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The purpose of this paper is to study the weak and strong convergence of implicit iter-
ation process with errors to a common fixed point for a finite family of nonexpansive
mappings in Banach spaces. The results presented in this paper extend and improve the
corresponding results of Chang and Cho (2003), Xu and Ori (2001), and Zhou and Chang
(2002).
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1. Introduction and preliminaries

Throughout this paper we assume that E is a real Banach space and T : E — E is a map-
ping. We denote by F(T) and D(T) the set of fixed points and the domain of T, respec-
tively.

Recall that E is said to satisfy Opial condition [11], if for each sequence {x,} in E, the
condition that the sequence x,, — x weakly implies that

liminf ||x, — x|| <liminf ||x, — y|| (1.1)

for all y € E with y # x. It is well known that (see, e.g., Dozo [9]) inequality (1.1) is
equivalent to

limsup||x, — x|| < limsup||x, — y||. (1.2)

n— 00 n— o0

Definition 1.1. Let D be a closed subset of E and let T': D — D be a mapping.
(1) T is said to be demiclosed at the origin, if for each sequence {x,} in D, the condi-
tions x, — xo weakly and Tx, — 0 strongly imply Tx, = 0.
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2 A new composite implicit iterative process

(2) T is said to be semicompact, if for any bounded sequence {x,} in D such that
Xy — Txull = 0 (n — o0), then there exists a subsequence {x,,} C {x,} such that
Xp, — x* € D.
(3) T is said to be nonexpansive, if | Tx — Tyl < llx — yll, foralln > 1 forall x, y € D.
Let E be a Hilbet space, let K be a nonempty closed convex subset of E, and let
{T\,T,...,Tn} : K = K be N nonexpansive mappings. In 2001, Xu and Ori [19] intro-
duced the following implicit iteration process {x,} defined by

Xn = QpXp-1+ (1 - (Xn)Tn(modN)xm Vnz=1, (1-3)

where x € K is an initial point, {&,},>1 is a real sequence in (0, 1) and proved the weakly
convergence of the sequence {x,} defined by (1.3) to a common fixed point p € F =
N F(T)).

Recently concerning the convergence problems of an implicit (or nonimplicit) itera-
tive process to a common fixed point for a finite family of asymptotically nonexpansive
mappings (or nonexpansive mappings) in Hilbert spaces or uniformly convex Banach
spaces have been considered by several authors (see, e.g., Bauschke [1], Chang and Cho
[3], Changet al. [4], Chidume etal. [5], Goebel and Kirk [6], Gérnicki [7], Halpern [8],
Lions [10], Reich [12], Rhoades [13], Schu [14], Shioji and Takahashi [15], Tan and Xu
[16, 17], Wittmann [18], Xu and Ori [19], and Zhou and Chang [20]).

In this paper, we introduce the following new implicit iterative sequence {x,} with
errors:

x1=axo+ 1 Th (@10 +B1Tix +)/)1V1) +yius,

X = X + 32 T (Gx1 + B2 Tox; + )721’2) + y2u,

xn = anxn—1 + BT (@nxn—1 + By Tnxn + PNVN) + PN UN,

xn+1 = AN+ XN + BN+ T1(@n+1xn8 + B+ T1Xn+1 + PN+1VN+1) + PN+1UN+1>

xon = aanXon—1 + o T (@onxan—1 + Pon TNXon + Yanvan) + Yantian,

xXon+1 = 0an+1%oN + Pan1 Th (Gan+1%on + Bon+1 T1XoN+1 + Pan+1Van+1) + Yan+1UaN+15
(1.4)

for a finite family of nonexpansive mappings {T;}Y, : K — K, where {a,}, {fa}, {yn}>
{a,}, {Bn}, and {P,} are six sequences in [0, 1] satisfying a, + B + yn = Qn + Pn + Pn = 1
forall n > 1, x¢ is a given point in K, as well as {1, } and {v,} are two bounded sequences
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in K, which can be written in the following compact form:

Xn = OpXp-1 +/))nTn(modN)yn + Ynln,
. A o (1.5)
Yn = QpXp-1 +ﬁnTn(modN)xn + VYnVas Vn=>1.

