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We consider the fuzzification of the notion of fuzzy multiply positive implicative hyper
BCK-ideals of BCK-algebras and then some related results are obtained. Using the concept
of level subsets, we give a characterization of a fuzzy multiply positive implicative hyper
BCK-ideal. We state arelation between a fuzzy hyper BCK-ideal and a fuzzy multiply positive
implicative hyper BCK-ideal. Moreover, we introduce the notions of Noetherian hyper BCK-
algebras and hyper homomorphisms of hyper BCK-algebras and investigate some related
properties. Finally, we introduce the concept of hyper normalization of hyper BCK-algebras
and discuss related properties.
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1. Introduction. The hyper structure theory (also called multialgebras) was intro-
duced in 1934 by Marty [6] at the 8th Congress of Scandinavian Mathematicians. Around
the 1940s, several authors worked on hypergroups, especially in France and in the
United Stated, but also in Italy, Poland, and Japan. Over the following decades, many
important results appeared, but above all since the 1970s onwards the most luxuri-
ant flourishing of hyper structures has been hyper structures with many applications
to several sections of both pure and applied sciences. Jun et al. [5] applied the hyper
structures to BCK-algebras, introduced the concept of a hyper BCK-algebra which is a
generalization of a BCK-algebra, and investigated some related properties. In [1], Dudek
and Jun obtained some properties of (maximal) normal fuzzy ideals in BCC-algebra. In
[2], Dudek et al. described the properties of fuzzy BCC-ideals in BCC-algebras and its
images and also gave an extension of a fuzzy BCC-ideal u of a given BCC-subalgebra S
of X to a fuzzy BCC-ideal 1 of X such that u and i have the same image. In this paper,
we introduce the concept of fuzzy multiply positive implicative hyper BCK-ideals of
hyper BCK-algebras and obtain some related properties.

2. Preliminaries. Let H be a nonempty set endowed with a hyperoperation “o,” that
is, o is a function from H x H to P*(H) = P(H) — {(0}. For two subsets A and B of H,
denote by Ao B the set Uzeca pepacb.

By a hyper BCK-algebra we mean a nonempty set H endowed with a hyperoperation
“o” and constant 0 satisfying the following axioms:

(HK1) (xo0z)o(yoz) <Xxoy;
(HK2) (xoy)oz=(xo0z)oy;
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(HK3) xoH < {x};
(HK4) x < y and ¥ < x imply x =y,
for all x,y,z € H, where x < vy is denoted by 0 € x oy and for every A, B H. A < B
is defined by, for all a € A, there exists b € B such that a < b. In this case, we call “<”
the hyperorder in H.
In any hyper BCK-algebra H, the following hold:
(1) xo0 < {x},00x < {x},and 000 <« {0};
(2) (AoB)oC=(AoC)oB,AoB< A,and 0o A < {0};
3) 00 <« x;
4) 0« x;
(5) xox;
(6) A< A;
(7) A< Bimplies A < B;
(8) Oox ={0};
(9) 00A={0};
(10) A < {0} implies A = {0};
(11) x €x00;
(12) x00 < {y} implies x < y;
(13) ¥ < z implies xoz < x0;
(14) yoy = {0} implies (xoz)o(yoz)={0} and xeoz < yoz;
(15) Ao {0} = {0} implies A = {0},
for all x,v,z € H and for all nonempty subsets A, B, and C of H.

PROPOSITION 2.1 [5]. In a hyper BCK-algebra, the condition (HK 3) is equivalent to the
condition (HK5) x oy < {x} forall x,y € H.

DEFINITION 2.2 [5]. A nonempty subset I of a hyper BCK-algebra H is called a hyper
BCK-ideal of H if
(HI1) 0€1;
(HI2) xoy < ITand y €I imply x €1,
for all x,y € H.

By a fuzzy set pu in H we mean a function u: H — [0,1]. For a fuzzy set y in H and
te[0,1],theset U(u;t) ={x € H| u(x) =t} is called a level subset of p.

DEFINITION 2.3 [4]. A fuzzy set u in a hyper BCK-algebra H is called a fuzzy hyper
BCK-ideal of H if
(FHI1) x < y implies u(y) < u(x);
(FHI2) p(x) = min{infaex.y p(a),u(y)},
for all x,y € H.

THEOREM 2.4 [4]. Let u be a fuzzy set in a hyper BCK-algebra H. Then u is a fuzzy
hyper BCK-ideal of H if and only if U (u;t) is a hyper BCK-ideal of H whenever U (u;t) + 0
forallt € [0,1].

