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ABSTRACT. We establish a g-analogue of the congruence

(2)-G) v

where p is a prime and a and b are positive integers.
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1. INTRODUCTION.
R. P. Stanley [1, Ex. 1.6 ] gives the congruence:

(:) = (Z) (modpz) (6))

for a prime p and positive integers a and b. In this note we establish the following g-
analogue of (1): If a, b, n are positive integers with a > 2

na _[al, n? 2
[nb](q) - {b]«; ) (mod @ (q)) @

where [:](q) is the g-binomial coefficient and ®n(q) is the n-th cyclotomic polynomial in
the variable q.

n n
For typographical reasons we write [k ](q) instead of the more usual [k ]q.

2. PROOF OF (2).
Taking the limit in (2) as ¢ — 1 one obtains

() =(}) moao &)

If n is a power of the prime p, ®p(1) = p, so if we take n = p in (3) we obtain Stanley's
congruence (1). Unfortunately ®n(1) = 1 if n has two or more distinct prime factors (see,
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e.g., Lidl and Niederreiter [ 2 ], Ex. 2.57, p. 82), so (3) is trivial if n is not a prime power.
Our proof of (2) is based on the following two lemmas.

n n
As usual we write [k] in place of [k](q) when q is fixed.
LEMMA 1. For positive integers a, b and n with a > 2:

N R MR o

C +C_+...c_=nb
1 2 a

where f(c1, ..., ca;n) = n(ca +2c3+ 3c4 + ... +(a-1)cy) - Z Sy
1<i<j<a
and the ¢, are non-negative integers.
PROOF. By the g-Chu-Vandermonde identity (Andrews (3], Th. 3.4, p. 37) for all
positive integers x:

n || n(a-1) f(c_,c_;n)
o) 2 G
2

C +C_ =X 1

12
From (5) it is easy to establish by induction on k that for k < a, and all
positive integers x :

na n |[n n n(a-k+1) f(cl,...,ck;n)
IR IR EW et
1 k

The lemma follows if we take x = nb and k = a.
LEMMA 2. If 1 £k <n-1, then

n
[k ](q) = @ (9P dl(q)---(b ds(q) (©)

wheren>dj >...>ds for some positive integer s > 0. In particular ®n(q) is a factor of the

polynomial [E](q)‘
PROOF. Itis known that

n) o (@I(gvl) ... (grkily)
[k](q) (@& (gkTD) .. (gD 7

is a polynomial over the rationals. The irreducible factors of the polynomial i - 1 are the
cyclotomic polynomials ®4(q) where d is a positive divisor of i (see, e.g., Jacobson [ 4 ], Th.

4.17, p. 272). Hence the numerator of (7) is the product of ®4(q) where d dividesi for ie
{n-k+1, . .., n-1,n} and the denominator is the product of ®4(q) where d dividesi forie

{1,...,k}. Since [E] is a polynomial, by unique factorization in the ring of rational

polynomials in g, each factor ®4(q) in the denominator must be cancelled by a factor ®4(q)
in the numerator. Since n does not divide i€ {1,.. .k}, ®n(q) is not cancelled and so

n
appears in the factorization of [k]

n
It remains to show that the irreducible factors of [k] are distinct, that is, for each d

the number of factors of the form ®4(q) in the numerator is at most one more than in the
denominator. To see this let
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k=da+r, 0<r<d-1 ®)

n=db+t, 0<t<d-1. ©)
The numbers in {1, . . ., k} divisible by d are

d,2d,3d,...,ad (10)
and the numbers in {n-k+1, .. ., n-1,n} divisible by d are

md, (m+1)d, . .., bd (11)
where m is the least positive integer such that

n-k+1<md (12)
Now supose (11) contains at least 2 more elements than (10), i. e., suppose

b-m+12a+2.
then from (8) and (9) we have

n-t Skr o,
d -m+1_CI + 2.

Thenn-t-dm+d2k-r+2d andn-k+r-t>dm +d. It follows that
dm +d<n-k+d-1so dm <n-k-1, which contradicts (12). This proves the lemma.

REMARK. Our proof of (2) does not require that the factors in (6) are distinct, only
that [E] is divisible by ®n(q), but the fact that each irreducible factor has multiplicity one

is perhaps worth noting, since the binomial coefficients are generally not square free

PROOF OF (2). By Lemma 2 since a > 2 the only terms on the right side of (4) that are

not divisible by ®n(q)? are those where ¢j =n for b choices of j and ¢j = 0 otherwise. Let
{i, ip, ..., ip) be a b-subset of {1, 2, . .., a} and let

j

.- {n forje {il,...,lb}
0 otherwise

Assume that 1 <ij <ip<... <ip £a, then

f(Cl:...,(_Ta;n) = n(i;-n+@G2-n+...+(@p-1n)- (g)nZ
= n2((i1-1) +G2-2) +...+(ip-b).

Hence the right side of (4) is congruent modulo ®n(g)? to

2/¢: . 2. .
n“(G -1)+...+G -b)) n(]1+...+)b)
2 q D Y 13)

1$i1<...<ib5a Osjls...Sija-b

Now as is well-known [1, 3], the generating function of partitions with at most b parts each
not exceeding a - b is given by
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This shows that (13) may be written as

al, .2
[b](q )

which completes the proof of (2).
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