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ABSTRACT. For a finite group G and an arbitrary prime p, let SP(G) denote the
intersection of all maximal subgroups M of G such that [G:M] is both composite
and not divisible by p; if no such M exists we set SP(G) = G. Some properties of
G are considered involving SP(G). In particular, we obtain a characterization of

G when each M in the definition of SP(G) is nilpotent.
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1. INTRODUCTION.

It is an interesting problem to investigate the relationships between the
structure of a finite group G and the properties of the maximal subgroups of G.
This has been studied by several people (e.g. [4], [5]). 1In [2] and [7-8] we
have considered the family of maximal subgroups whose indices are composite and
co-prime to a given prime. In this note we obtain further results in this
direction. All groups considered are finite. A maximal subgroup M of a group G
will be sometimes denoted by M <- G. A maximal subgroup M of G of composite index

will be called c-maximal.

2. THE SUBGROUP sp(c).
Let G be a group and p any prime. Consider the family of subgroups of G:
J ={(M : M is c-maximal, [G : M]P = 1)

Define SP(G) =n{M:MeJ}), if J is empty then set SP(G) = G. This
subgroup was introduced by us and several results have been obtained in [2] and
[7]. We remark that SP(G) is a characteristic subgroup containing the Frattini
subgroup ¢(G).

Our first result is motivated by Rose [9] where it was proved that if every
non-normal, maximal subgroup of a group is nilpotent then the group is solvable.
This result was extended by us ([2, Theorem 1.1]). We now obtain a further result

in this direction.
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THEOREM 2.1. Let p be the largest prime divisor of the order of a group G.
Suppose that each subgroup in the family J (see above for the definition) is
nilpotent. Then
(1) either, G is p-nilpotent or, there exists a normal p-subgroup Py of G such
that G/P0 is p-nilpotent.

(ii) if lp(G) denotes the p-length of G then 1p(G) < 2.
(Note: It follows directly from [2, Theorem 1.1] that G is solvable in this
case).

PROOF: (i) we distinguish two cases:

Case 1: G has no normal p-subgroup. Let P be a Sylow p-subgroup of G. Then
NG(P) # G and choose M <: G such that NG(P) <M. If [G : M] is a prime q, say,
then it is easy to see that q > p, an impossibility, thus [G : M] is composite
and clearly [G : M]p = 1. So M e J implying that M is nilpotent. Therefore M =

NG(P). Let P, be a nontrivial characteristic subgroup of P. As G has no normal

0

p-subgroup, NG(PO) = NG(P) = M. Consequently M induces only p-automorphism on P,

and so by Thompson [10] G is p-nilpotent.
Case 2: G has a normal p-subgroup. Let PO be a normal p-subgroup of G of the

largest possible order. If P0 is a Sylow p-subgroup of G then trivially G/P0 is
p-nilpotent. So, assume that P0 is not a Sylow p-subgroup. We use induction on

|G|. We mote that p is the largest prime dividing |G/P0 . It is easy to see

that G/P0 satisfies the hypothesis of the theorem and G/P0 has no normal
p-subgroup. So by induction hypothesis G/P0 is p-nilpotent. Thus the proof of
(i) is complete and (ii) follows now readily.

Our next result illustrates how under certain conditions the supersolvability
of a group is controlled by the structure of certain groups of smaller orders.

THEOREM 2.2. For a group G and any prime p, if ‘SP(G)| is co-prime to p, then
G is supersolvable <=> G/SP(G) is supersolvable.

PROOF: The case => is trivial and we consider now the <= case.
If every maximal subgroup of G is of prime index then G is supersolvable by a
well known result of Huppert and so SP(G) is supersolvable. Now let M be a
c-maximal subgroup of G. If M does not contain SP(G),then G = MSP(G) and so
[G:M]P = 1 since by hypothesis ISP(G)I is a p'-number. Consequently M € J and so
SP(G) < M, a contradiction. Thus Sp(C) is contained in every c-maximal subgroup
of G and so SP(G) is contained in L(G), the intersection of all c-maximal
subgroups of G. Now by [1] (see [2] for a published proof) L(G) is supersolvable

and so the result now follows.