3. Multiply positive implicative hyper BCK-ideals. Forany x,y € H, xoy" denotes
(---(((xoy)oy)oy)o---)oy inwhich y occurs n times.
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TABLE 3.1
o 0 1 2
0 | {0} {0} {0}
1] {1} {0} {0}
2 {2} {2} {0,2}
TABLE 3.2
o 0 1 2
0 | {0t {0} {0}
1 {1} {0,1} {0}
2 {2} {2} {0,2}

DEFINITION 3.1. A nonempty subset I of a hyper BCK-algebra H is called a multiply
positive implicative hyper BCK-ideal of H if it satisfies the following conditions:
N oer;
(I for every x,y,z € H, there exists a natural number k = k(x,y,z) such that
x o z¥ <« I whenever (xo7y)oz" < and vy oz™ < I for any natural numbers m
and n.

EXAMPLE 3.2. Let H = {0,1,2}. Then Table 3.1 shows a hyper BCK-algebra structure
on H.

It is easy to check that A = {0,2} is a multiply positive implicative hyper BCK-ideal
of H.

DEFINITION 3.3. Let H be a hyper BCK-algebra. Then H is called multiply positive
implicative if, for any x,y € H, there exists a positive integer n = n(x,y) such that
Xoy"+1 =xoy",

EXAMPLE 3.4. Let H = {0,1,2}. Consider Table 3.2.
Then (H,»,0) is a multiply positive implicative hyper BCK-algebra.

THEOREM 3.5. Let H be a hyper BCK-algebra, then H is multiply positive if and only if,
for any x,y,z € H, there exists a natural number n = n(x,y,z) such that (xoy)oz" =
(xozM)o(yozh).

PROOF. Assume that forany x,y,z € H, there exists a natural number n = n(x,y,z)
such that (xoy)oz" = (xoz")o(yoz™"). Putting z = vy, then x o y"*l = (xoy)oy" =
(xoy™Mo(yoy™) = (xoy") o0 =xo0y" Hence H is a multiply positive implicative
hyper BCK-algebra. Conversely, let H be a multiply positive implicative hyper BCK-
algebra. Let x,z € H, then there exists a natural number n = n(x,z), such that x o z" =
xoz"! and so x oz" = x o z2", Hence (xoz") o (yoz") = (xo0z™)o(yozh) =
((xoz?" Noz)o((yozh)oz) « (x0z?" ) -+ < (x0z") oy =(xoy)oz". On
the other hand, y o z" <« y. Therefore (xoy)oz" = (xoz") oy < (xo0z")o(yoz").
Hence (xoy)oz" = (xoz")o(yoz"). This completes the proof. |
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TABLE 4.1
o 0 a b
0 | {0} {0} {0}
a | {a} {0} {0}
b {b} {a,b} {0,a,b}

THEOREM 3.6. Let H be a multiply positive implicative hyper BCK-algebra. Then the
following conditions are equivalent:
(i) A is a hyper BCK-ideal;
(ii) A is a multiply positive implicative hyper BCK-ideal.

PROOF. (i)=(ii). Let x,y,z € H. Assume that (xoy)oz" < Aand yoz"™ <« A. Then
there exists a natural number k = k(x,y,z) such that (x o y)oz¥ = (x0zK) o (y o0 z¥).
Putting [ = max{n,m,k}, thenwe have (xoy)oz!l < (xoy)oz" < A, yozl < yoz" «
A, and (xoy)ozl = (xozl)o(xozl)o(yozl). Since A is a hyper BCK-ideal, then
x ozl <« A. Hence A is a multiply positive implicative hyper BCK-ideal of H.

(ii)=>(@). Let x € A, yox < A.Putting z =0, then yox = (YoXx)oz < A, X = X0z < A.
Since A is a multiply positive implicative hyper BCK-ideal, then there exists a natural
number m, such that y oz « A, and thus y € A. Therefore A is a fuzzy hyper BCK-
ideal of H. O

4. Fuzzy multiply positive implicative hyper BCK-ideals

DEFINITION 4.1. A fuzzy set u in a hyper BCK-algebra H is called a fuzzy multiply
positive implicative hyper BCK-ideal of H if it satisfies the following conditions:
(i) x <y implies p(y) < p(x);
(ii) for any m,n € N, there exists a natural number k = k(x,y,z) such that

inf u(c) zmin{ inf p(a), inf u(b)} Vx,y,z€ H. 4.1)
cexozk ae(xoy)ozn beyozm

EXAMPLE 4.2. Consider a hyper BCK-algebra H = {0,a,b} with Cayley table (Table
4.1)

Define a fuzzy set y in H by p(0) = pu(a) = 0.8 and u(b) = 0.4. It is routine to verify
that u is a fuzzy multiply positive implicative hyper BCK-ideal of H.

