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Abstract. A study is made of the Lamb plane problem in an infinite thermo-visco-elastic micropolar
medium with the effect of gravity. The visco-elasticity is characterized by the rate dependent theory of
micro-visco-elasticity generalizing the classical Kelvin-Voigt theory. The action of time harmonic loading
is treated in detail. The solutions for the displacement fields, couple stresses and the temperature field are
obtained in general and particular cases.
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1. INTRODUCTION. Eringen [1-4] has developed a general theory of linear micropolar continuous
media and of linear micropolar visco-elastic media. The classical Lamb problem in an elastic medium has
received considerable attention in various elastic media with different kinds of loading. A selected reference
including Sengupta and his associates [5-7], Chadha et al. [8], Rajneesh Kumar et al. [9] is cited for the
reader.

The purpose of this paper is to study the effect of gravity on Lamb’s plane problem in a micropolar
thermo-visco-elastic medium. As far as we know, this problem has not yet received any attention.

2. FORMULATION OF THE PROBLEM. We consider a homogeneous micropolar thermo-visco-
elastic semi-infinite medium with the influence of gravity under the action of loading g(x,,¢) free plane
boundary x; = 0. It is assumed that the medium is free to exchange heat with the material in the region
x; > 0. It is everywhere at the constant absolute temperature Ty, prior to the appearance of any disturbance.
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Since we consider the plane problem, we assume that the displacement u = (u;,0,u;) and rotation
@ = (0, w,, 0) which are functions of (x,,x3,¢). The displacements are related to the displacement potentials
O(x,, %3, t) and P(x,,x3, ) as follows:

U=, -9, =9 +9, (2.1ab)
so that
aul 6u3
-vz’ VYPu—-— .2ab
e=V%, Vy o (2.2ab)
where
ou, du
e=—+— and V’-i+'92 (2.3ab)
axl ax3 6x1 8x3

The basic dynamical equations of motion in a micropolar-visco-elastic solid medium under the influence
of temperature are

[+ 000+ G )7 | P [ O k-0 + O 1y - | g div

3 3 )
+2(o,, +a,57)ng- [(3),,+2p‘,)+(3).,, +2p.,)-5t-]a, grad 0 = pii @2.4)
[(Yo +80) + (¥, +81)%]v29)_+[(70+ﬂ0-50) +(1, +By -%)%grad divw

—4(ao+a136t-)g)_+2(ao+a1§’-)rotg-Jé 2.5)

where Ag Mo are the Lame elastic constants while og,By, Y€, are the other material constants,

A By, 04, B, Y1, € are the parameters representing the effects of viscosity. Also these elastic moduli
Ao» Ho» Olos Bos Yor €9 and viscosities Ay, puy, ay, B, Yy, €; are subjected to the following restrictions

0=<30+2pg+0ay 0=3Bo+2y, Ospy, —YosE=Yp 0sa, Os<y,
0<3A +2p,+a,, 0<3B,+2y,, Osp, -y,s¢=<y, Osa, Osy, (2.6)
and , is the coefficient of linear expansion of solid, p is the density, 8 = T — T, (= absolute temperature-initial

absolute temperature), and J is the rotational inertia.
For the present study, it is convenient to rewrite equations (2.4)-(2.5) as

[(u,,+a‘,)+(p.1 +al)%]v2ul + [()“,-c-p,,-(x,,)+()\.l +1y -al)%] gxil
—2(ao+a1%)f—x"‘;-[(3~+zw)+(3x,+2m)§]a.§%+pgm-pm @7)
[0+ 000+ 64+ 00 | Vi + O -0+ O - | 22
2o ougy) S [ a2+ Oh s 20 a0 - o =

ou; du,

[(yo+eo)+(yl+el) ]sz+2(an+alat)(ax—$l) 4(a°+al%)m2-.ld')z (2.8)
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The temperature 0 satisties the Fourier’s law of heat conduction
) a0 91 8.,
K0 pC, 5+ T (Do +200)+ (b + 2037 [, (V') 29)

where k is the thermal conductivity and C, is the specific heat at constant strain.
Substituting (2.2ab) into (2.7)-(2.9) gives

