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ABSTRACT. Let F (a,8,M) (0 € p<1, |a|] < 2, 0<B<1and M>,), denote the
class of functions f(z) which are regular in U = {z.l | < 1} and of the form

f(z) = z + |32| e iazz + ¢ses, where 'azl = p(1 + g) (1-B) cos &, which satisfy for

fixed M, z = re19 € U and

eiﬁ_EELLE) - B cosa - 1 sin a
| £(z) -M | <H
! (1-B)cosa *

In this paper we have found the sharp radius of y-spiralness of the functions
belonging to the class Fp(a,B,H).
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1. INTRODUCTION. Let A denote the class of functions which are regular and univalent
in the unit disc U = {z:|z| < 1} and satisfy the conditions £(0) = 0 = £'(0)-1.

Let F(a,B,M)('a' <-E, 0<B<1land M > U@ denote the <class of bounded
a-spirallike functions of order B, that is f € F(a,B,M) if and only if for fixed M,

1a z:(ii) - Bcosa -1 sin a

| GFcosa -M| <M, z e (1.1)

The class F(a,B,M) introduced by Aouf [1], he proved that if

f(z) =z + a 22 + ++. € F(a,B,M) then,

2

lay] < (1 + 0)(1-8) cos @, 0= 1 - L. (1.2)
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a 2

f—(si‘-)- =z + |a2| e 192 4 ... € F(a,8,M),

If € = exp(-1 arg a, - ia), then

2
whenever £(z) € F(a,8,M). Thus without loss of generality we can replace the second

coefficient a, of f(z) € F(a,B8,M) by |azl e-i“.

2

Let FP(G,B,M) denote the class of functions f£(z) = z + laz' e-iaz2 + oeeee,

which satisfy (1.1), where '32l = p(l +a)(1 - B) cos a. In view of (1.2) it
follows that 0 < p < 1.

Let GP(G,B,M) denote the class of functions g(z) = z + |b2' e'iQZZ + ..., regular
in U and satisfy the condition

eia(l+ E&:iil) ~ Bcosa-i sin a

1]
! (1-5)(:33 a -M| <M, zeu, (1.3)
1 p(1+9)(1-B) cos a.
where |b2| -3
It follows from (l.1) and (1.3) that
g(z) € Gp (a«,B,M), 1f and only if zg“(z) € FP(G,B,M). (1.4)

We note that by giving specific values to p,a,B and M, we obtain the following
important subclasses studied by various authors in earlier papers:

) FI(G,B.H) = FH(G,B) and Gl(a,B,M) = GM(a.B), are respectively the class of
bounded spirallike functions of order B and the class of bounded Robertson functions
of order B investigated by Aouf [1] and Fl(u,O,M) - Fa,M and Gl(a,O,M) = Ga,u’
are respectively the class of bounded spirallike functions and the class of bounded

Robertson functions investigated by Kulshrestha [2].

(1) Fp(a,B,“) - FP(G,B) and Gp(a,B,’) = Gp(a,B,), are considered by Umarani
[3] 3

In this paper we determine the sharp radius of y-spiralness of the functions
belonging to the class Fp(u,B,M), generalizing an earlier result due to Kulshrestha
[2], Libera [4], Umarani (5,3].

The technique employed to obtain this result is similar to that used by McCarty
[6] and Umarani [3].

2. THE SHARP RADIUS OF Y-SPIRALNESS OF THE CLASS Fp(a,B,M), M> 1.

zf7(z)
f(z)

LEMMA L. If £(2) € F (a,8,) ¥ > 1, then | vl <o, (2.1)
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where

(1+pr) + {[Q- B)( ) -1] cos a-i sin a} e rz(r+p)2
w, = (2.2)
(I-r )(1+2pr +r )

and
(1+0)(1—B)cosa t(lfpr)(r+p)

(l-r )(1+2pr+r )

(2.3)

This result is sharp.

PROOF. Let f(z) € F (u B,M), M > 1. , then there exists a function w(z) analytic
in U and 'w(z)| <1in U such that

1+ (-89 1) ow(z)

1 - ow(z)

ia 2f7(z) (
LN

1
£z - cos @ }+ 1 sina, 0 =1 m

or
28°(2) _ 1+ {[Q- B)( ) -1] cos a -1 sin a} e cw(z) .
£(z) 1 -0 w(z)
Solving for w(z),
2f7(z) _ 1
f(z)
w(z) = .
o[zg(() + {[1- B)( ) -1] cos a-i sin a}l e 1“]
Since f(z) = z + laz|e_iazz + .o., we obtain w(z)=pz + ... = z¢(z), where ¢(z)
is analytic in U, ¢(0) = p and |¢(z)| < 1in U. Now %é%%%fy z. Therefore
z| +p |Z| +p
¢(z) %-P—. Also 'w(z)l = |z¢(z)| <L 'zl . Let g(z) =— 2
pz 1+ 'zlp l+p|z|
and

1+ {[(I—B)(l%g)—ll cos a -i sin a} e-iau z

1 - oz

h(z) =

Since the image of lz' < r under g(z) 1is a disc and h(z) 1is a bilinear

z£°(z)

transformation, then —??;3—-13 subordinate to (hog) (z). That is, the image of

'z' < r under zﬁ(ii) is contained in the image of 'z‘ < r under (hog)(z).