THEOREM 4.3. Let u be a fuzzy set in a hyper BCK-algebra H. Then u is a fuzzy
multiply positive implicative hyper BCK-ideal of H if and only if all nonempty U (u;t) are
multiply positive implicative hyper BCK-ideals of H.

PROOF. Let u be a fuzzy multiply positive implicative hyper BCK-ideal of H and
assume U (u;t) # @ for t € [0,1]. Then there exists a € U(u;t) and hence u(a) > t.
Therefore u(0) > u(a) >t and so 0 € U(u;t). Let x,y,z € G be such that (xoy)oz" <«
U(u;t) and yoz™ <« U(u;t). Thus, for any a € (xoy)oz" and b € y o z™, there exist
ap € U(u;t) and by € U(u;t), such that a < ag and b < by, hence u(ag) < p(a) and
u(bg) < p(b). Then p(a) >t and pu(b) >t forall a € (xey)oz" and b € y o z™.
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It follows that infae(xoy)ozn p(a) = t and infpeyo.m p(b) = t. By Definition 4.1, there
exists a natural number k = k(x,y,z) such that

inf u(c) = min{ inf p(a), inf u(b)} >t 4.2)
cexozk ac(xoy)ozh beyozm
and x ozX <« U(u;t). Therefore U (u;t) is a multiply positive implicative hyper BCK-ideal
of H.
Conversely, assume that for each t € [0,1], U(u;t)(#+ 0) is a multiply positive im-
plicative hyper BCK-ideal of H. Let x < y and t = u(y). Then y € U(u;t) and thus
x € U(u;t). It follows that u(x) >t = u(y). Let x,y,z € H, and put

t=min{ inf u(a),heiynofzmu(b)}. 4.3)

ac(xoy)oz

Then, for each a € (xoy)oz" and b € y o z™, we have

u(a)= inf  p(aop) zmin{ inf  p(ag), inf u(b)} =t. (4.4)
ape(xoy)ozh ape(xoy)ozh beyozm

Thus a € U(u;t) and so (xeoy)oz™ < U(u;t). Hence (xoy)oz" < U(u;t). Similarly,

yoz™ <« U(u;t). Since U(u;t) is a multiply positive implicative hyper BCK-ideal of H,

then there exists a natural number k = k(x,y,z) such that x o zX <« U(y;t), and thus

inf u(c)=t= min{ inf  p(a), inf u(b)}. (4.5)
cexozk ac(xoy)ozh beyozm
Therefore u is a fuzzy multiply positive implicative hyper BCK-ideal of H. O

THEOREM 4.4. For any subset I of H, let u; be a fuzzy set in H defined by

t ifx el,
pr(x) = ) (4.6)
t, otherwise,

for all x € H, where t1,t, € [0,1] with t; > t,. Then I is a multiply positive implicative
hyper BCK-ideal of H if and only if ur is a fuzzy multiply positive implicative hyper
BCK-ideal of H.

PROOF. Assume that I is a multiply positive implicative hyper BCK-ideal of H. Note
that

0 ifti<t<l,
U([J];t) =11 iftr<t=<t, 4.7)
H ifO<t<ty,

which is a multiply positive implicative hyper BCK-ideal of H for all t € [0, 1]. It follows
from Theorem 4.3 that y; is a fuzzy multiply positive implicative hyper BCK-ideal of H.
Conversely, if y; is a fuzzy multiply positive hyper BCK-ideal of H, then U (uy;t) =1 is
a multiply positive implicative hyper BCK-ideal of H. |
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TABLE 4.2

o 0 a b
{0} {0} {0}
{a} {0} {0}
{b} {a} {0,a}

S Q O

THEOREM 4.5. Every fuzzy multiply positive implicative hyper BCK-ideal is a fuzzy
hyper BCK-ideal.

PROOF. Let u be a fuzzy multiply positive implicative hyper BCK-ideal. Then

U(x) = p(xo0%) = inf u(c)zmin{ (inf p(a), inf u(b)}
ac

cexo0k Xoy)o0n beyoom 4.8)
= mm{aér)lcgyu(a),u(y)}
for all x,v € H. Hence u is a fuzzy hyper BCK-ideal of H. |

The converse of Theorem 4.5 may not be true as seen in Cayley table (Table 4.2).

