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ABSTRACT. In this paper we prove the existence and uniqueness theorem for almost everywhere

solution of the hyperbolic equation using the method of successive approximations [1].
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1. INTRODUCTION.
Mixed problems for partial differential equations have been investigated by a number of

authors [2], [3], [4], [5]. In this case we investigate the almost everywhere solution for the

hyperbolic equation that have been studied in [6]. Namely, the solution for the hyperbolic equation
D2,1 with a nonlinear operator at the right hand side.in the space ’2, 2, T

2. STATEMENT OF THE PROBLEM.
Consider the following system

utt(t,x Lu(t,=) F(u(t,=)) in QT (2.1)

subject to the initial conditions

u(0,z) (z) ut(0,z (z) z e fl, (2.2)

and the boundary condition

(=,=) r o E [0,T] (2.3)

where QT [0, T] x i2, 0 < T < oo, f is a bounded domain in Rn and G is the boundary of O;

,,j--
ij(=) -a()u,

and moreover the functions aij(z have continuous and

in f and satisfy the following conditions in f

Oaij(ze)
a(=) are measurable and boundedOzk

aij(z aji(=), a(z) > 0, aij(z)ij > a 2i
i,j= i=

i are any real number; (0, () are given functions in f; F is a nonlinear operator.

3. PRELIMINARIES.

(2.5)
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DEFINITION 1. The almost everywhere solution for the problem (2.1)-(2.3) is the function

u(z,t), element of W(QT), belongs to DOI(QT and satisfies (2.1) almost everywhere in QT and t--.+0

satisfies the following

I rou( t, z)[u(t,z}-(x)]2dx 0 Ot P(x)]2dx 0 (2.6)

a0, a oo
DEFINITION 2. We define the space B0 e,T

of all functions u(t,)= us(t)s(z in

QT=[O,T]f, where %(z) are eigenfunctions for the operator L with the boundary condition (2.3)
corresponding to the eigenvalues ’s

(0 < ,s- as s-,o) [7],

times continuously differentiable in [0, T] and

us(t are > 0

i=1 s=l O<t<T
u!i)(t) i}

1/1i
< + c (2.7)

and has the norm

where

DEFINITION 3. The function us(t is called the s-component of the function

u,(t,z) %(t)ts(

aO,...,a.
and pz(s 1,2 is the set of all s-components of elements of p where t c: BO,..,,, T.

a0,...,aTHEOREM 2.1. The necessary and sufficient conditions for p to be compact in

(a) for every s(s 1,2 the sset t is compact in C[0,T]; and

(b) for any given > 0 there exists a natural number ne so that for all u(t,z) usts(z
ltaits’

s-

A max I!i)()1 <.
i=1 s=n O<t<T

This theorem can be proved analogously as in ([9] page 277-278).
LEMMA 1. For any almost everywhere solution u(t,z) of (2.1) (2.3) functions

us(t) I u(t’z)ts(z)d satisfy the following system ([7] [8])

%(0 Cs cos ,s +- sin ,s +
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where

Os---- f l/’(.r)Os(.r)d,r ’s f ’(,r)Os(,r)dx

3. ASSUMPTION AND RESULTS.
THEOREM 3.1. Let

1. aj(,r) are continuously differentiablc on f and a(x) continuous on ;
2. The eigc1:functions 0 are twice continuously differentiabie on "3. ,(x)eW()nD(N). ,/,(.r) e D();. r. , yU(W(qr) .’ r) w’t,2(QT) and satisfies

F(u(,=)) -< ()+ ()II-
w(n)

for all e ,_,r wr (),a() L2(0, T.
5. For any u, v Eo (where Eo is the sphere u B2 Co)

2,2, T

f(u,t,x))- f(v(t,x) g(t) - v
B2,W (n) 2,2,,

where

g(t) e L2(0, T),

(3.1)

(3.2)

and

{[Co= 211w(t,x)ll2:2,r
1/2

r(0,T/

max n. max aij{x)II a(.)Ii
’. c() c()

(3.3)

and

For any u e B2’ (W (Qr) n B1’2,{T U 2,20,T) and [O,T]F(u(t,x)) D(fl).
Then the problem (2.1)- (2.3) has a unique solution,
PROOF. Let

