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A time discretization technique by Euler forward scheme is proposed to deal with a
nonlocal parabolic problem. Existence and uniqueness of the approximate solution are
proved.

1. Introduction

In this work, we study the time discretization by Euler forward scheme of the nonlocal
initial boundary value problem

%—Au=l% in Qx10; T,
ot ([ f(w)dx)

u=0 onodQx]0;T|, (1.1)
u(0)=uy inQ,

with Q € R (d > 1) abounded regular domain and A a positive parameter. The hypothe-
ses we will assume on f are the same as in [6]. We recall first that (1.1) arises by reducing
the following system of two equations modeling the thermistor problem:

e = V- (k(u)Vu) +o(u) | Vol

(1.2)
V(e(u)Ve) =0,
where u represents the temperature generated by the electric current flowing through a
conductor, ¢ the electric potential, o(u) and k(u) are, respectively, the electric and ther-
mal conductivities. For more description, we refer to [5, 6, 7, 8, 11] among others.

We recall also that the Euler forward method was used by several authors to treat
semidiscretization of nonlinear parabolic problems, see 3, 4]. Concerning problem (1.1),
results of existence and uniqueness of solutions are known under particular forms of
f, we refer to [2] and the references therein. On the other hand, little is known about
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the solutions to the discrete problem

U"—rtAU" = U™ ! +ATL)2 in Q,
(Jo f(U")dx)
U"=0 onoadQ, (1.3)
U'=uy, inQ.

Whereas, semidiscretization has been involved for the equations of the thermistor
problem in [1, 9]. Our aim here is to continue the study of problem (1.1) initiated in [6],
where an a priori L*-estimate is derived. In addition to habitual existence and uniqueness
questions concerning the solutions of (1.3), we will prove some results of stability and
proceed to error estimates analysis. In [1], the authors derived an L? and H'-norm error
by requiring more regularity on the solution u, for instance u,u; in H2(Q) N WbH*(Q).
Unfortunately, such smoothness is not always possible since the function f is nonlinear.

2. The semidiscrete problem

2.1. Existence and uniqueness. We consider the Euler scheme (1.3), with Nt =T, T >0
fixed, and 1 < n < N, under the following hypotheses.
(H1) f:R — Risalocally Lipschitzian function.
(H2) There exist positive constants ¢,c;,c¢;, and « such that o < 4/(d — 2) and for all
{EeR,

o< f&)<alE| +o (2.1)

In the sequel, we will denote the norms in the spaces L*(€)), L*(Q) by |- l1~@)and |- |f,
respectively, (-, -) will denote the associated inner product in L?()) or the duality product
between HE(Q) and its dual H~'(Q).

THEOREM 2.1. Let (H1)-(H2) be satisfied. Then, for each n, there exists a unique solution
U™ of (1.3) in H{ (Q) N L= (Q) provided that T is small enough.

Proof. For simplicity, we write U = U", h(x) = U"~'. Then (1.3) becomes

U—TAU=h(x)+A&2 in Q,
(Jo f(U)dx) (2.2)
U=0 onodQ.

Existence. Define the map S(y,-) by U = S(u,v), p € [0,1] if and only if
U—-1AU =pg(x,v) inQ,
U=0 onoQ, (2.3)

U° = puy,
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where g(x,v) = h(x) + A(f (v)/([o f (v)dx)?). For a fixed v € Hj(Q), (2.3) has a unique
solution U € H}(Q). Then, for each u € [0, 1], the operator S(u, -) is well defined. More-
over, S(y, ) is compact from Hg(Q) into it self. Indeed, using (H2), we have the estimate

U5 +7| VU2 <. (2.4)

We can easily see that 4 — S(u,v) is continuous and that S(0,v) = U, for any v, if and only
if U = 0. From Leray-Schauder fixed point theorem, there exists therefore a fixed point U
of S(u, ). O

Now, we derive an a priori estimate.
LEMMA 2.2. Ifuy € L®(Q), then foralln € {1,...,N}, U" € L*(Q).

