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ABSTRACT. We construct an example that the class of asymptotically
nonexpansive mappings include properly the class of nonexpansive mappings
in locally convex spaces, prove a theorem on the existence of fixed
points, and the convergence of the sequence of iterates to a fixed point
for asymptotically nonexpansive mappings in locally convex spaces.
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1. INTRODUCTION

Some results concerning fixed point theorems for nonexpansive
mappings on locally convex spaces have been obtained by Taylor [5], Su
and Sehgal (6], Tarafdar (4] and others. Su and Sehgal [6] have extended
a theorem of Taylor [5] for nonexpansive self-mapping of a compact star-
shaped subset K of a locally convex space X, to nonexpansive non-self
mapping T of K into X with T(dK) CK, where 0K denotes the boundary of K.
In 1972, Goebel and Kirk {2] have introduced the notion of asymptotically
nonexpansive mappings in Banach spaces and they have proved fixed point
theorems for such mappings in uniformly convex Banach spaces.

The author [7] has introduced in 1988 the notion of asymptotically
nonexpansive mappings (see Def. 1.1 (iii)) and uniformly asymptotically
regular mappings (see Def. 1.1 (iv)) in locally convex spaces X and
showed in (7) that if K is a weakly compact star-shaped subset of X and
T: K - K is asymptotically nonexpansive, uniformly asymptotically regqular
and I - T is demiclosed, then T has a fixed point in K, where I denotes
the identity map. In the second section of this paper, we prove that the
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condition T: K = K in (7] may be weakened to T: K = X with TN (9K) CK for
every positive integer n.

In the third section, we prove the convergence of the seqguence of
iterates to a fixed point for asymptotically regular, asymptotically
nonexpansive self-mapping in a locally convex space. This result extends
those of Theorem 3.3 of Taylor (5] for asymptotically regular,
nonexpansive self-mappings.

Here and later, let X denote a locally convex Hausdorff linear
topological space with a family (pg), 3 ©f seminorms which defines the
topology on X, where J is any index set.

We recall the following definition.

DEFINITION 1.1. Let K be a nonempty subset of X. If T maps K into X,
we say that

i) T is contractive (i.e., p,-contractive) (6] if

Pe (Tx = Ty) < Pul(x - Y) if py(x - y) #0
= 0 if Py(x - y) =0
for each x,y € K and for each a € J;
ii) T is nonexpansive (i.e., p,-nonexpansive) [6]) if
Py (Tx = Ty) < pPu(x = y) for each x,y € K and for each a € J;
iii) T is asymptotically nonexpansive [7] if
P (TMx = TPy) < kp po(x - y)
for each x,y € K, for each n and for each a € J, where {kn} is
a sequence of real numbers such that kn - 1 as n —» o,
It is assumed that k, 2 1 and k, 2 K,y for n = 1,2,...7

iv) T is uniformly asymptotically regular (7] if for each a in J
and n > 0, there exists a N(a,7n) such that

P (TNx - TN 1x) < g

for all n > N(a,n) and for all x € K; and
v) T is asymptotically regular on K (4] if, for each x € K and
a € J,
lim  pg (TNx - ™*lyy = 0.
n-—o

DEFINITION 1.2. A mapping T from K to X is said to be demiclosed [5])
if, for every net (xg) in K such that (xj) weakly converges to x in K
(i.e., xp — x) and (Txg) converges to y in X (i.e., Txg — y) we have
T =Y.

The following example shows that the class of asymptotically
nonexpansive mappings is wider than the class of nonexpansive mappings in
locally convex spaces.