Define a fuzzy set p in H by u(0) =t; and u(a) = u(b) = t, for every t; > t, in [0,1].
It can be easily checked that p is a fuzzy multiply positive implicative hyper BCK-ideal
of H since

inf u(l)=t, <ty = min{ inf  pu(m), inf u(n)}. 4.9)
neaoa

lebea me(boa)ea

Now we give a condition for a fuzzy hyper BCK-ideal to be a fuzzy multiply positive
implicative hyper BCK-ideal.

THEOREM 4.6. Let H be a multiply positive implicative hyper BCK-algebra, then the
following are equivalent:
(i) p is a fuzzy hyper BCK-ideal;
(ii) p is a fuzzy multiply positive implicative hyper BCK-ideal.

PROOF. (i)=(ii). Assume that y is a fuzzy hyper BCK-ideal of H. By Theorem 2.4, we
have U(u;t) is a hyper BCK-ideal of H for any t € [0,1]. Thus U(u;t) is a multiply
positive implicative hyper BCK-ideal of H by Theorem 3.6. It follows from Theorem 4.3
that u is a fuzzy multiply positive implicative hyper BCK-ideal of H.

(ii)=(i). It is obtained by Theorem 4.5. O

COROLLARY 4.7. If u is a fuzzy multiply positive implicative hyper BCK-ideal of H,
the setl = {x € H | u(x) = u(0)} is a multiply positive implicative hyper BCK-ideal of H.

PROOEF. Clearly O € I. Let x,y,z € H be such that (xeoy)oz" < and yoz" < I.
Then for a € (xoy)oz" and b € y o z™, there exist ag € I and by € I such that a <« ag
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and b < by. Then u(a) = p(ag) = u(0) and p(b) = u(bg) = u(0). It follows that

inf u(c) = min{ inf p(a), inf u(b)} = u(0) (4.10)
cexozk ae(xoy)ozh beyozm
and that p(c) = u(0). Hence x o zK < I, as desired. |

THEOREM 4.8. If u is a fuzzy multiply positive implicative hyper BCK-ideal of H, then
u(x) =supf{xe[0,1] | x e U(u;t)} forall x € H.

PROOF. Let f=sup{xe[0,1]|x € U(u;t)} and consider an arbitrary natural num-
ber €. Then there exists & € [0,1] such that x € U(u;x) and B — € < «. It follows
that pu(x) > x> B—¢€, so that u(x) > B since € is arbitrary. Now, let u(x) = y. Then
xeU(uy)andsoy € {xe [0,1] | x € U(u;x)} = B. Therefore u(x) = B, as desired.

O

Now, we state the converse of Theorem 4.8.

THEOREM 4.9. Let A be a nonempty subset of [0,1] and let {Iy | x € A} be a collection
of multiply positive implicative hyper BCK-ideals of H such that H = Jyca I« and, for all
«,B A, B>« if and only if Ig C 1. Define a fuzzy set u in H by p(x) = sup{x € A |
x € Iy} for all x € H. Then u is a fuzzy multiply positive implicative hyper BCK-ideal
of H.

PROOF. Using Theorem 4.3, it is sufficient to show that the nonempty level set U (y;
«) of u is a multiply positive implicative hyper BCK-ideal of H for every 6 € [0,1]. We
should consider two cases as follows:

(i) o =sup{fxeA|x<d},
(i) 6 #sup{xe A | x < d}.

For the case (i), we have x € U(u;0) @ x € Iy for all x < § & x € (x5« Whence
U(u;0) = (\x<s o, which is a multiply positive implicative hyper BCK-ideal of H. Case
(ii) implies that there exists € > 0 such that (6 —€,0)NA =0.If x € Uyss I, then x € I
for some « > ¢. It follows that u(x) > & = 6, so that x € U(u;5). This proves that
UsssIa € U(u;6). Assume that x ¢ Uysslx- Then x ¢ Iy for all @ > §, which implies
that x ¢ Iy for all @ > 6 —¢€, thatis, if x € Iy, then x < 6 —€. Thus u(x) <6 —€ < 6 and
so x ¢ U(u;8). Therefore U(u;0) € UussIx, and consequently U (u; &) = Jyss Ia, Which
is a multiply positive implicative hyper BCK-ideal of H. |

5. Noetherian hyper BCK-algebras

DEFINITION 5.1. A hyper BCK-algebra H is said to satisfy the ascending (resp., de-
scending) chain condition (briefly, ACC (resp., DCC)) if, for every ascending (resp., de-
scending) sequence A; € A, < - - - (resp., A; 2 Ay 2 - - - ) of multiply positive implicative
hyper BCK-ideals of H, there exists a natural number n such that A,, = Ay for all n > k.