Especially, if {T;}Y , : K — K are N nonexpansive mappings, {a,}, {8}, {y.} are three
sequences in [0, 1], and xo is a given point in K, then the sequence {x,} defined by

Xn = QpXp—1 +ﬂnTn(modN)xn71 + YnlUn, Vn=>1 (16)

is called the explicit iterative sequence for a finite family of nonexpansive mappings
{Tz}f\il

The purpose of this paper is to study the weak and strong convergence of iterative
sequence {x,} defined by (1.5) and (1.6) to a common fixed point for a finite family
of nonexpansive mappings in Banach spaces. The results presented in this paper not only
generalized and extend the corresponding results of Chang and Cho [3], Xu and Ori [19],
and Zhou and Chang [20], but also in the case of y,, = 9, = 0 or /3’,, =, = 0 are also new.

In order to prove the main results of this paper, we need the following lemmas.

LemMA 1.2 [2]. Let E be a uniformly convex Banach space, let K be a nonempty closed
convex subset of E, and let T : K — K be a nonexpansive mapping with F(T) # &. Then
I — T is semiclosed at zero, that is, for each sequence {x,} in K, if {x,} converges weakly to
q € K and {(I — T)x,} converges strongly to 0, then (I — T)q = 0.

Lemma 1.3 [17]. Let {a,} and {b,} be two nonnegative real sequences satisfying the fol-
lowing condition: a4+ < a, + b, for all n = ny, where ng is some nonnegative integer. If
Do bn < 0, then lim,,_« a, exists. If in addition {a,} has a subsequence which converges
strongly to zero, then lim,, .« a, = 0.

LemMma 1.4 [14]. Let E be a uniformly convex Banach space, let b and ¢ be two constants with
0 < b < c< 1. Suppose that {t,} is a sequence in [b,c] and {x,} and {y,} are two sequence in
E such that lim,,_« | t,x, + (1 — t,) yull = d, limsup,_, x|l < d, and limsup,,_ |yl <
d hold for some d > 0, then lim,,_.« ||x, — yll = 0.

LemMA 1.5. Let E be a real Banach space, let K be a nonempty closed convex subset of E,
and let {Ty,Ts,..., Ty} : K — K be N nonexpansive mappings with F = ﬂﬁlF(Ti) + @.
Let {u,} and {v,} be two bounded sequences in K, and let {a,}, {fn}, {yn}, {Qn}, {[?n},
and {9} be six sequences in [0, 1] satisfying the following conditions:
(i) an+Bu+yn = &n+ﬁn+fzn =1, foralln>1;

(ii) T=sup{fp:n=1} <L

(i) 201 Y < 00, 2521 Pu < 00

If {x,} is the implicit iterative sequence defined by (1.5), then for each p € F = (X, F(T})
the limit lim, . ||x, — pll exists.
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Proof. Since F = ﬂf;]:l F(T;) + @, for any given p € F, it follows from (1.5) that
126 = Pl = 11 (1 = B = yn) Xn-1 + BuTtmod N) Y + Yuttn = p|
< (1= Bu = yu)llxa-1 = pll+ Ball Tatmoan yn = pll + yullun — p|
= (1= Bu = yw)llxn—1 = I+ Bull Tutmoan) ¥n = Tutmoan) Pl + yulltn — pl|
< (1= Bu)llxn-1 = pll+Bullyn = pll + yllun — pl.