A group G is called a Sylow tower group of supersolvable type if (i) P, > Py
oo D P, are all the prime divisors of |G| and Pi is a Sylow pi—subgroup of G and

(ii) Py P, ... P <G, 1 < i< ke
THEOREM 2.3. Let q be the largest prime divisor of a group G and assume that
Sq(G) = G. (In other words, the family J in the definition of Sq(G) is empty).
Then G is a Sylow tower group of supersolvable type.
PROOF. We use induction on |G|. 1If Q is a Sylow gq-subgroup of Sq(G) then by

[7, Proposition 5] Q < G. Consider the following two families of subgroups:
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J={(M: Mis c-maximal in G, [G : M]q =1}
J] = {M/Q: M/Q is c-maximal in G/Q, [G/Q : M/Q]q = 1)

Since Sq(G) = G, J is empty. This implies that J, is also empty. For, if J, is

1

nonempty and M/Q belongs to J. then clearly M € J, contradicting the fact that J

is empty. Hence Sq(G/Q) = G/é. This implies that if M/Q is an arbitrary maximal
subgroup of G/Q then clearly [G/Q : M/Q]q = 1 and [G/Q : M/Q] must be a prime.
Thus every maximal subgroup of G/Q is of prime index. So, by a well known result
of Huppert G/Q is supersolvable. Hence G is a Sylow tower group of supersolvable
type.

If G is supersolvable then every maximal subgroup of G is of prime index by
a well known result of Huppert, and so Sp(G) = G. Thus, if G is supersolvable
then for H < G, we have that SP(G) nH= SP(H). A simple example will show that

the converse is not always true. (Take G = A, and p = 2. Here SZ(H) = H for

4

every subgroup H but A, is not supersolvable). However, we have the following

partial converse: *

PROPOSITION 2.4. Let p be the largest prime dividing the order of a group G.
Suppose that Sp(G) nH= SP(H) for every subgroup H of G. Then G is a Sylow
tower group of supersolvable type.

PROOF: Let Q be any Sylow q-subgroup of G where q is any prime dividing |G|.
By hypothesis, SP(G) nQ-= SP(Q). Further since any maximal subgroup of Q is of
prime index in Q, Sp(Q) = Q irrespective of the fact that p may or may not be
equal to q. Thus S _(G) contains every Sylow q-subgroup of G for every prime q
dividing IGI. Therefore SP(G) = G. The result now follows by applying Theorem
2.3.

We omit the proof of the following standard result:

LEMMA 2.5. Let G be a supersolvable group in which for every maximal subgroup
M, [G:M] = p where p is a fixed prime. Then G is a p-group.

We now prove:

PROPOSITION 2.6. Let p be the largest prime dividing the order of a group G.
(i) Assume that [G:M]p = 1 implies that [G:M] is a prime for any M <+ G. Then G
is a Sylow-tower group of supersolvable type. Further if P is a Sylow p-subgroup
of G then P < G and G/P is supersolvable.
(ii) Let q be any prime such that q is not equal to p. Assume that [G:M]p =1
implies that [G:M]=q for any M <+ G and furthermore [G:Mllq = 1 implies that

[G:MI] = p for any M, <+ G. Then G issupersolvable.

PROOF: We omitlthe proof of (i) which is a direct consequence of Theorem 2.3.
Now consider (ii). If P is a Sylow p-subgroup of G then by (i), P < G and G/P is
supersolvable. Now q divides |G/P|. Suppose if possible M/P <+ G/P such that
[G/P:M/P]q = i. Then [G:M]q = 1 and so by hypothesis [G:M] = p which is
impossible since M contains P. Thus no maximal subgroup of G/P has index
co-prime to q and since G/P is supersolvable, this gives, by using a well known

result of Huppert, that every maximal subgroup of G/P is of prime index, and so

has index q. By Lemma 2.5 it now follows that G/P is a g-group and so |G| is of
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the form pa qB. By using a well-known result of Burnside, G is solvable. We now
show that G is supersolvable. Suppose if possible that there exists a maximal
subgroup M such that [G:M] is divisible by both p and q. Then G = P M and it
follows that [G:M] = |P|/|PnM| is a power of p, a contradiction. Therefore, for
any M <- G, we have that the index of M in G is either co-prime to p, or co-prime
to q. Consequently, by the hypothesis it follows that every maximal subgroup of
G is of prime index and hence G is supersolvable by using a well-known result of
Huppert.

REMARK: Under the hypothesis of Theorem 2.6 (ii) it might be tempting to

conjecture that G is nilpotent. However, S, satisfies the hypothesis but is not

3
nilpotent.