DEFINITION 5.2. A hyper BCK-algebra H is said to be Noetherian if H satisfies the
ACC for multiply positive implicative hyper BCK-ideals.
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Let u be a fuzzy set in H. We note that Im u is a bounded subset of [0,1]. Hence, we
can consider a sequence of elements of Imu which is either increasing or decreasing.

THEOREM 5.3. Let H be a hyper BCK-algebra satisfying DCC and let u be a fuzzy
multiply positive implicative hyper BCK-ideals of H. If a sequence of elements of Tmu is
strictly increasing, then py has a finite number of values.

PROOF. Let {t,} be a strictly increasing sequence of elements of Imu. Then 0 < t; <
tp < --- <1.Define u, = {x € H| u(x) = t,.}, r = 1,2,3,.... Then u, is a multiply
positive implicative hyper BCK-ideal by Theorem 4.3. Let x € u,, then u(x) > t, > t, -1,
which implies that x € u,—;. Hence u, < u,—1. Since t,_, € Imy, there exists x,_; €
H, such that u(x,_1) = t,_1. It follows that x, 1 € uy_1, but x,_1 ¢ u,. Thus y, ¢

uy—1, and so we obtain a strictly descending sequence u; 2 pz 2 u3 2 - - - of multiply
positive implicative hyper BCK-ideals of H which is not terminating. This contradicts
the assumption that H satisfies DCC, completing the proof. |

Now we consider the converse of Theorem 5.3.

THEOREM 5.4. Let H be a hyper BCK-algebra. If every fuzzy multiply positive implica-
tive hyper BCK-ideal of H has a finite number of values, then H satisfies DCC.

PROOF. Suppose H does not satisfy DCC, then there exists a strictly descending
chain Ag 2 A; 2 A, 2 - - - of multiply positive implicative hyper BCK-ideals of H. Define
a fuzzy set v in H by

i
— ifxeAi—Ai1,1=0,1,2,...
l+1 jigwe 1 13 lsl 0, 1 & )

v(x) = ® (5.1)
1 if x € () A
i=0

where Ay stands for H. We prove that v is a fuzzy multiply positive implicative hyper
BCK-ideal of H. Let x,v € H be such that x < y.If v € Ui, A;, then x € Ui, A,
and thus v(x) =1 =v(y).If y e A;—A;_; fori =0,1,2,..., then x € A;, and thus
v(x) = i/(i+1) = v(y). Let x,y,z € H. Assume that (xoy)oz" < A; — Aj—; and
yozmeAj-Aj fori=0,1,2,..., j=0,1,2,.... Without loss of generality, we may
assume that i < j. Then clearly y oz <« A;. Since A; is a multiply positive implicative
hyper BCK-ideal, then there exists a natural number k = k(x,y,z) such that x o z¥ <« A;.
Hence

inf v(c) = ;zmin{ inf  v(a), inf v(b)}. (5.2)
cexozk i+1 ae(xoy)ozn beyozm

If (xoy)oz" < NitgAi and y o z™ < 2y A;, then there exists a natural number
k = k(x,7,z) such that x o z¥ < L, A;. Thus

inf vic)=1= min{ inf v(a),b inf v(b)}. (5.3)
€yozM

cexozk ac(xoy)ozn
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If (xoy)oz" does not belong to (irg A, and y o z™ < (oA, then there exists t € N
such that (xoy)ozk < A; — A;4. It follows that x o z¥ <« A; so that

t
inf v(x)>—— :min{ inf  v(a), inf v(b)}. (5.4)
cexozk t+1 ac(xoy)ozl beyozm

Finally assume that (x o)) oz" < (2 A; and v o z™ does not belong to (-, A;, then
yozke A, — A, for some ¥ € N. Hence there exists a natural number k = k(x,y,z)
such that x o z¥ < A,, and thus

inf v(c)=> r =min{ inf  v(a), inf v(b)}. (5.5)
cexozk r+1 ac(xoy)ozh beyozm

Consequently we find that v is a fuzzy multiply positive implicative hyper BCK-ideal
and v has an infinite number of different values. This is a contradiction and the proof
is complete. |

THEOREM 5.5. For any hyper BCK-algebra H, the following are equivalent:
(i) H is Noetherian;
(ii) the set of values of any fuzzy multiply positive hyper BCK-ideal on H is a well-
ordered subset of [0,1].

