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1. Introduction

The Banach contraction principle is one of the most fundamental fixed point theorems.

TaEOREM 1.1 (Banach contraction principle). Let (X,d) be a complete metric space, and
let f : X — X be a map. If there exists a constant ¢ € [0,1) such that

d(f(x), f(y)) <c-d(x,), (C.1)

then f has a unique fixed point u, and lim,_.. f"(y) = u for each y € X.

Since the publication of this result, various authors have generalized and extended it
by introducing weakly contractive conditions. In [1], Rhoades gathered 25 contractive
conditions in order to compare them and obtain fixed point theorems. Collago and Silva
[2] presented a complete comparison for the maps numbered (1)—(25) by Rhoades [1].

One of the methods of alternating the Banach contractive condition is not to com-
pare d(f(x), f(y)) with d(x, y), but compare d(f?(x), f1(y)) with the distances between
any two points in O,(x, f) U O4(y, f), where p > 1 and g > 1 are given integers, and
Op(x, f) = {x, f(x),..., fP(x)} (e.g., see [3-6]).
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The generalized banach contraction conjecture was established in [7-10], of which
the contractive condition is min{d(f*(x), f*(y)):1 <k <J} <c-d(x,y), where ] is a
positive integer.

A further method of alternating the Banach contractive condition is to change the
constant ¢ € [0, 1) in the contractive condition into a function (e.g., see [11-14]).

The third method of alternating the Banach contractive condition is to compare not
only d(f?(x), f4(y)) with the distances between any two points in O,(x, f) U O4(y, f),
but also d( f?(x), f 1(y)) with the distances between any two points in O(x, f) U O i, f),
where O(x, f) = {f"(x):n=0,1,2,...} (e.g., see [6, 15, 16]).

Following the above three methods of generalizing the Banach contraction principle,
we present some of fixed point theorems under some relatively weaker and more general
conditions.

2. Weakly contractive maps with the infimum of orbital diameters being 0

Throughout this paper, we assume that (X, d) is a complete metric space, and f : X — X is
amap. Given a subset Xy of X, denote by diam(X,) the diameter of Xy, that is, diam(X,) =
sup{d(x,y):x,y € Xo}. For any x € X, write O(x) = O(x, f) = {x, f(x), f2(x),...}. O(x)
is called the orbit of x under f. O(x) is usually regarded as a set of points, while sometimes
it is regarded as a sequence of points. Denote by Z. the set of all nonnegative integers,
and denote by N the set of all positive integers. For any n € N, write N,, = {1,...,n}. For
n € Z,, write Z, = {0,1,...,n}, and O,(x) = O, (x, f) = {x, f(X),..., f"(x)}
For any given map f : X — X, define p: X — [0, o] as follows:

p(x) = diam(O(x, f)) = sup {d(fi(x), f/(x)) :i,j € Z,} foranyx e X. (%)

Definition 2.1 (see [16]). Let (X,d) be a metric space, and let f : X — X be a map. If for
any sequence {x,} in X, lim,_. p(x,) = p(x) whenever lim, .., x, = x, then p is called to
be closed, and f is called to have closed orbital diametral function.

That f has closed orbital diametral function means p : X — [0, ] is continuous. It is
easy to see that “f is continuous” and “f has closed orbital diametral function” do not
imply each other.

THEOREM 2.2. Let (X,d) be a complete metric space, and suppose that f : X — X has closed
orbital diametral function or f : X — X is continuous. If there exist a nonnegative real num-
ber s, an increasing function y : (0,00) — (0,11, and a family of functions {y;; : X x X —
[0,1):4,7=0,1,2,...} such that, for any x,y € X,

> 2 yiiley) < 1-p(d(x, y)), (2.1)
i=0 j=0
A7 L) =5+ [ 4]+ D yylond (£, f10), (22
i=0 j=0

then f has a unique fixed point if and only if inf{p(x) :x € X} =0
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Proof. The necessity is obvious. Now we show the sufficiency.