W(x, t)= (s cos st + sin st)Os(x),
s--1

F(u(r,x)). Os(x) sin s(t r)dx dr. s(x)PF(u) =s__
0 f

From (3.4) and (3.5) let us assume that

Q(u) W + PF(u)

Then it is easy to see that the operator Q acts in B2’ and satisfies Lipschitz condition2, 2, T

(3.4)

(3.5)

(3.6)

Q(u)-Q(v)II B22:12, < 2dTa a(t)II L2(0, T
,-, v B: :,

(3.7)

in the sphere %0.
Consider the sequence Uk(t,x Q(uk l(t,x))in B2’1 where uo(t,z)= 0. Using (3.1) and2,2, T
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the Inathematical induction we get for any k(k 1,2,3 and E [0, T]:

-. "-’-;..,o < 2 v II’.,": + 8ra; F(,,_ (,..))II v4(a)B-’2’T 0

+ 16Ta c2(r)d + d2(r) 2., drB,.I)

A2 + f %2(r) uk 111 2B29,.,1.) dr

}._l(r)d-

< A + A2 I %2 (r)dr +... + A2 0

(k- 1)!
o

where

(3.8)

and
+ 16Ta2o c(t)II ;2(0, T) (3.9)

%2(t)- 16Ta2od2(t)

From (3.8) for any k(k 1,2,...), we get

exp 2(r)dr C2o (3.10)

i.e., all uk(t,z) are contained in the sphere %0. Further, using (a.2) and (a.a) we get for y

e [0,T] d k(k 1,2,3,...)

+ Uk 2B:2,t1 -< 4Ta2o F(ul(r,x))- F(ul l(r,x))II 2L2( d

{4Ta2oig2(’r)dr}
k"

(3.11)

Therefore,

{4Ta2o g(t)II }*
< C2 k!

/’:2 (0, T)
,(k 1,2,...) (3.12)
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Then {uk(t,z)} is a fundamental sequence in B2’1 Since B2
2,2,T" 2’,21,T complete, then

uk(t x) B2’1 u(t,z) 6 %o as k---,c (3.13)2,2,7"

Since Q is continuous in %0, then from the relation uk(t,x Q(uk

we have

u,(t,z) Q(u(t,z))

Therefore, as in (3.11), (3.12) the speed of convergence is governed by the following inequality

21B212, T

4T32o (t)II 2 }/
< Uo-

2 r2(0, T)
o k!B212, T

4T32o g(t)II 2(0,T
_< Co ! ,( ,2 ). (3.14)

Now to prove the uniqueness let us assume the u(t,z)= us(t)e2(z) solution to (2.1) (2.3) then
s=l

F(u(t,z)) 6 L2(QT). By Lemma (1) Us(t satisfy (2.9); from (2.9) we get

,(t, :)II Bl’02;,t -< w(t,=)II B2: 2,T
/ 2V r(u(t,=))II L2(QT) < + oo (3.15)

10Therefore u eB21:02t., Since u(t,x) EW(QT)ClB2:2, T then by (3.1) F(u(t,x))EWx’O:e,t,2(QT), but by
O

condition 6 Theorem 2 for all E [O,T],E(u(t,x)) E D(gt). Thus using (2.9) with some manipulation

-< W(t,=)II 2Z + 2 % F(u(t,=))II uzl,0 (3.16)u(t,=)II B:2, B22: ,T =,t, 2(QT) < +c

Therefore, u B2’ Then, using (3.1) (3.8), (3.10) we get Ilu(t,)ll B:2,t2,12,T" < Co. Thus, all

almost everywhere solutions (2.1)-(2.3) belong to the sphere Ko and they axe fixed points in B:2, T
for operator Q. Le u,v be two solutions to (2.1)-(2.3), then by (3.2) we get

u v ]1202,1 < 4Ta2
aI f(u(r,z)) f(v(r,z)) 2

W(12) dr
"-’2, 2, o

2 dr< 4T32o g2(r) "- v B:2,0

Therefore, using Belmann’s inequality [10] we have
2

u- v 0 in [0, T]. Therefore, u v.
2,2,

(3.17)

REFERENCES
1. KRASNOSELSKII, M.A., "Topological methods in th._ge theory of nonline.ar integral

equations." Pergamon Press, New York, 1964.