Equality in (2.1) can be attained by a function

(1+°)(1 -B)cosae -ia
£(z) = z(l-2poz+oz ) (2.4)
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= z + p(l+0) (1-B)cosa e1a,2

+eoe . 3

hence

zf°(z)_ _1-2po z+022-(1+0)(l-8)cosa e_iaz(z—p)
£(z) 1-2p gz + 0z2

-ia
1 + 0 y=(1+6)(1-B)cos a e
= 1 + oy ’ (2.5)

where ¢ = %%%ggl

Since p<1,0<a< 1, |[y| <1 for zeu.

This shows that

1+ (- EDa-8)1 ow(z)

fa E%%£§)- cosa {- TF ov(2) } + 1 sin a
and
ta 3§%§§) - 1 sina-Bcosa 1 -y(z)
(1-B)cosa = T+oy(z) °

1 - 9(z) _ R §
Then it is easy to show that ‘T—:fsngy M‘ (M, o 1 ¥ Thus f € Fp(a,B,M).

8(6 - ¢ ei“) r(c+p)
Substituting ¢ = - Ta where § = T;——B— in (2.5), we find that
o(1-08e™% P

lzf‘(z)

IO wol-po, where v, and p, are given by (2.2) and (2.3).

This completes the proof of the lemma.

REMARK 1.

(i) If p=1 and B=0 in Lemma 1, we obtain a result of Kulshrestha [2].
(ii) If M = »(0o=1) in Lemma 1, we obtain a result of Umarani [3].
(1i1)If a=0 and M=®(0=1) in Lemma 1, we obtain a result of McCarty [6].
THEOREM 1. If f(z) ¢ Fp(a,B.M), > 1, then f(z) is y-spiral

'z| < ry, where r_ 1is the smallest positive root of the equation

Y
cos Y +p [2 cos Y - (1+0)(1-B)cosalr +

[p2 cos Y + cp2 -(1 + 0)(1-B)cos a(l+ Pz)] r2

+p [2c—(1+0)(1-B)cosa]r3 + cr4=0, (2.6)
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where c¢ = cos(Y=-2a) + [(1- 8)( ) 2] cos a cos(y-a). The result is sharp.
PROOF. Let f(z) € Fp(a,B,M), M > 1, then by the above Lemma, we have

£7(z)_
lzf(z; ' <e o’

1y z£f°(2) iy

H > . -
ence Re e £(2) Re e wo po

1+o i(Y a) 2

cos Y (1+pr) +Re {[(1-B)(—) -1] cosa-i sin a} e (r+p)

—(1+0)(1-8)cosar(1+pr)(r+p) )
(1 -r )(1 + 2pr +r )

l+0

cos Y(1+pr)2+ {cos(v-2a) + [(1-B)(—)-2] cos @ cos (Y—q)}r (r+p)

-(l+0)(l B)cosa r(1+pr)(r+p) 1. 2.7)
(l -r ) (1 +2pr+r )

f(z) is v-spiral if the R.H.S. of (2.7) is positive. Hence f(z) is Yv-spiral for

lzl < Ty where rY is the smallest positive root of the equation
cos Y (l+pr) +{cos(y-2a)+ [(1- B)( ) 2] cosa cos(y-a)}. r (r+p)
-(1+0) (1-B)cosa r(l+pr) (r+p) = O.

Simplifying the above equation, we obtain (2.6).

If Y=0 in the above theorem, we obtain the radius of starlikeness of the class
Fp(a,B,M).
COROLLARY 1. £(z) € F (a,B,), M > 1, is starlike for Jz| < r,» where r_

is the least positive root of the equation
1+p [2-(1+0)(1-B)cosa]r +
(lgg)(l-ﬂ) cos a [cos cpz -0 (l+p2)]r2+
pl2c-(1+0) (1-B)cos a] r3+cr4 =0, (2.8)

where ¢ = (lgg)(l-ﬂ) cosza -1.

If p=1, Y=0 and B=0 in Theorem 1, we obtain a result of Kulshrestha [2].
COROLLARY 2. f(z) € Fa M’M > 1, is starlike for |z| < To» where r, is the
’

least positive root of the equation

1-(140)cos @ t+((l%g)cosza - 1] r2-0.
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REMARK 2.

(1) If M= (o=1) in Theorem 1, we obtain a result of Umarani [3].