(1.7)
Again it follows from (1.5) that
||)’n _P|| = ||(1 _B\n - ?n)xnfl +B\nTn(modN)xn +5/\nvn —P||
< (1= Bu = Pu)llxa-1 = pll + Bull Tutmoan)Xn — plI+ Jullva — pl|
= (1 _/gn = P lJxn-1 = pl| +/§n||Tn(modN)xn — Tu(modN) || + Pul|va = pl|
<(1 */gn)”xnfl - pll +ﬁn||xn = pll+Pullve = pll-
(1.8)
Substituting (1.8) into (1.7), we obtain that
|lx. = pll < (1 _ﬂﬂﬁn)”xwl - pll +ﬁnﬁﬂ”xn -ll (19)
+BuPnllve = pll+ yullun — pll-
Simplifying we have
(1= BuPu)llxn = pll = (1= Buf) lln-1 = Il + 0w, (1.10)

where 0, = B,Ynllve — pll + yullun — pll. By condition (iii) and the boundedness of the
sequences {4}, {llu, — pll}, and {|lv, — pll}, we have Z;‘;l 0, < o0, From condition (ii)
we know that

ﬁn[;’nsﬁnsr<l and so l—ﬁnﬁnzl—r>0; (1.11)

hence, from (1.10) we have

len = pII = b = pll+ 17~ = lbxnes = pll + b (1.12)

where b, = 6,/(1 — 1) with 37> | b,, < c0.

Taking a, = ||x,—; — pll in inequality (1.12), we have a,; < a, +b,, forall n > 1, and
satisfied all conditions in Lemma 1.3. Therefore the limit lim,_ [|x, — pll exists. This
completes the proof of Lemma 1.5. O

2. Main results

We are now in a position to prove our main results in this paper.
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THEOREM 2.1. Let E be a real Banach space, let K be a nonempty closed convex subset of
E, and let {T,Ty,...,Tx} : K — K be N nonexpansive mappings with F = X, F(T;) # @
(the set of common fixed points of {T1,T5,...,Tn}). Let {u,} and {v,} be two bounded
sequences in K, and let {oa,}, {Bn}, {yu}, {Qn}, {ﬁAn}, and {y,} be six sequences in [0,1]
satisfying the following conditions:
(i) @+ Pn+yn = Qn +ﬁAn+?n =1, foralln=1;
(if) T =sup{fp:n=1} < 1;
(iii) g Yn < 00, D071 Pn < 00.
Then the implicit iterative sequence {x,} defined by (1.5) converges strongly to a common
fixed point p € F = (X, F(T;) if and only if
liirlio?fd(xn,F) =0. (2.1)
Proof. The necessity of condition (2.1) is obvious.

Next we prove the sufficiency of Theorem 2.1. For any given p € F, it follows from
(1.12) in Lemma 1.5 that

l|xn = pll < [|Xn-1 — pl|+ b0 Vn=1, (2.2)
where b, = 6,/(1 — ) with 3’| b,, < co. Hence, we have
d(xn,F) <d(x,-1,F)+b, Vn=x1. (2.3)
It follows from (2.3) and Lemma 1.3 that the limit lim,_.. d(x,, F) exists. By condition
(2.1), we have lim,,_. o, d(x,,, F) = 0.
Next we prove that the sequence {x,} is a Cauchy sequence in K. In fact, for any posi-

tive integers m and n, from (2.2), it follows that

||xn+m _P” = ||xn+m71 _P” +bn+m = Hxn+m72 —P|| +bn+m71 +bn+m

o © (24)
< = l-pll+ D bl —pll+ D bi
i=n+l i=n+1

Since lim,— d(x,,F) = 0 and >, b, < oo, for any given € > 0, there exists a positive
integer ng such that d(x,,F) < €/8, >.;° ., bi < €/2, for all n > ng. Therefore there exists
p1 € F such that ||x, — pi || < €/4, for all n = ny. Consequently, for any n = ny and for all
m > 1, from (2.4), we have

|[%ntm = Xull < [[%nsm = prll + [0 = pr|

i 2.5
s2||xn—p1||+Zbi<2-Z+ —e. (23)