) 6 2@
[(62 iz} ]«p g—-(wp,’a Jo-o (2.10)
el —“’ =0 2.11
2+l o 8[2 ‘P 85 +|pl+p = at W, = (2.11)
2
[(c%c;’a) ’-(c§+c5'2+%)]mz-l(c§+c;23)vﬁp-o (2.12)
at 2 at
czv’-—) 8-r(p +p'26) 3 V) -0 2.13)
F) YT 9t ) ot
where
R 2 , M+2
Cl_=7‘0+ Mo /= 2 sz_llo"'ao’ Cz,z_uﬁa. 2.14)
p p P P
K Yo+E& 2 Ni+E 40, 2 40
G-t Ci==3— G- OG- &= (2.15)
(3% +2pe)a, (G +2p)a, 20, 20, T,
2- x /2= . 2-_, 12‘__, ro=— 2.16)
P o P o == P C. (

3. BOUNDARY CONDITIONS.
The stress-strain relations in considered medium are

o, -[(uo+ao)+(u,+ao -y, + [(uo o)+ by - ) |

[(}0 hy at) Yo {(3;0 +20) + Bhy + 2p,)§}a,e]a,, 3.1
a a a
W; = [(Yo +E) + (Y, + EI)E]XJ;' + [(Yo +&g) +(y, - 51)5; X+ (Bo,"’ BlE)X« 5, (3.2)
in which
Yii = Ui~ €iWo  Xji =W, ;5 (i,j,x=1,2,3) (3.3)

£, is the unit antisymmetric tensor, and o;; is the Kronecker delta.
Hence the boundary conditions are
Oy =—f(x,1), 03,=0, p;,=0 on x;=0 (3.9)

where

05 =2t b 5 | [0+ (R + 1. | 0

~(3hg+ 200 + (3hy + 20) = Kok (3.5)
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i} d
= (l‘o +i a_t) 20,15+ 9,55~ 1+ (an + al;) (Vz"" -2wm,) (3.6)
9 19w,
e (R %)
The thermal condition is
39
5;34—119-0 on x;=0 (3.8)
4. SOLUTION OF THE PROBLEM. We introduce Fourier’s double integral transform pair
defined by (see Debnath and Myint-U [10])
E+m)
&) = 5= j 0, 3,006 Vet
- )
W) = j [ #o B ™ (4.1ab)
and similarly for 1, @,, 6.
Application of this transform reduces (2.10)-(2.13) into the form
. dz - . - . -
[(cf - mC.'Z)(Z;;—&’) +n2]¢ - iggy-(pf - inp, P - 0 (42)
3
oo 4 A A NN
[(cz’—mcz ’)(;—&’) +n2]1v+l§g¢—(1122-mpz i, = 0 (43)

[(C.—mc”)(—-—a) -(C}-inCy? - n)]wz——(cs—mcs'z)(:xz ’)ﬁ’-o (4.4)

d R . -
{C}(E—Ez) +m]9+rm(p,2—mp12)(;32— 2)Q-O (4.5)
provided that in the case of exponential solutions of the equation the following conditions are satisfied

¢, ,0,0 >0, as x;—>x
Therefore the solutions of the equations (4.2)-(4.5) given by

d=Ac”V" 4BV L Ce™V® L D V™ (4.6)
ﬁ)-Ale""/q+B e ViaC e'“""/c;+Dle'“‘“/C 4.7
&y =A™V 4B VR L Ce Ve 4 D™V 4.8)
B=Ae™™ +B,e_”'/G +Ce™ Vo p eV 4.9)

where 7;!2 (j = 1,2,3,4), are the roots of the equation
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{(€7 - (@-8) + M H{(CE - mCA) (@ - 8) +H{(CE - inC A (& - &)
~C3-inC" - MHCHE - €) + i} 3. (p} - inpy)(CE - NGy (E - ECIE - ) + im)]
-g"E{(CI - mCY)(E - §) - (€5 - inCs* -)HCIE - &) +im}
+pi -inp, )| {(C - inC,?) (- E) + 0%}
{(C7 - inC)(E - 8) - (CF - inCs? -} {rin(p] - inp, ) (€ - E))}

1, P L, 2
437G -GS (P - inp ") (€ -E) | =0 (4.10)
and the constants A,B,C,D,A,B,,C,,D,,..... etc. are related by