Proof. The proof is similar to the one used by De Thélin in [10] concerning a very differ-
ent problem and we will give here only a sketch. Suppose that d > 2 and define

2d
2 ifa<a,
s-{d-—2 ' (2.5)
2a+2) ifd=2

For each k € N*, we consider the number

3\ 8

=3(= O—-P)-Q2-y) v, k=2,

qx {(2) (6-y)—( y)}a_z (2.6)
Q1:8)
we have

s . *
Qi1 = (qk+2—y)z with y = a+2, Vk € N*. (2.7)
O

LemMmA 2.3. Forallk € N*, U" € LI (Q), and moreover

U

|

=H|U"|qk < oo, (2.8)
Proof. We prove by recurrence that U € L. The property is true for k = 1, since Hj (Q) C
LI(Q). We shownowthat Ue L4+ Letm e N, 1 < m < k. Multiplying (2.2) by |U |4~V U,
using (H2), and Young’s inequality, we get

(an—y+1) [ IVUPIUIdx < U1 + s 29
Q

On the other hand, we have

_ 2
|U|Z:ff‘ysa6<1+q’"2 y) J IVUR|U " Vdx. (2.10)
Q
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Therefore, we obtain

U < (e +eslUIE) (gm+2 - ). (2.11)
Thus,

(11D < (e + sl UIE) (qr +2 - ). (2.12)

The rest of the proof follows the same lines as in [10, pages 383-384].

Uniqueness. Consider U and V two different solutions of (2.2) and define w = U — V.
Then, we have

w TAW—(fo(U)dx)z(f(U) f()
(Jo f(U) = f(V)dx) (Jo f(V) + f(U)dx)

(o f(U)dx)* (Jo f(V)dx)

Multiplying (2.13) by w, integrating on €, and using the L -estimate obtained in Lemma
2.2, we get

(2.13)
+At

fF).

[wl5+7IVwl3 < colwl3. (2.14)

Therefore, w = 0if 7 < 1/co. O

We address now the question of stability.

3. Stability

TaEOREM 3.1. Assume (H1)-(H2) hold. Then, there exists c(T,ug) >0 depending on data
but not on N such that for any n € {1,...,N},

(@) [U"| =) < c(T,up);

(b) U3+ 73k, VU3 < o(T, uo);

(c) Xfy IUK = U3 < e(T, up).

Proof. (i) Multiplying (1.3) by |U¥|"U* for some integer m > 1, using Lemma 2.2, and
Holder’s inequality, we obtain after simplification

| Uk |m+2 = ’ Uk71 |m+2+C10T- (31)
By induction and taking the limit in the resulting inequality as m — +co, we get
| U |L°°(Q) < ¢(T,uo). (3.2)

(ii) Multiplying the first equation of (1.3) by U* and using the hypotheses on f, one
easily has

(U = UL, U%) + 1| VU3 < et | UKL (3.3)
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Using the elementary identity 2a(a — b) = a> — b*> + (a — b)? and summing from k = 1 to
n, we obtain

n n n
U2+ S UF U 542> | VU] < up|s+7en D | UK. (3.4)
k=1 k=1 k=1

Then, the inequalities (b)-(c) hold by using the uniform bound of U”" in L™ which is
established in part (a). O

4, Error estimates for solutions

We will adopt the following notations concerning the time discretization for problem
(1.1). We denote the time step 7 = T/N, t" = nt, and I, = (t",t""!) forn=1,...,N.If z
is a continuous function (resp., summable), defined in (0, T) with values in H='(Q) or
L*(Q) or H}(Q), we define 2" = z(t",-),Z" = (1/1) Ip, 2(t,-)dt, 7% = 2% = z(0, -); the error
e, = u(t) — U" for all € I, and the local errors e and e” defined by e” = u"(t) — U",
e"=u"-U".

We have the following theorem.
THeOREM 4.1. Let (H1)-(H2) hold. Then, the following error bounds are satisfied:

() lleallZeor s + Jo leal?dt < cis,

(2) llemlg-1(q) < c1at"?,

(3) IV J) en(t)dtly < 1574,

Proof. For the proof, we consider the following variational formulation of discrete prob-
lem (1.3):

(U”—U”‘1,<P)+T(VU"aV</>)=A—Tz(f(U"),fp), Vo e Hy(Q).  (41)

(Jo f(U")dx)

Integrating the continuous problem (1.1) over I,,, we get

(f(ur),0)

ut—u" (Vu", Vo) =A1———"—,
(=) + (VL Vo) = A )

Vo € Hj(Q). (4.2)

Substracting (4.2) from (4.1) and adding from n = 1 to m with m < N, we obtain

m

(e"—e"9)+1> (Vel, Vo)

1 n=1

> (F@w" - f(Um),0)

n=1

M=

n

(4.3)

< C16T +c17T

i (f(U™),9) ‘

n=1
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Let (—A)~! be the green operator satisfying
(V(=2)"'y, Vo) = (V,0) 1m0 (4.4)

for all v € H™1(Q), ¢ € H}(Q). Choosing ¢ = (— /)~ (e") as test function, we then ob-
tain