(11) If p=1 and M=~ (0=1) in Theorem 1, we obtain a result of Libera [4] and
Umarani [5].

(1i1) If p=1, B=0, Y=0 and M== (0=1) in Theorem 1, we obtain a result of
Robertson [7].

Since g(z) € Gp(a,B,H) if and only 1f 2g°(z) € Fp(u,B,M)we obtain from Theorem 1,
"
THEOREM 2. If g(z) & G_(a,8,4), M > 1, then Re Ta +1§-,-%) > 0 for

'zl < L where T is the least positive root of equation (2.6).
The result is sharp.

If Y=0 in Theorem 2, we obtain the radius of convexity of the class Gp(a,B,H).

COROLLARY 3. If g(z) ¢ Gp(a,B,M), M > 1, then the radius of convexity of g(z) is
the least positive root of equation (2.8).

REMARK 3.

(1) For M== (o=1) in Theorem 2, and Corollary 3, we obtain a results of Umarani
[3].

(i1) If p=1 and B=0 in Corollary 3, we obtain a result of Kulshrestha [2].

(111)For p=1 and M== (o=1), Theorem 2, generalizes the result of Umarani [5].

REFERENCES

1. AOUF, M.K. Bounded p-valent Robertson functions of order a, Indian J. of Pure
and Appl. Maths., 16 (1985), 775-790.

2. KULSHRESTHA, P.K. Bounded Robertson functions, Rend. di Matematica, (6)9,
(1976), 137-150.

3. UMARANI, PR.G. Spiral-like functions with fixed second coefficient, Indian J.
Pure appl. Math. 13(3) (1982), 370-374.

4. LIBERA, R.J. Univalent oa-spiral functions, Canad. J. Math. 19 (1967), 449-456.

5. UMARANI, P.G. Some studies in univalent functions, Ph.D. Thesis, Karnataka
University, Dharwad (1976).

6. McCARTY, C.P. Two radius of convexity problems, Proc. Amer. Math. Soc. 42
(1972), 153-160. -

7. ROBERTSON, M.S. Radii of starlikeness and close-to-convexity, Proc. Amer. Math.
Soce 16 (1965), 847-852.




Mathematical Problems in Engineering

Special Issue on

Modeling Experimental Nonlinear Dynamics and

Chaotic Scenarios

Call for Papers

Thinking about nonlinearity in engineering areas, up to the
70s, was focused on intentionally built nonlinear parts in
order to improve the operational characteristics of a device
or system. Keying, saturation, hysteretic phenomena, and
dead zones were added to existing devices increasing their
behavior diversity and precision. In this context, an intrinsic
nonlinearity was treated just as a linear approximation,
around equilibrium points.

Inspired on the rediscovering of the richness of nonlinear
and chaotic phenomena, engineers started using analytical
tools from “Qualitative Theory of Differential Equations,”
allowing more precise analysis and synthesis, in order to
produce new vital products and services. Bifurcation theory,
dynamical systems and chaos started to be part of the
mandatory set of tools for design engineers.

This proposed special edition of the Mathematical Prob-
lems in Engineering aims to provide a picture of the impor-
tance of the bifurcation theory, relating it with nonlinear
and chaotic dynamics for natural and engineered systems.
Ideas of how this dynamics can be captured through precisely
tailored real and numerical experiments and understanding
by the combination of specific tools that associate dynamical
system theory and geometric tools in a very clever, sophis-
ticated, and at the same time simple and unique analytical
environment are the subject of this issue, allowing new
methods to design high-precision devices and equipment.

Authors should follow the Mathematical Problems in
Engineering manuscript format described at http://www
.hindawi.com/journals/mpe/. Prospective authors should
submit an electronic copy of their complete manuscript
through the journal Manuscript Tracking System at http://
mts.hindawi.com/ according to the following timetable:

Manuscript Due December 1, 2008

First Round of Reviews | March 1, 2009

Publication Date June 1, 2009

Guest Editors

José Roberto Castilho Piqueira, Telecommunication and
Control Engineering Department, Polytechnic School, The
University of Sdo Paulo, 05508-970 Sao Paulo, Brazil;
piqueira@lac.usp.br

Elbert E. Neher Macau, Laboratério Associado de
Matemadtica Aplicada e Computagdo (LAC), Instituto
Nacional de Pesquisas Espaciais (INPE), Sdo Jose dos
Campos, 12227-010 Sao Paulo, Brazil ; elbert@lac.inpe.br

Celso Grebogi, Center for Applied Dynamics Research,
King’s College, University of Aberdeen, Aberdeen AB24
3UE, UK; grebogi@abdn.ac.uk

Hindawi Publishing Corporation

http://www.hindawi.com



http://www.hindawi.com/journals/mpe/
http://www.hindawi.com/journals/mpe/
http://mts.hindawi.com/
http://mts.hindawi.com/

	1Call for Papers4pt
	Guest Editors