PROOF. (i)=(ii). Suppose that u is a fuzzy multiply positive implicative hyper BCK-
ideal whose set of values is not a well-ordered subset of [0,1]. Then there exists a
strictly decreasing sequence {t,} such that u(x,) =t,. Let B, = {x € H | u(x) = t,},
then B; € B> ¢ - - - is a strictly ascending chain of multiply positive implicative hyper
BCK-ideals of H, contradicting the assumption that H is Noetherian.

(ii)=(i). Assume that condition (ii) is satisfied and H is not Noetherian. Then there
exists a strictly ascending chain

AGAGAIE - (5.6)

of multiply positive implicative hyper BCK-ideals of H. Suppose A = Ung. Then A is a
multiply positive implicative hyper BCK-ideal of H. Define a fuzzy set v in H by

0 ifxé¢A,,

v(x) = (5.7)

% r=min{n e N|x € A,}.

We claim that v is a fuzzy multiply positive implicative hyper BCK-ideal of H. Let x,y €
H be such that x < y. If y € A, —A,_; for v = 2,3,..., then x € A,. Hence v(x) >
1/r=v(y).If y € A, then x € A,. Hence v(x) = 1/r = v(y). Now let x,y,z € H. If
(xoy)oz" < Ay —Ay_1and ¥y < Ay — A, for r = 2,3,..., then there exists a natural
number k = k(x,,z) such that x o z¥ <« A,. It follows that

inf v(c)=> 1 :min{ inf v(a), inf v(b)}. (5.8)
v beyozm

cexozk ac(xoy)oz

Assume that (xoy)oz" < A, and yoz™ € A, — A; for s < 7. Since A, is a multiply
positive implicative hyper BCK-ideal, then there exists a natural number k = k(x,y,z)
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such that x o zk € A,. Hence

inf v(c)=> 1 > 1 > inf v(b) (5.9)
cexozk v s+1 beyozm
and so
inf v(c) = min{ inf v(a), inf v(b)}. (5.10)
cexozk ae(xoy)ozh beyozm

Similarly for the case (xoy)oz" < A, — A; and y oz <« A,, there exists a natu-
ral number k = k(x,y,z) such that (5.10) holds: thus v is a fuzzy multiply positive
implicative hyper BCK-ideal of H. Since chain (5.6) is not terminating, v has a strictly
descending sequence of values. This contradicts the assumption that the value set of
any fuzzy multiply positive implicative hyper BCK-ideal is well ordered. Hence H is
Noetherian. O

We note that a set is well ordered if and only if it does not contain any infinite
descending sequence.

THEOREM 5.6. Let S = {t1,t2,...} {0}, where {t,,} is a strictly decreasing sequence
(0,1). Then a hyper BCK-algebra is Noetherian if and only if, for each fuzzy multiply
positive implicative hyper BCK-ideal of H, Imu < S implies that there exists a positive
integer vy such thatImp < {t1,1t»,...,ty} U{0}.

PROOF. Assume that H is a Noetherian hyper BCK-algebra and let u be an ideal of
H. Then by Theorem 5.5, Imu is a well-ordered subset of [0, 1], and so the condition is
necessary.

Conversely, assume that the condition is satisfied. Suppose H is not Noetherian. Then
there exists a strictly ascending chain of multiply positive implicative hyper BCK-ideals

AlSAGA3E---. (5.11)
Define a fuzzy set y in H by
ty ifXEAl,
H(x)=1t, ifxeA, -A,_1,r=2,3,..., (5.12)

0 ifxeH-U> A,

Let x, € H be such that x < v.If y € H-;_, A, then x € H-U;_; Ay, and thus
ux)=0=u(y).If yeA,—A,_1,then x € A, and thus pu(x) > t, = u(y). If y € Ay,
then x € A, and thus u(x) = t; = u(y). Now let x,y,z € H. If either (xoy)oz" <«
H-U; Ay or yoy™ < H—-U;_, Ay, then either infae(yoy)ozn pi(a) o infpeyozm p(b)
is equal to 0 and hence

inf p(c) zmin{ inf u(a),b inf u(b)}. (5.13)
Eyozn

cexozk ae(xoy)ozn
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If (xoy)oz"™ < A; and y o z™ <« Ay, then there exists a natural number k = k(x,y,z)
such that x o z¥ <« A, and thus

inf u(c):tlzmin{ inf  p(a), inf u(b)}. (5.14)
k beyozm

CEXozZ ac(xoy)ozh

If (xoy)oz" < Ay —A,_1 and yoz™ € A, — A,_1, then there exists a natural number
k = k(x,y,z) such that x o zK < A,. Hence