L+DL <I3+1, (45)

where

” (4.6)
I3 < 67 Z(f(“)n—f(Un)>(—A)l(en)>'>
Iy =cpy7 i (f(Un)a(—A)l(en))‘

With the aid of the elementary identity 2a(a — b) = a> — b> + (a — b)? and the property of
(=)7L, I reduces after straightforward calculations to

m

Lo 1 n n-1|2
11=E||e ||H—1(Q)+§Zl||e =" |G- (4.7)
On the other hand,
L=r1 Z (e e")
n=1
n n (4.8)
- J (u(t) = U u(t) — U")de+ S J () — UM, u" — u(t))dt
n=1 Ly n=1 Iy
=Dy +1,
where
L= L (u(t) = U u(t) — UMdt = S L lea | 2dt,
n=1v"" n=1v""n
(4.9)

In= n; Ln (u(t),u" —u(t))dt — n; Lﬂ (U™, u" —u(t))dt

1,72
=15 +1j.
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We now estimate I3,. Using the boundedness of 0u/ds (see [6]), we have

ml 1n< t)J —ds)dt

|1212| =

o
< ij R ) ) gt
=l I, t S H’l(Q) 0 (4.10)
8u
s 0,6 H-1(Q)) lullizommycon
< C18T.
In the same manner, we have
3 " 12
u 2
Il <7 T Ui
AR L I Co [P .
< (C18T.

Next, we estimate the first term on the right-hand side of (4.5) by using Holder’s and
Young’s inequalities and (H1),

|| <

S ([ 1 rman o) (@) '

n=1 n

<cr 3 ([ 1500 1w ) el

m " (4.12)
2 c 2
<n 3 (], 1700 = £ ) + Ze S el o
n=1 n
e c
<cnn ). (L len| dt) +2 Z [
n=1
Moreover, we have
& 2
|I4| S623T+624TZ;||€"||H,1(Q). (4.13)
n
Choosing suitable 7, we conclude that
2 - 2 - 2
e i+ 3.l =€ iy + . | lenl 3t
n=1 n=1v""
. 2 (4.14)
< cosT+t ) |le"|[5 0
n=1
On the other hand, setting y™ = an=1 ||e™ ”?i*‘(ﬂ)’ then from (4.14), we get
Y=y < s+ cpeTy™. (4.15)
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By applying the discrete Gronwall inequality, we deduce that y™ < ¢(T). Therefore, we
have

lle™ || ;71 () < et (4.16)
On the other hand, we have
500 [0l e 2 s () = s €l (417
Thus, we get
llenll o o.7.1r-1 0y — €277% < 11’2[21;5””6””}1,1(0). (4.18)

From the last inequality, we obtain

T
2 2
||en||Lw(o,T,H—l(Q)) + L len | KAt < ¢y,
m (4.19)

D ller—em! H?—I-I(Q) = CT.

n=1

Choosing ¢ = 7>, (" — U") in (4.3), we get

TJQ(”m‘U’”)<é(u -u") dx) 7 év @ — U") 2
<o, nil(f7 )(i w —U") (420)
+C3172§< )iu—U">'
n=1 n=1
Thus,
= " 2 m
= ;V(an_un) = ‘VL edt| =7 JQ um—um) (,,Zl @ - U"d )

et f Z Fa)" - fu) )(:1 " —U”) o)

e[S g

n=1 n:I

<I+II+IIL
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Clearly,
I< ||eM||H1(Q)<ZJ w5110 dt‘l‘TZ [eg Q))
n=1 n=1
< cnlle”||g 1) (4.22)
SC33T1/Z.
We also get
m 2 1/2 m 2 1/2
I < (J (ZJ (f(u) - ))dt) dx) x (Jﬂ(z CCE U”)dt) dx)
= n=1v""n
m 12 m 1/2
2 _ ny |2 _om 2
(S [ 15w -swn ) (3 1w - v )
m 172 m 1/2
—T2<ZL If(u)—f(U“)|§dt) (ZIMILZOTH(Q 21> |Un|§>
n=1v" n=1
< C34T1/2.
(4.23)

The last inequality follows by using simultaneously the L®-estimate of u(¢) (see [6]), U™,
and the error bound given in (a). Arguing exactly as in the previous estimate, we get

m 1/2 m 1/2
IusTZ(ZL |f(U")|§dt> (2||“||L20TH ))+zTZ|U"|§> L (429)
n=1""n

n=1

Using again the hypothesis (H1) and the estimates above, we obtain
IIT < c357V2, (4.25)

Finally collecting these results, it follows that

T
'VJ e,dt

0

2
< C36T1/2. (4-26)
2

This completes the proof. O

COROLLARY 4.2. Under hypotheses (H1)-(H2), problem (1.3) generates a continuous semi-
group S; defined by S, U™ = U™,
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