EXAMPLE 1.1. Let X = space(s), the space of all sequences of complex
numbers whose topology is defined by the family of seminorms p, defined
by
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Pn(%) = max | £q | for x = (¢, §5,...) € X and n = 1,2,.
1<i<n
Let K = {x = (§;, £5,...) € X: |£;] < 1/2 and |£j| <1 for j =2,...}.
Define a map T from K to K by
Tx = (0, 289, BAgyfp, -+, BApdy,---)
for all x = (£, &5,.-.,8k,---) € K, where {A;} is a sequence of real
o0
numbers in (0,1) such that []A; = 1/2.
i=2
Let a = (1/2, 0,...), b= (0,...) € K. Then we have

pZ(Ta - Tb) =1 > 1/2 = p2(a - b)

and hence T is not nonexpansive.

Now, let x = (21,22,...,£k,....), Y = (Myefgeeeesty,---) € K.
Then Pr(Tx = Ty) < 2 pp(x - y) for n =1,2,... and
m m+1 m+k-1
T™(x) = (0,...,0,2 []Az¢,, [1A365,---0 [1 Ajégs---)-
i=2 i=2 i=k

Therefore p, (T™(x) - T"(y)) = 0 for m 2 n.
If m<n, thenm=n - k, where k > 0 and n > Kk
and therefore p,(TM(x) - TM(y))

=max [2iih]|h”ﬂ'[iiﬁ]'%”ﬂ“” [ﬁ@% h“w“]
< max [ 2 iszAi, I:El;Ai, TIjiAi,..., m:filAi IECER?

IA

2 Ml pae - v =k ppx - v,

where kp = 2 ﬁ Aj -1 asm ~ .
i=2

Hence T is asymptotically nonexpansive. Also T is  uniformly
asymptotically regular on K.
The following example due to the author in (7] shows that the
uniform asymptotic regularity is stronger than asymptotic regularity.
EXAMPLE 1.2. Let X = (P, 1 < p < w. Let K denote the unit ball in X.
Define a map T: K = K by

Tx = (22,53,....) for all x = (21,22,...) € K.

Then T is asymptotically regulér but not uniformly asymptotically regular
on K. Also T is nonexpansive and hence T is asymptotically nonexpansive.

DEFINITION 1.3. A nonempty subset K of X is said to be star-shaped
(1] provided that there is at least one element x in K such that if y is
any element of K and t € (0,1), then (1-t)x + ty € K. Such a point x is
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called a star-center of K. Every convex set is a star-shaped set but the

converse is not true.

MAIN RESULTS
2. FIXED POINTS OF ASYMPTOTICALLY NONEXPANSIVE MAPPINGS

For the proof of Theorem 2.1, we need the following lemma due to Su
and Sehgal (6, Theorem 2].

LEMMA 2.1. Let K be a nonempty compact subset of X. Let T be a
contractive mapping of K into X such that T(dK) CK. Then T has a unique
fixed point in K.

Taylor [5) has proved a result on the existence of fixed points for
nonexpansive self-mapping T of a nonempty compact star-shaped subset K of
a locally convex space X. This result was extended by Su and Sehgal (6]
to nonexpansive non-self mapping T of K into X by assuming the condition
that T(dK) C K. We extend the corresponding theorem for asymptotically
nonexpansive, uniformly asymptotically regular mappings. The following
theorem is new even in the case of Banach spaces.

THEOREM 2.1. Let T be a mapping of X into itself. Let K be a
nonempty compact star-shaped subset of X. Let T be an asymptotically
nonexpansive, uniformly asymptotically regular mapping of K into X such
that T"(dK) CK for every n = 1,2,.... Then T has a fixed point in K.

PROOF. Let y be a star center of K. Define a map T, from K to X by
= n -
Tnx = anT X + (1-a

n) y for all x ¢ K, n=1,2,...,

where ajp = (1 - (1/n) )/k, and {k,} is as in Definition 1.1 (iii).
Then each T, clearly maps K into X.

If x,z € K, then since T is asymptotically nonexpansive, we have
Po(Tpx = Tp2z) = ap P (TMx - T'z) < (1 - (1/n) ) py(x - 2z).

Therefore T, is a contraction of K into X and hence a contractive mappng
of K into X.
Since TM(dK) CK and K is star-shaped, T, (dK) CK.