inf u(c)=t,= min{ inf u(a),h inf u(b)}. (5.15)
€yozm

cexozk ac(xoy)ozl

Assume that (xoy)oz" < A; and yoz™ € A, — A,_, for r = 2,3,.... Then there exists
a natural number k = k(x,,z) such that x o zX <« A,, and therefore

inf p(c) =t, =min{ty,t>} :min{ inf u(a),b inf u(b)}. (5.16)
Eyozm

cexozk ae(xoy)ozh

Similarly, for (xoy)oez" <« Ay —A,_; and yoz™ < A}, ¥ = 2,3,..., we obtain

inf u(c)ztr:min{ inf  p(a), inf u(b)}. (5.17)
ae( beyozm

cexozk Xoy)ozlt

Consequently, u is a fuzzy multiply positive implicative hyper BCK-ideal. This contra-
dicts our assumption. Hence H is Noetherian. |

6. Hyper homomorphism of hyper BCK-algebras

DEFINITION 6.1 [3]. A mapping f : G — H of hyper BCK-algebras is called a hyper
homomorphism if
@D f(0) =0;
() f(xoy)=f(x)of(y)foralx,yeq.

LEMMA 6.2 [3]. Let f: G — H be a hyper homomorphism of hyper BCK-algebras. If
X <y inG,then f(x) < f(y) in H.

THEOREM 6.3. Let f: G — H be a hyper homomorphism of hyper BCK-algebras. If I
is a multiply positive implicative hyper BCK-ideal of H, then f~1(I) is a multiply positive
implicative hyper BCK-ideal of G.

PROOF. Clearly, 0 € f~'(I). Let x,y,z € G be such that (xoy)oz" < f~1(I) and
yoz™ < f~I(I). Then for every a € (xoy)oz" and b € y o z™, there exist ag € f~1(I)
and by € f~1(I) such that a < ag and b < by, thatis, 0 € acag and 0 € boby. It follows
that

0=£(0) € f(acao) = fla)of(ao) = f((xoy)oz") el = ((f(x)of(y))eof(2)")e],

0=f(0) € f(bobo) = f(b)of(bo) = f(yoz™)ol=(f(y)of(2)™)el.
(6.1)
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Hence (f(x)o f(y¥))of(z)" < I and f(y)o f(z)™ < I. Since I is a multiply positive
implicative hyper BCK-ideal of H, then there exists a natural number k = k(x,y,z) such
that f(x) o f(z2)k < I, thatis, f(xozK) < I, so that x o z¥ < f~1(I). Hence f~1(I) is a
multiply positive implicative hyper BCK-ideal of G. |

Now we put forward the following open question.
QUESTION 1. Is it true of the converse of Theorem 6.3?

THEOREM 6.4. Let f : G— H be an onto hyper homomorphism of hyper BCK-algebras.
If v is a fuzzy multiply positive implicative hyper BCK-ideal of H, then the hyper homo-
morphic preimage p of v under f, that is, the fuzzy set u in G defined by u(x) = v(f(x))
for all x € G, is a fuzzy multiply positive implicative hyper BCK-ideal of G.

PROOF. Let x,y € G be such that x < y. Then 0 € xoy, and so 0 = f(0) € f(xo
) = f(x)o f(y). Therefore, f(x) < f(») in H. Thus p(x) = v(f(x)) 2 v(f(¥)) =
u(y) for any x,y,z € G, then

inf u(c) = inf v(f(c))

cexozk flo)ef(xozk)

> min{ inf
Sf@a)ef((xoy)ozh)

v(f(a)) V(f(b))} (6.2)

, inf
Fb)ef(yozm)
:min{ inf  p(a), inf u(b)}

n beyozm

ac(xoy)oz

for all a,b,c € H. Therefore u is a fuzzy multiply positive implicative hyper BCK-ideal
of G. O

Now we put forward another open question.

QUESTION 2. Is it true of the converse of Theorem 6.4?

7. Hyper normalization of hyper BCK-algebras

DEFINITION 7.1. A fuzzy multiply positive implicative hyper BCK-ideal u of H is
said to be hypernormal if there exists x € H such that u(x) = 1.

EXAMPLE 7.2. Let H = {0,a,b} in which the hyperoperation “0” is given by Table 4.1.
Then H is a hyper BCK-algebra. Define u: H — [0,1] by u(0) = u(a) =1, u(b) = 0.5
is a hypernormal fuzzy multiply positive implicative hyper BCK-ideal of H.

Note that if u is a hypernormal fuzzy multiply positive implicative hyper BCK-ideal
of H, then u(0) = 1, and hence u is hypernormal if and only if u(0) = 1.