REFERENCES

1. H.C. Bhatia, A generalized Frattini subgroup of a finite group. Ph.D.
thesis, Michigan State University, East Lansing, 1972.

2. P. Bhattacharya and N.P. Mukherjee, A family of maximal subgroups containing
the Sylow subgroups and some solvability conditions, Arch. Math. 45, 390-397
(1985).

3. P. Bhattacharya and N.P. Mukherjee, On the intersection of a class of
maximal subgroups of a finite group II, J. Pure and Applied Algebra 42,
117-124 (1986).

4. W.E. Deskins, On Maximal Subgroups. In : First Sympos. Pure Math., American
Math. Soc. Providence, (1959), 100-104.

5. W. Gaschutz, Uber die ¢ - Untergruppe endlicher Gruppen. Math. Zeit. 58,
160-170 (1953).

6. B. Huppert, Endliche Gruppen I Berlin 1967.

7. N.P. Mukherjee and P. Bhattacharya, On the intersection of a class of

maximal subgroups of a finite group, Canadian J. Math. 39, 603-611 (1987).

8. N.P. Mukherjee and P. Bhattacharya, On the normal index of a finite group,

Pacific J. of Math. 132, 143-149 (1988).

9. J. Rose, The influence on a group of its abnormal structure, J. London Math.
Soc. 40, 348-361 (1965).

10. J. Rose, On finite insoluble groups with nilpotent maximal subgroups.
J. Algebra 48, 182-196 (1977).

11. J.G. Thompson, Normal p-complements for finite groups, J. Algebra 1, 43-46
(1964).



Mathematical Problems in Engineering

Special Issue on
Time-Dependent Billiards

Call for Papers

This subject has been extensively studied in the past years
for one-, two-, and three-dimensional space. Additionally,
such dynamical systems can exhibit a very important and still
unexplained phenomenon, called as the Fermi acceleration
phenomenon. Basically, the phenomenon of Fermi accelera-
tion (FA) is a process in which a classical particle can acquire
unbounded energy from collisions with a heavy moving wall.
This phenomenon was originally proposed by Enrico Fermi
in 1949 as a possible explanation of the origin of the large
energies of the cosmic particles. His original model was
then modified and considered under different approaches
and using many versions. Moreover, applications of FA
have been of a large broad interest in many different fields
of science including plasma physics, astrophysics, atomic
physics, optics, and time-dependent billiard problems and
they are useful for controlling chaos in Engineering and
dynamical systems exhibiting chaos (both conservative and
dissipative chaos).

We intend to publish in this special issue papers reporting
research on time-dependent billiards. The topic includes
both conservative and dissipative dynamics. Papers dis-
cussing dynamical properties, statistical and mathematical
results, stability investigation of the phase space structure,
the phenomenon of Fermi acceleration, conditions for
having suppression of Fermi acceleration, and computational
and numerical methods for exploring these structures and
applications are welcome.

To be acceptable for publication in the special issue of
Mathematical Problems in Engineering, papers must make
significant, original, and correct contributions to one or
more of the topics above mentioned. Mathematical papers
regarding the topics above are also welcome.

Authors should follow the Mathematical Problems in
Engineering manuscript format described at http://www
.hindawi.com/journals/mpe/. Prospective authors should
submit an electronic copy of their complete manuscript
through the journal Manuscript Tracking System at http://
mts.hindawi.com/ according to the following timetable:

December 1, 2008
March 1, 2009

‘ Manuscript Due

‘ First Round of Reviews

June 1, 2009

‘ Publication Date

Guest Editors

Edson Denis Leonel, Departamento de Estatistica,
Matemadtica Aplicada e Computagdo, Instituto de
Geociéncias e Ciéncias Exatas, Universidade Estadual
Paulista, Avenida 24A, 1515 Bela Vista, 13506-700 Rio Claro,
SP, Brazil ; edleonel@rc.unesp.br

Alexander Loskutov, Physics Faculty, Moscow State
University, Vorob’evy Gory, Moscow 119992, Russia;
loskutov@chaos.phys.msu.ru

Hindawi Publishing Corporation

http://www.hindawi.com



http://www.hindawi.com/journals/mpe/
http://www.hindawi.com/journals/mpe/
http://mts.hindawi.com/
http://mts.hindawi.com/

	1Call for Papers-4pt
	Guest Editors