For each n € N, since inf{p(x) : x € X} = 0, we can choose a point v, € X such that
p(vy) < 1/n. We claim that vy,v,,... is a Cauchy sequence of points. In fact, if v1,va,... is
not a Cauchy sequence of points, then there exists § > 0 such that, for any k € N, there
are i,j € N with i > j > k satisfying d(v;,v;) > 30. Let o = (8). Choose k € N such that
2(s+1)/k < 8po/2, and choose n > m > k such that d(vy, vy,) > 36. Then for any x € O(v,)
and any y € O(v,,), we have

d(x,y) = d v, vm) —p(vu) — p(vim) >38—%—% >0, (2.3)

this implies 3.7 >\ yij(x, ) < 1 - u(d(x, y)) < 1 — o, and hence

d(f(), f(3)) <5+ [px) +p(N]+2. > yij (6, y)[d(x, y) +p(x) +p(y)]

i=0 j=0
<(s+D[px)+p(» ]+ (1 —po)d(x,y)
<(s+1)[p(vn) +p(vim) | + (1 = po)d(x, y) (2.4)

2(s+1)
k

< (1—%)61(96,)/).

It follows from (2.4) that lim;—.. d(f (vs), f*(Vin)) = lim;— (1 — o/2)" - d(vy, Vi) = 0. But
this contradicts (2.3).

Thus vy, vs,... must be a Cauchy sequence of points. We may assume that it converges
to w.

+ (1= po)d(x,y) < % + (1= po)d(x,y)

Case 1. If f has closed orbital diametral function, then the function p is closed. Noting
that p(v,) < 1/n, we have p(w) = lim,_« p(v,) = 0, which implies that w is a fixed point
of f.
Case 2. If f is continuous, then lim,_.. f(v4) = f(w). Since d(v,, f (v)) < p(vy) < I/n,
we get limy,—.o d(vy, f(v,)) = 0, and then d(w, f(w)) = 0. Hence w is a fixed point of f.
Thus in both cases w is a fixed point of f.
Suppose u is also a ﬁxed point of f. If u # w, then by (2.2) and (2.1) we can obtain
d(u,w) = d(f(u), f(w <(0+0)+[1 —u(d(u,w))] - d(u,w) < d(u,w), which isa con-
tradiction. Hence u = w, and w is the unique fixed point of f. Theorem 2.2 is proved. [J

THEOREM 2.3. Let (X,d) be a complete metric space, and suppose that f : X — X has closed
orbital diametral function or f : X — X is continuous. If there exist s = 0 and t € [0, 1) such
that, for any x,y € X,

d(f(x), f(y) <s-[p(x)+p(y)] +t-max{d(f'(x),f/(y)):i€Z,j€Z}, (2.5)

then f has a unique fixed point if and only if inf {p(x) : x € X} =
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The proof of Theorem 2.3 is similar to that of Theorem 2.2, and is omitted.
In [16], Sharma and Thakur discussed the condition

d(f(x), f(y)) <ad(x,y)+bld(x, f(x)) +d(y, f(y))]
+e[d(x f(9) +d(y, f(x)) ] +eld(x, f2(x) +d(y, 2 ()] (©
+gld(f(x), f2(x) +d(f(y), f2(x))],

where g, b, ¢, e, g are all nonnegative real numbers with 3a+2b+4c+5e+3g < 1.

In Theorem 2.2,sets=b+e+g, u=1—-(a+2c+g), Yoo =4 Yo1 = Y10 =6 Y21 = &>
and y;; = 0, otherwise. Then (C) implies (2.2). In Theorem 2.3, set s = b+e+g, and
t =a+2c+g. Then (C) implies (2.5), too. Thus, by each of Theorems 2.2 and 2.3, we can
obtain the following theorem, which improves the main result of Sharma and Thakur
[16].

THEOREM 2.4. Suppose that (X,d) is a complete metric space, and f : X — X has closed
orbital diametral function. If (C) holds for any x,y € X with a+2c+g < 1, then inf{p(x) :
x € X} =0ifand only if f has a fixed point.

3. Weakly contractive maps with an orbit on which the moving distance being bounded

In Theorems 2.2 and 2.3, to determine whether f has a fixed point or not, we need the
condition that the infimum of orbital diameters is 0. In the following, we will not rely on
this condition and discuss some contractive maps whose contractive conditions are still
relatively weak. Throughout this section, we assume that f : X — X is continuous.