THEOREM 7.3. Given a fuzzy multiply positive implicative hyper BCK-ideal of H, let
u* be a fuzzy set in H, defined by u*(x) = u(x)+1—u(0) for all x € H. Then u* is a
hypernormal fuzzy multiply positive implicative hyper BCK-ideal of H which contains U,
that is, u*(x) = u(x) forall x € H.
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PROOF. Let x,y € H be such that x < y, then u* (x) =u(x)+1—-u0) = u(y)+1-
u(0) = u*(y). For any x,y,z € H, we have

inf p*(c)= inf (u(c)+1-p(0))=1-pu(0)+ inf pi(c)

cexozk cexozk cezk

21—u(0)+min{ inf  u(a), inf u(b)}
beyozm

ae(xoy)ozk

(7.1)

=min{ inf p(a)+1-u(0), inf u(lo)+1—u(0)}
n beyozm

ac(xoy)oz

:min{ inf  up*(a), inf u*(b)}.
beyozm

ae(xoy)ozh

Hence u* is a hypernormal fuzzy multiply positive implicative hyper BCK-ideal, and
obviously p < u®. O

THEOREM 7.4. Let u be a fuzzy multiply positive implicative hyper BCK-ideal of H
and let u* be a fuzzy set in H defined by u*(x) = (1/u(0))u(x) for all x € H, where
u(0) # 0. Then p* is a hypernormal fuzzy multiply positive implicative hyper BCK-ideal
of H containing p.

PROOF. let x,y € H be such that x <« y, then u(x) > u(y), and thus p*(x) =
(10N p(x) = (1/u0)u(y) = u*(yv). Now for x,y,z € H, we have

inf M *(c) = inf ——pu(c)

cexozk cexozk (O)

L inf u(c)= me{ inf  u(a), inf u(b)}
beyozm

(0) cexoyk (0) ae(xoy)ozh
(7.2)
- mln{m ae(;}s’l}f)oz"u(a) U(O) heljzrlcvgm [J(b)}
=min{ inf  p*(a), inf u*(b)}
ac(xoy)ozh beyozm
and p*(x) = (1/u(0))u(x) = u(x) for all x € H. This completes the proof. |

COROLLARY 7.5. If u is a fuzzy multiply positive implicative hyper BCK-ideal of H
satisfying u* (x) = 0 for some x € H, then u(x) =0

COROLLARY 7.6. A fuzzy multiply positive implicative hyper BCK-ideal u of H is hy-
pernormal if and only if u* = u.

COROLLARY 7.7. If u is a fuzzy multiply positive implicative hyper BCK-ideal of H,
then (u*)* = u*.

COROLLARY 7.8. Ifu is a hypernormal fuzzy multiply positive implicative hyper BCK-
ideal of H, then (u*)* = .
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THEOREM 7.9. Let u be a nonconstant hypernormal multiply positive implicative hy-
per BCK-ideal of H, which is maximal in the poset of hypernormal fuzzy multiply positive
implicative hyper BCK-ideals under inclusion. Then u takes only the values 0 and 1.

PROOF. Since pis hypernormal, we have p(0) = 1. Let x € H be such that u(x) # 1.1t
is sufficient to show that p(x) = 0. If not, then there exists w € H such that 0 < py(w) <
1. Define a fuzzy set v in H by v(x) = (1/2)(u(x) + u(w)) for all x € H. Clearly, v is
well defined. Let x,y € H be such that x < v, then u(x) > u(y), and thus

v(x) =S () +pw)) = 5 (u(y) +u(w)) =v(y). (7.3)

N | —
N | =

For any x,y,z € H, we have

inf v(c)= inf %(u(6)+u(w))=l( infku(C)+u(w)>

cexozk cexozk 2 \cexoz

1 <min{ inf u(a),heiynofzmu(b)} +u(w)>

2 ae(xoy)ozh

\%

:min{%( inf H(u)+u(w)),%( inf u(b)+u(w))} (74

ae(xoy)ozh beyozm

:min{ inf v(x), inf v(w)}.
ae(xoy)ozh beyozm

Hence v is a fuzzy multiply positive implicative hyper BCK-ideal of H. By Theorem 7.3,
v* is a hypernormal fuzzy multiply positive hyper BCK-ideal of H, where v* is defined
by vf(x) =v(x)+1-v(0) for all x € H. Note that

viw)=vw)+1-v(0) = l(u(w) +u(w))+1- l(u(O)ﬂJ(O))
2 2 (7.5)

= %(u(w)ﬂ) > p(w)

and v*(w) <1 =v7(0). It follows that v* is nonconstant and y is not maximal. This is
a contradiction, ending the proof. O
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