] < sup |u(y)| < Coflull o i + Mgl 1ul?fden b (3.16)
yEBi(x)

for any x € RN. Hence |u|?~! belongs to L1(RY) and the uniform decay of u(x) to zero,
as |x| — +oo, is proved. O
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As a consequence of the above theorem, we have the following regularity characteriza-
tion of the solutions of problem (1.1)-(1.2).
COROLLARY 3.4. Foranyr >0, the solutions of problem (1.1)-(1.2) belong to C*(B, ), where
a=ua(r) e (0,1).
4. Simplicity and isolation of the principal eigenvalue

In this section, first we are going to prove the simplicity of the principal eigenvalue of
problem (1.1)-(1.2) by generalizing Picone’s identity

) W 2 u 2 u?
[V ul +§|Vv| —2;Vqu=|Vu| -V b Vv =0, (4.1)

which holds for any differentiable functions v > 0 and u > 0, to the p-Laplacian operator
Apuwith p > 1. The idea to use Picone’s identity for the simplicity of the proof was firstly
introduced in [2].

THEOREM 4.1 (generalized Picone’s identity). Let v >0, u > 0 be differentiable functions
in Q, where Q is a bounded or an unbounded domain in RN. Denote that

P uf p_ W p-2
L(u,v) = |Vul +(p—1)v—p|Vv| —pFVMIVVI Vv,

(4.2)
ub
R(u,v) = |Vulf - V(F) |V v|P2Vy.

Then L(u,v) = R(u,v) = 0. Moreover, L(u,v) = 0, a.e. in Q, if and only if ¥V (u/v) =0,
a.e. in Q, that is, u = kv, for some constant k in each component of Q.
Proof. For the proof, we refer to Allegretto and Huang [2, Theorem 1.1]. O

TaEOREM 4.2. Suppose that v € C! satisfies —Apv = AgvP~! and v > 0 in RY, for some
A >0. Then, foru>0in WHP,

JIVuIde zljg(x)lulpdx, (4.3)

and A < A{. The equality in (4.3) holds if and only if A = A{, u = kv, and v = cuy, for some
constants k, c. In particular, the principal eigenvalue A} is simple.

Proof. Let Qg be a compact subset of RY. Let ¢ € Ci°(RN), with ¢ > 0. Then, we have

0< L)OL(¢,V) < JL(¢,V) - JR((p,v)

iogm [ (o) [0 o

Now letting ¢ — u in W'?, we obtain (4.3). Suppose that for some 0 < uy € W2,
we have [ [Vug|P = A [ gluo|P. Then from (4.4), we conclude that [, L(u,v) = 0, that is,
up = kv on Q) for some constant k. Since ) is arbitrary and u is nontrivial, we have that

(4.4)
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uo =kvon RN, k>0, and v € W'P, Next, if we replace u by u; in (4.3), then following
the above reasoning, by (4.4) we obtain that v = cu; and A{ > . Since v € W', we can
repeat the above arguments choosing v for 4 and u; for v. Therefore, we come to the
conclusion that v = ku; and simplicity of A] is proved. O

THEOREM 4.3. The principal eigenvalue Ay of problem (1.1)-(1.2) is isolated in the follow-
ing sense. There exists 1 > 0 such that the interval (—oo,A, +1) does not contain any other
eigenvalue than \,.

Proof. Assume the contrary, that is, there exists a sequence of eigenpairs (A,,u,) such
that A, — A; and u, € WP with [lu,llwr» = 1. Then from the simplicity of A; and the
variational characterization of the principal eigenvalue, we have that A, > A,. Also from
the weak convergence, we have that u, — u; >0 in WP, We know that

J | Vi [PV, Vi = )Lnjg(x) |tn|” *unp, forany ¢ € CF (RY). (4.5)

Subtracting the two equations of the form (4.5) corresponding to n and m and taking
¢ = u, — Uy, we obtain

J(|wn|"*2wn |Vt | P72V ) V (g — 11y dx
=Anjg(x)(|un|p72un— |t | P th) (i — )
+ O =) [ 8O a7t = ) (0 = ) (4.6)
<o [0 a2t = ) s — )

+(An—Am) Ig(x) |t |P_2um(un —Up)dx — 0, asn,m— oo,

Indeed, it is clear that—due to the compact support of g, and the fact that u, —
u;—there exists a subsequence of {u,} such that

ng(x)( | un|p_2un — |um|p_2um) (up — tp)dx — 0, asn,m— oo, (4.7)

Moreover, applying Holder’s inequality on the second integral of the last part of in-
equality (4.6), we see that it is bounded. Hence, we have that

(Aw =) Jg(x) Vb | P>ty (14 — th)dx — 0, as n,m — oo. (4.8)

On the other hand, taking into consideration the inequality

la—bl? <cl{(lalP2a—|bIP2b)(a—b)}* (lal? +1b1P)' ™7, abeR,  (4.9)
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where s = p, if p € (1,2) and s = 2, if p > 2, we have that (4.6) becomes

s/2
J | Vg — Vi |F SC{J(|Vun|p72Vun— |Vum|p72Vum)V(un—um)}

1-s/2
X{I|Vun|de+J|Vum|pdx} .

Hence by (4.6), we see that the left-hand side of the inequality (4.10) tends to zero.
Therefore, we have proved that u, — u; € WP, Let us define the following set Q, =
{x € RN; u; <0} with [Q,, | > 0. Moreover, we have that for any fixed number K > 0,

(4.10)

meas (Q, NBx) — 0, asn— oo. (4.11)
We also know that
(Ax(tn),un) < crltin] |y (B(uy),v) < czllvllg. (4.12)
On the other hand, since W'? is continuously embedded in L?, we have
il g s = (Ax(un)s 1) = A (B(un)11,) < ol |1} < sl s (4:13)

Finally, since [ Q. | # 0, (4.13) implies that ¢; > const > 0, for any n € N. But this con-
tradicts (4.11) and the proof is complete. O
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