Let f : X — X be a given map. For any integers i > 0, j > 0, and x, y € X, write

dij(x) = dijf(x) = d(f'(x), f1(x)),
dij(x,y) = dij(x,y) = d(f(x), f1(y)).

(")

Definition 3.1. Let Y ¢ X, k € N, and g: X — X be a self-mapping. If sup{d(g*(y), ) :
y € Y} < o0, then the moving distance of g on Y is bounded.

Obviously, we have the following.

ProrositioN 3.2. Let m € N. If g(Y) C Y and the moving distance of g on Y is bounded,
then the moving distance of g™ on Y is also bounded.

However, the converse of the above proposition does not hold. In fact, we have the
following counterexample.

Example 3.3. Let R = (—o0,+c0). Define f : R — R by

f(x)=-x forxeR. (3.1)
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It is easy to see that the moving distance of f? on R is bounded (equal to 0), while the
moving distance of f on R is unbounded.

THEOREM 3.4. Let m, n be two given positive integers, and let d;;(x) be defined as in (*').
Suppose there exist nonnegative real numbers ag,ay,a,,... with 3. ya; < 1 such that

dn+m,n(x) = Zaidﬁm,i(x) VxeX. (32)
i=0

Then the following statements are equivalent:
(1) f has a periodic point with period being some factor of m;
(2) thereis an orbit O(v, f) such that the moving distance of f™ on O(v, f) is bounded;
(3) f has a bounded orbit.

Proof. (1)=(3)=(2) is clear. Now we prove (2)=(1). Let a = >.;" a;, then a € [0,1). If
a =0, then (2)=(1) holds obviously, and hence we may assume a € (0,1). Let b; = ai/a,
then . b; = 1. By (3.2) we get

Apsmn(x) <a- Z bidiim,i(x) foranyx e X. (3.3)

i=0
Assume {d(f"(y),y):y € O(v, f)} is bounded. We claim that
doiman(v) < a-max {dim;(v) i € Z,_1}. (3.4)

In fact, if (3.4) does not hold, then by (3.3) there exists j > n such that

1
dj+m,j(V) = E " dn+m,n(v) > 0:

) (3.5)
di+m,i(V)< ; 'dn+m,n(v)) 1=0,1,,J—1
Combining (3.5) we obtain
dj+m,j(v) >a- maX{de,i(V) S ijl}- (36)
Similarly, we can obtain an infinite sequence of integers jo < j; < j, < - - - satisfying
1
jrm,j (v) = B dimj, V), k=1,2,3,.... (3.7)

However, this contradicts to that {d(f™(y),y): y € O(v, f)} is bounded. Therefore, (3.4)
must hold.
Forany k € Z4, O(f¥(v), f) < O(v, f). Replacing v in (3.4) with f¥(v), we have

Apimknsk(V) < a - max{diymikisk(v) 11 € Z, 1} (3.8)
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Write b = max{dj;m,i(v) :i € Z,_}. For j =0,1,2,...,n — 1, by (3.8) we can successively
get

dn+j+m,n+j (V) =< ab)

d2n+j+m,2n+j(v) <a’b, (3.9)

In general, we have
it jempens (V) < a¥b,  k=1,2,.... (3.10)

Therefore, it follows from 0 < a < 1 and (3.10) that v, f™(v), f>"(v), f>™(v),... isa Cauchy
sequence. We may assume it converges to w € X. Then f"(w) = w, and hence w is a pe-
riodic point of f with period being some factor of m. Theorem 3.4 is proved. g

As a corollary of Theorem 3.4, we have the following.

TueOREM 3.5. Let n be a given positive integer, and let d;j(x) be defined as in (*'). Suppose
there exist nonnegative real numbers ag, a1, ay,... with 3> g a; < 1 such that

dun(x,y) < Zaidii(x,y) forany x,y € X. (3.11)
i=0

Then the following statements are equivalent:
1) f has a fixed point;
(2) f has an orbit O(v, f) such that for some m € N the moving distance of f™ on
O(v, f) is bounded; and
(3) f has a bounded orbit.