2. BURSKII, V.P., "Remarks on the kernel of a differential operator with constant coefficients in
a domain.", Mat. Fix. Nelinein. Mekh. No. 2_, 36 (1984), 43-45.



146 M. E. KHALIFA

3. KAZARYAN, G.G., "Weak solutions of the Dirichlet problem for a qua.silinear equation with
lowcr-ordc’r tcrns Trudy Math. Inst. Steklov. 17__._0_0, (19S4), 105-112.

4. KHALIFA, M.E., "The mixed problem of second order hyperbolic-parabolic system." Dokl.
Akad. Nauk Az. USSR, No. 5_ (1979), 60-65.

5. KHALIFA, M.E., "The continuously dependent generalized solution for a mixed problem of
the hyp’rbolic-parabolic system." Azerbaizan Gos_. Univ..Ucen. 3 (1979) 65-69.

6. KHALIFA, M.E., "Investigation of existence and uniqueness theorem for hyperbolic equation."
Mans. S(’i. Bull. Vol. 16(2).

7. LADYZENSKAJA, O.A., "Boundary value problems of lnathematical physics." Nauk,
Moscow, 1973.

8. LADYZENSKAJA, O.A., "The mixed problem fo__.r hyperbolic equations, Gostekhizdat, 1953.
9. SMIRNOV, V.I., "A course of Higer mathematics." Pergamon Press, New York, 1964.
10. BECKENBACH, E.F. and BELLMAN, R., Inequalities, Springer-Verlag, Berlin, 1961.



Mathematical Problems in Engineering

Special Issue on

Time-Dependent Billiards

Call for Papers
This subject has been extensively studied in the past years
for one-, two-, and three-dimensional space. Additionally,
such dynamical systems can exhibit a very important and still
unexplained phenomenon, called as the Fermi acceleration
phenomenon. Basically, the phenomenon of Fermi accelera-
tion (FA) is a process in which a classical particle can acquire
unbounded energy from collisions with a heavy moving wall.
This phenomenon was originally proposed by Enrico Fermi
in 1949 as a possible explanation of the origin of the large
energies of the cosmic particles. His original model was
then modified and considered under different approaches
and using many versions. Moreover, applications of FA
have been of a large broad interest in many different fields
of science including plasma physics, astrophysics, atomic
physics, optics, and time-dependent billiard problems and
they are useful for controlling chaos in Engineering and
dynamical systems exhibiting chaos (both conservative and
dissipative chaos).

We intend to publish in this special issue papers reporting
research on time-dependent billiards. The topic includes
both conservative and dissipative dynamics. Papers dis-
cussing dynamical properties, statistical and mathematical
results, stability investigation of the phase space structure,
the phenomenon of Fermi acceleration, conditions for
having suppression of Fermi acceleration, and computational
and numerical methods for exploring these structures and
applications are welcome.

To be acceptable for publication in the special issue of
Mathematical Problems in Engineering, papers must make
significant, original, and correct contributions to one or
more of the topics above mentioned. Mathematical papers
regarding the topics above are also welcome.

Authors should follow the Mathematical Problems in
Engineering manuscript format described at http://www
.hindawi.com/journals/mpe/. Prospective authors should
submit an electronic copy of their complete manuscript
through the journal Manuscript Tracking System at http://
mts.hindawi.com/ according to the following timetable:

Manuscript Due December 1, 2008

First Round of Reviews March 1, 2009

Publication Date June 1, 2009

Guest Editors

Edson Denis Leonel, Departamento de Estatística,
Matemática Aplicada e Computação, Instituto de
Geociências e Ciências Exatas, Universidade Estadual
Paulista, Avenida 24A, 1515 Bela Vista, 13506-700 Rio Claro,
SP, Brazil ; edleonel@rc.unesp.br

Alexander Loskutov, Physics Faculty, Moscow State
University, Vorob’evy Gory, Moscow 119992, Russia;
loskutov@chaos.phys.msu.ru

Hindawi Publishing Corporation
http://www.hindawi.com

http://www.hindawi.com/journals/mpe/
http://www.hindawi.com/journals/mpe/
http://mts.hindawi.com/
http://mts.hindawi.com/

	1Call for Papers-4pt
	Guest Editors