i=n+l

o m

This implies that {x,} is a Cauchy sequence in K. By the completeness of K, we can
assume that lim, .. x, = x* € K. Moreover, since the set of fixed points of a nonexpansive
mapping is closed, so is F; thus x* € F from lim,,—.« d(x,,F) = 0, that is, x* is a common
fixed point of Ty, T5,..., Tx. This completes the proof of Theorem 2.1. O
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THEOREM 2.2. Let E be a real Banach space, let K be a nonempty closed convex subset of
E, and let {Ty,Ty,...,Tx} : K — K be N nonexpansive mappings with F = X, F(T;) # @
(the set of common fixed points of {T1,T5,...,Tn}). Let {u,} be a bounded sequence in K,
and let {a,}, {Bn}, and {y,} be three sequences in [0, 1] satisfying the following conditions:
(1) ay+Put+yn=1, foralln=1;

(ii) T=sup{fn:n=1} < L;

(i) 357y < oo,

Then the explicit iterative sequence {x,} defined by (1.6) converges strongly to a common
fixed point p € F = ﬂfil F(T;) if and only if liminf, .. d(x,, F) = 0.

Proof. Taking B\n =%, =0, for all # =1 in Theorem 2.1, then the conclusion of
Theorem 2.2 can be obtained from Theorem 2.1 immediately. This completes the proof
of Theorem 2.2. O

THEOREM 2.3. Let E be a real uniformly convex Banach space satisfying Opial condition, let
K be a nonempty closed convex subset of E, and let {T1,T,...,Tn} : K — K be N nonex-
pansive mappings with F = ﬂfil F(T;) + @. Let {u,} and {v,} be two bounded sequences
in K, and let {at,}, {Bn}, {yn}, @0}, {[)A’,,}, and {y,} be six sequences in [0, 1] satisfying the
following conditions:

(i) an+Bu+yn = &n+ﬁn+fzn =1, foralln>1;

(i) 0<t =inf{f,:n=1} <sup{f,:n=1} =1 <1,

(iii) B — 0 (n — o0);

(iv) 21y < 00, 3511 Pn < 0.

Then the implicit iterative sequence {x,} defined by (1.5) converges weakly to a common
fixed point of {T1, T>,...,Tn}.

Proof. First, we prove that
%i_{r()lo l[xn — Tamodny+jXall =0,  Vj=1,2,...,N. (2.6)
Let p € F. Putd = lim,_.. [lx, — pll. It follows from (1.5) that

[0 = Il = [1(1 = Bu) [xn-1 = P+ yu (un = X01) ]

(2.7)
+/3)n[Tn(m0dN)yn_p+)7n(un_xn71)]||_’d) n— oo

Again since lim,_« |x, — pll exists, so {x,} is a bounded sequence in K. By virtue of
condition (iv) and the boundedness of sequences {x,} and {u,} we have

limsup ||x,-1 — p + Yu(tn — xn-1) ||

. . (2.8)
< limsup||x,—1 — p|| +limsup y,||un — x4-1|| =d, p€EF
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It follows from (1.8) and condition (iii) that

llmSUP”T (modN) Y P+Yn( n_xnfl)”

n—oo

< limsup ||y, — p|| + limsup y,||un — x4-1]|

n—oo n—oo

=limsup ||y, — p||

< timsup { (1B s = pl1+ Bl = pll 7l pl} >
<limsup (1 — Bu)llxns —p||+hmsupﬁn||xn pll+limsupulv, = pl]
=d, peF
Therefore, from condition (ii), (2.7)—(2.9), and Lemma 1.4 we know that
Lim [|Ty(modn) yn = %n-1]| = 0. (2.10)
From (1.5) and (2.10) we have
[lxn = %111 = [1Bn[ Ttmodny yn = Xn-1] + yn (ttn = x-1)|
= ﬁnHTn(modN))’n _xnﬂ” +)’n||”n _xanH — 0, n— oo, (210
which implies that
Lim [, —xa][ = 0 (2.12)
and so
lim [, = %] =0 Vj=1,2,...,N. (2.13)
On the other hand, we have
%% = TagmodnyXull < |10 = Xn—1 |+ [|%n-1 = Tugmodn) ynll (2.14)