Proof. (1)=(3)=(2) is clear. It remains to prove (2)=(1). Suppose the moving distance
of f™ on O(v, f) is bounded. Let x = f™(v), y = v, then (3.11) implies (3.2). Therefore,
by Theorem 3.4, there exists w € X such that f"(w) =w

Since O(w, f) is a finite set, there exist p,q € N such that d,(w) = p(w). By (3.11) we
have

pw) = dpg(w) = du (f"~ D742 (w), f7=114 ()

Szaidii( (m=1)ntp (1), fm ln+q(w) <Zaz) - p(w). (3.12)
i=0

Therefore, it follows from >.” ja; < 1 that p(w) =0. Hence w is a fixed point of f. Theorem
3.5 is proved. O

Remark 3.6. In Theorem 3.5, from (3.11) it follows that f has at most one fixed point,
and f has no other periodic point except this point.
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Remark 3.7. Equation (3.11) implies that

dun(x,y) < (ia,) diam(O(x, f)UO(y, f)) foranyx,y € X, (3.13)

i=0

which is still a particular case of the condition (C3) introduced by Walter [6]. However,
all orbits of f are assumed to be bounded in Walter’s [6, Theorem 1], while it suffices
to assume that f has a bounded orbit in Theorem 3.5. Thus, Theorem 3.5 cannot be
deduced from [6, Theorem 1] as a particular case.

Example 3.8. Let X = [0,+0) C R, and let f(x) = 2x for any x € X. It is easy to see that
O(0, f) is the unique bounded orbit of f, and for n =1, (3.11) is satisfied with a; =
(17251 (i=0,1,2,...).

THEOREM 3.9. Let m, n be two given positive integers, v € X, and let d;;(x) be defined as in

(*'). Suppose there exist nonnegative real numbers ag,ay,a,...,an—1 With Z:’:_Ol a; <1 such
that

n—1

Apimn(x) < Z aidizmi(x) forany x € O(v, f). (3.14)

i=0

Then the moving distance of f™ on O(v, f) is bounded.

Proof. Write b = max{diim,i(v):i € Z,_1}. Leta = Z?:_Ol aj, then a € [0,1]. Without loss
of generality, we may assume, by increasing one of the numbers ag,a;,az,...,a,-; if nec-
essary, that a = 1. For j = n,n+1,n+2,..., by (3.14) we can successively get

djm;(v) <b. (3.15)

By (3.15) we have d(f™(y), y) < b for any y € O(v, f). Therefore, the moving distance
of f™ on O(v, f) is bounded. Theorem 3.9 is proved. O

By Theorems 3.9 and 3.4, we can immediately obtain the following.

CoroLLARY 3.10. Let m, n be two given positive integers, and let d;j(x) be defined as in

(*'). Suppose there exist nonnegative real numbers ag,ay,az,...,d,—1 With Z;L_Ol a; <1 such
that

n—1
Aprmn(x) < Z Aidiymi(x) foranyx € X. (3.16)
i=0

Then f has a periodic point with period being some factor of m.

CoroLLARY 3.11. Let m, n be two given positive integers, v € X, and let d;j(x) be defined
as in (x"). Suppose there exist nonnegative real numbers ag,a,az,...,an—1 and by, by, ba,. ..
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with Zf’z_ol a; < 1and Z;OZO bj < 1 such that, for any x € O(v, ),

n—1

Animn(x) < min{ > aidiim,i(x), > bjdjim) (X)}- (3.17)
)

i=0
Then the moving distance of f on O(v, f) is bounded.

Proof. 1t follows from (3.17) and Theorem 3.9 that the moving distance of f™ on O(v, f)
is bounded. Therefore, by (3.17) and the proof of Theorem 3.4, v, f”’(v),fzm(v),. .. con-
verges to a k-period point w of f, where k is a factor of m. Hence (v, f (v), f2(v),...) (re-
garded as a sequence of points) converges to the periodic orbit O(w, f). Thus O(v, f) is
bounded, and the moving distance of f on O(v, f) is bounded. Corollary 3.11 is proved.

O

Coefficients in the preceding contractive conditions (3.2), (3.11), (3.14), (3.16), and
(3.17) are all constants. Now we discuss the cases in which coefficients are variables.