Therefore by Lemma 2.1, T, has a unique fixed point, say, x, in K.
Therefore, x, - TMx, = (1 - ay) (y - T'%,) - 0 as n - », since K is
bounded and a, - 1asn - o, (2.1)
Since T is uniformly asymptotically regular, it follows that
n - ph+l - -

T'x, T Xn 0 as n ©, (2.2)
From (2.1) and (2.2) we obtain

™*1lx - x, - 0as n - o (2.3)

Now

Po(TXn = %) < Po(Txy = T"+lxn) + pa(T"+1xn - xp)

A

Ky Po(Xn = T0x,) + py (T"+1xn - %) - (2.4)
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Using (2.1) and (2.3) in (2.4) we get

Txn - X, » 0 as n - o, (2.5)

Since K is compact and {xp} C K, there is a subnet (xg) of the sequence
B
{xn} such that Xg — X € K.
B B
Therefore (I - T)(xg) - (I - T)Xx and by (2.5), (I - T)(xB) - 0.
Since X is Hausdorff, it follows that (I - T)x = 0. Thus x is a fixed
point of T in K.

3. CONVERGENCE OF ITERATES OF ASYMPTOTICALLY NONEXPANSIVE MAPPING

Taylor (5] has proved that the seqguence of iterates converges to a
fixed point for nonexpansive self-mapping in a locally convex space. This
result is extended below to asymptotically nonexpansive self-mapping.

We use the following definition to prove our Theorem 3.2.

DEFINITION 3.1. A point x in a topological space X is called a
cluster point [3] of a net S if and only if S is frequently in every
neighbourhood of x.

THEOREM 3.2. Let K be a nonempty closed bounded subset of X. Let T
be a continuous, asymptotically regular self-mapping of K. Assume that
I - T maps closed subsets of K into closed subsets of X, where I denotes
the identity mapping. Then, for each x € K, the sequence of iterates
{T™x} clusters at a fixed point of T and each such cluster point is fixed
by T. If, in addition, T is an asymptotically nonexpansive self-mapping
of K, then every sequence {T"x} converges to a fixed point of T.

PROOF. Let T be a continuous, asymptotically regular self-mapping of
K. Let x € K and M denote the closure of {T"x}. Since T is asymptotically
regular, it follows that

TNy - TN*1ly & 0 as n - .

Therefore 0 lies in the closure of (I - T)(M). Since M is closed and
I - T maps closed subsets of K into closed subsets of X, it follows that
(T - T) (M) is closed. Therefore 0 € (I - T) (M) and hence there is a point
y in M such that (I - T)(y) = O.

Since y € M, either y € {T™x} or y is a cluster point of {TMx}.

If y = T"x for some m, then

TN (%) = (M%) = TNy =y  for n = 1,2,....

Therefore TXx = y if k > m. Hence y is a cluster point of {T"x}.

Let z be any cluster point of'{Tnx}.

We know that a point b in a topological space X is a cluster point of a
net S if and only if some subnet of S converges to b [3].

B
Therefore there is a subnet (TBx) of {TPx} such that ™x - z.
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Hence (I - T)z = (I - T)lim TBx = lim (I - T) (T®x),
B B

since (I - T) is continuous.
= 0, since T is asymptotically regular on K.

Thus z is a fixed point of T.

Assume further that T is an asymptotically nonexpansive self-mapping of
K. We already know that y is a cluster point of {T"x}.

Therefore for each a ¢ J and § > 0, there exists an integer m such that

Po (T™x - y) < 6. (3.1)
Since T is asymptotically nonexpansive, it follows that
Po (TP (TMx) - " My) < k0 Py (TMx - y) for n 2 m.
From (3.1) we obtain

Py (TV% = y) < kp_p 6.

Therefore
lim sup p, (T"x - y) < lim sup k,_ 6 < §.
n —+ o n — o©

Hence lim p, (T"x - y) = o.
n-+oo

That is, the sequence {TPx} converges to a fixed point of T.
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