A=A, A, =BA, A=A
BI'G;B’ Bz"ﬁ;B’ BS'Y;B

. . . 4.11)
Ci=a5C, GC=B,C, Cy=1,C
Dl =0.:D, Dz'B:D’ D;-Y;D
where
@, = g7 l(CT = inC )5 -8 +n*~ @2 - imp, ) (4.12)
6 3(C3 -G (G - By )
T (CI-IMC) (G -E) - (CE-inCs? -n?) ’
rin(pi -inp,*)(E*- 1)) .
= Csz(C;-Ez)'*iﬂ (G=1,23,4) (4.14)
Substitution of (4.6)-(4.9), (4.1ab) into (3.4) yields
PA +p,B +p,C +pD =-f(EN)
qA +g,B +q,C +q,D =0 (4.15abcd)
rA+rB+r,C+rD =0
SA +5,B +5,C +5,D =0
where
P; = 2ug - inp) (G ~ iEAVT) + (A - inA,) (G, - ED)
~{(3% + 219 - N3\, + 21 }ary; (4.16)
a; = (1o~ M) [(G; + E)0y; + 28EVT; +(ay - ima) [a(G; - € - 26;1, 4.17)
4 =BVG, 5 =x(/G-h) (=1,23,4) (4.18ab)
Solving the equations (4.15abcd), we obtain
Al A, . A . A, .
A=1f B =Kf’ G, =55 D =57 (4.19abcd)

where
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Py P2 Py Pu -1 p, ps p,
0
A= 49 492 493 4 , A~ 9 93 4, (4.20)
rh r, nor 0 r, r r,
5 S 8§ S, 0 s, 53 5,

Similarly, Ay, A,, A, are obtained, eliminating second, third and fourth column of A by the column (-1, 0, 0,0).
Inserting the values of A,B,C,D and (4.6)-(4.9) and using (4.1b) we obtain

¢=— IJ [Al v A -x_‘\/g ‘/;+A "J\/C] "("IE'"I) Edﬂ(4 21)
Lr(fre g o - . el e
“2n II%["HAA" VoL e VL eV s aiae Ve Mdkdn  (4.22)
L [ ([ a6 v ol o el or s “gom
“2n f fﬂBIAle VBV 4 A V4 Biae Vo e T Mdgan  (4.23)

X, -, —ix; )
9-—U [18e ™% rpne™ s yiae ™ eyipe ™™ Mdean  (4.29)

We can now easily determine the components of displacement and the non-zero components of force stress
as well as couple stress tensor.

5. LOADING FUNCTION HARMONIC IN TIME
In this case, the boundary conditions (11) take the following forms

Oy =—f(x)e™, 0;,=0, pyp=0 on x;=0 (5.1
The formula for displacements u,, u; may be found by using the relations (2.1ab) and the equations for ¢

and y in (4.21)-(4.22). Therefore we have
-5 j j HUg-aivE)Ae ™ + (5 - aBbe ™"
(5 - aVT)Ae ™V + (i - VE)Ae ™V e M, (5.2)
- U [(Eo; +VEIAe ™™ + (ks + VEIAL ™™

Higa - V)AL ™™ + (iEa; - VE)Ae ™l ™% Mk, (5.3)
We also find

bz = = {(t0 +£0) = Ny, + )} U A[BVE ™

BG4 BT e ™ 4 BT A ™V e Magan (5.4)



LAMB'S PROBLEM IN A THERMO-VISCO-ELASTIC MICROPOLAR MEDIUM
N 1 ¢ rou i, +10) 17 itx, e -
T = [ [ o™ ™ ans = 2 [ ™, [

= V2nd(n - w)f (§)

where
F®-5 f fox)e ™,
and 8(x) is the Dirac delta function defined by
} e?dt =V2nd(p)

Substitution of (5.5) in (5.2)-(5.4) and in (4.24) gives, after integration,
o ¥ 1 . . . .
u -7 | a1 G- aivBome ™+ - aiyEpne ™"

- oVEIe ™ 4 g aiy BN ™Y | SO

. ©
—ux

e

1 - -x, - =~
Uy = —\/—2—:-:-_@[ K{ (i€a, +VG)Ae e +(iEa, + V)AL e
+(i5a; +VE)Ae ™V 4+ (ikq] +~/E.)A4e""’°}] f©eag,
=== (o e ity + )} [l AlBVEae™®
BB BB A BivEAE ™ | @ e

e-i“ P 1 -k,
0= [ 2[yvA e 4 yiA ™o Ly iae Vo LA ] f®e ™ d
\/Z_n_J;[A[Y‘ eV e ™V A ™V sy e ™V o g
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(5.5)

(5.6)

(CA))]

(5.8)

(5.9

(5.10)

(5.11)

In particular, when the applied load is a horizontal concentrated force acting at the origin, that is

f(x,) = P&(x,) so that f(E) = é. Hence solutions (5.8)-(5.11) assume simpler forms. The upshot of this

analysis is that solutions modified by gravity, viscosity and temperature field.

6. CLOSING REMARKS

With regard to the general character of the harmonic loading function utilized as a disturbance in the

theory, it can be added as a concluding remark that the present analysis is sufficiently general, and in

addition, it incorporates other forms of harmonic disturbances of physical interest.
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