THEOREM 3.12. Let m, n be two given positive integers, and let d;;(x) be defined as in (*').
If there exists a decreasing function y; : [0,00) — [0, 1] for each i € Z. satisfying

Zy,-(t) <1 foranyt>0, (3.18)
i=0
such that

&)

(%) < D Yi(dizmi(x)) - diemi(x)  forany x € X, (3.19)

i=0

then lim; . dism,i(v) = 0 for any v € X if and only if the moving distance of f™ on O(v, f)
is bounded.

Proof. The necessity is obvious. Now we show the sufficiency. For any i € Z,, we may
assume 9;(0) = lim,_,y;(¢), and

yi(t) = for any t > 0. (3.20)

yi(0)

2
In fact, if it is not true, we may define y; : [0,00) — [0,1] by p;(0) = lim,—,o y:(¢) and
y; () = max{y;(¢),y;(0)/2} (for any ¢ > 0), and replace y; with y;, then both (3.18) and
(3.19) still hold.

Let ¢ = limsup, ., dixm,i(v). Since {d(f™"(y),y):y € O(v, f)} is bounded, ¢ < oo. As-
sume ¢ > 0. Let a; = yi(¢/2),and a = >,y a;, then a < 1. Choose § > 0 such that a(c + ) <
¢ — §. Choose an integer k > n such that diyux(v) > ¢ — 8 and sup{djyp,j(v): j =k —n} <
c+ 0. Write

M, = {i >0 dimi(f5"(v)) > %},

I

(3.21)
M= {i > 0 disi (1)) <

\CRY
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By (3.19) we get

¢ =8 < dkrmk(V) = duemn (f*" (V) < D Yidiemi (F5"0)) + dipmi (5" (0)
i=0

(Z Z)yz (i (f5())) - diemi (F*" ()

ieM, ieM,

< S u(5)- 40+ S0 § = 3n(5) - cr0) materd<e-a,

ieM, i€EM,
(3.22)

which is a contradiction. Thus we have ¢ = 0. Theorem 3.12 is proved. O

Remark 3.13. In Theorem 3.12, if (3.2) does not hold, then only by (3.18) and (3.19) it is
not enough to deduce that f has periodic points. Now we present such a counterexample.

Example 3.14. Let X = {\/n:n € N}, then X is a complete subspace of the Euclidean
space R. Define f : X — X by f(/n) = /n+1 (for any n € N), then f is uniformly con-
tinuous. For any k > 1, take yx(t) = 0 (for any t > 0). Let ¢, = (Vm+n+k—~n+k)/
(v/m+k—+/k), then {ck};, is an increasing sequence. Choose arbitrarily a decreasing
function yp : [0,00) — [0,1] such that yo(v/m +k — Vk) = ¢, then both (3.18) and (3.19)
hold for any x € X. However, it is clear that f has no periodic points.

4. Weakly contractive maps with bounded orbits

Throughout this section, we assume that (X,d) is a complete metric space,and f : X — X
is a continuous map. For any given f, let d;;(x, y) be defined as in (*).

TaEOREM 4.1. Let p, q be two given positive integers. Assume there exist decreasing functions
yij : [0,00) = [0,1] for all (i, j) € 77 satisfying

Z Z)/ij(t) <1 foranyt>0, (4.1)

i=0 j=0

such that

nMg

dpg(x,y) < Z (dij(x,y)) - dij(x,y) foranyx,y € X. (4.2)

Then f has at most one fixed point, and f has a fixed point if and only if f has a bounded
orbit.

Proof. Tt follows from (4.2) that f has at most one fixed point. If f has a fixed point w,
then O(w, f) is bounded. Conversely, suppose f has a bounded orbit O(v, f). Write v; =
fi(v). Let ¢ = lim;j—. p(v;), then ¢ < 0. If (v, ¥, v2,...) is not a Cauchy sequence of points,
then ¢ > 0. Analogous to the proof of Theorem 3.12, we may assume y;;(t) > y;;(0)/2 for
any (i,j) € Z3 and t > 0. Let a = 3.7, X7 ij(c/2), then a < 1. Choose § >0 such that
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a(c+6) <c—4. Choose n >k > p+q such that d(v,,v) >c— 6 and p(O(vk—p—g, f)) <
c+3. By (4.2) we get

c=38<d(vmvk) = dpq(vn P> Vi q Z ZY’J ij (Vno p>Vk— q)) 'dij(vnfp)kaq)- (4.3)
i=0 j=0

Furthermore, similar to (3.22), splitting the sum on the right of (4.3) into two sums
according to whether d;;(v,—p,vk_q) is greater than ¢/2 or not, we get

c—6<ZZy,]< ) (c+6)=alc+d)<c—6, (4.4)

i=0 j=0

which is a contradiction. Thus v, v, vs,... is a Cauchy sequence of points. Assume it con-
verges to w. By (4.2) we have

limd (vi1,vi) —hmdpq(vm prVig) = 0. (4.5)

j— o0

Therefore, by the continuity of f we conclude that w is a fixed point of f. Theorem 4.1 is
proved. O

Appendix

Weakly contractive maps with the infimum of orbital diameters being 0 were also dis-
cussed in [17], of which the following two theorems are the main results.

THEOREM A.1 (see [17, Theorem 2]). Suppose that (X,d) is a complete metric space, and
f:X — X is a continuous map. Assume there exist a; = 0 (i = 0,1,...,10) satisfying
3a9+ay +ay +2as+2a4+2as +3ag + a; +2ag + 4ag + 6410 < 1 (A.1)

such that, for any x,y € X,

d(f(x), f(y)) < apd(x,y) +ard(x, f(x)) +axd(y, f(y)) +asd(x, f(¥))
+asd(y, f(x)) +asd(x, f2(x)) +asd (y, f2(x)) +azd (f (x), f2(x))

+agd(f (), f2(x)) +asd (f2(), £ (x)) + arod (> (), f*(x)).
(A.2)
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Then the following three statements are equivalent:
1) f has a fixed point;
(2) infld(x, f(x)):x € X} =
(3) inf{p(x):x€X} =0

THEOREM A.2 (see [17, Theorem 4]). Suppose that (X,d) is a complete metric space, and
f:X — X is a continuous map. Assume there exist ¢; = 0 (¢; = 0,1,...,6) and bj >0(j=
0,1,...,k) satisfying

k
3C0+Cl+C2+2C3+2C4+C5+3C6+2b0+22jb]‘S1 (A3)
j=1

such that, for any x,y € X,

d(f(x), f(y)) < cod(x,y)+crd(x, f(x)) +c2d (y, f(¥))

+c3d(x, f(y)) +C4d(x f2 (x) )+65d(f(x),f2(x))
(A.4)

+eed(y, fA(x zb Ad(f1 (), f7(x)).

j=0

Then the following three statements are equivalent:
(i) f has a fixed point;
(ii) inf{d(x, f(x)) : x € X} = 0;
(iii) inf{p(x) : x € X} =

The equivalence of (1) (or (i)) and (3) (or (iii)) follows from our Theorem 2.2 or
Theorem 2.3. However, (2) (or (ii)) is not equivalent to each of (1) (or (i)) and (3) (or
(ii1)). Thus, there are some mistakes in the main results of [17]. In fact, we have such a
counterexample.

Example A.3. Let X = {x;; :i, j €N}. Define f : X — X by f(xij) =xiy1,j (forany i, j €N).
Define a metric d on X as follows:

0, ifi=m,j=m

d(xijs%mn) = d(XmnXij) =1 =, ifj=ni=1,m=2; (A.5)

1
n
1 otherwise.

Then (X,d) is a discrete space. Thus X is complete, f is continuous, and inf,ex d(x,
f(x)) = infend(x14,%24) = infen 1/n = 0. Let ¢s = a; = 0 be a real number, and let
other coefficients a;, ¢, and by be all 0, then both (A.1) and (A.3) hold. For the given
(X,d)and f: X — X, since d(f(x), f(¥)) < 1,and csd(f(x), f2(x)) = azd(f (x), f*(x)) =
1, both (A.2) and (A.4) hold, too. However, it is clear that f has no fixed points, and each
of its orbital diameter is 1. Thus, in [17], the condition (2) (or (ii)) in Theorems 2 and 4
does not imply each of (1) (or (i)) and (3) (or (iii)).
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