+ ||Tn(m0dN))/n - Tn(modN)an-
Now, we consider the third term on the right-hand side of (2.14). From (1.5) we have
||Tn(modN)yn - Tn(modN)an

S||)’n_~xn||:||&n(xnfl )+ﬁn( n(modN)X; xn)+5/\n(vn_xn)|| (2.15)

< Q|21 = X +/§n||Tn(modN)xn — || + VnHVn — %nl.
Substituting (2.15) into (2.14), we obtain that

||Xn - T”(mOdN)x”” = (1 +&”)||x” - xﬂ*1|| + ||xn71 - Tn(modN)ynH
? N (2.16)
+/’)ﬂ||Tn(modN)xn —xn||+)/n||vn —xn||.
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Hence, by virtue of conditions (iii), (iv), (2.10), (2.12) and the boundedness of sequences
{1l TugmodN)Xn — Xul} and {|lv, — x,ll} we have

lijn ||xn — Tn(modN)an =0. (2.17)
Therefore, from (2.13) and (2.17), for any j = 1,2,...,N, we have

Xn — n(modN)+jxn = ||Xn — xn+j xn+j - n(modN)+jxn+j
[E I || +1] T, I
+ HTn(modN)+jxn+j - Tn(modN)+jxn||

= 2||xn _xn+j|| + ||xn+j - Tn(modN)+jxn+j|| — 0, n— oo
(2.18)

That is, (2.6) holds.

Since E is uniformly convex, every bounded subset of E is weakly compact. Again since
{x,} is a bounded sequence in K, there exists a subsequence {x,, } C {x,} such that {x,, }
converges weakly to g € K.

Without loss of generality, we can assume that n; = i(mod N), where i is some positive
integer in {1,2,...,N}. Otherwise, we can take a subsequence {xnk}_} C {Xy,} such that
ng, = i(modN). Forany !l € {1,2,...,N}, there exists an integer j € {1,2,...,N} such that
i+ j = I(modN). Hence, from (2.18) we have

%im||xnk—T1xnk||=O, I=1,2,...,N. (2.19)

By Lemma 1.2, we know that g € F(T}). By the arbitrariness of [ € {1,2,...,N}, we know
thatqe F = ﬂ?’:lF(Tj).

Finally, we prove that {x,} converges weakly to g. In fact, suppose the contrary, then
there exists some subsequence {x,,} C {x,} such that {x,,} converges weakly to q € K
and q; # q. Then by the same method as given above, we can also prove that q; € F =
ML F(T)).

Taking p = g and p = q; and by using the same method given in the proof of
Lemma 1.5, we can prove that the following two limits exist and lim,.. [|x, — gll = d,
and lim, . |x, — qi || = d», where d; and d, are two nonnegative numbers. By virtue of
the Opial condition of E, we have

d, = limsup||x,, — q|| < limsup||x,, — q1]| = d>
N — 00 Ny — 00

. . 2.20
= limsup||x,, — q1|| < limsup||x,, —q[| = di. (220
nj—o nj—o

This is a contradiction. Hence q; = g. This implies that {x,} converges weakly to g. This
completes the proof of Theorem 2.3. O

THEOREM 2.4. Let E be a real uniformly convex Banach space satisfying Opial condition, let
K be a nonempty closed convex subset of E, and let {T},T,...,Tn} : K — K be N nonex-
pansive mappings with F = ﬂf\il F(T;) + @. Let {u,} be a bounded sequence in K, and let
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{ant, {Bn}, and {y,} be three sequences in [0, 1] satisfying the following conditions:
(D) ay+Put+yn=1Vn=1;
(i) 0O<7 =inf{f:n=1} <sup{f,:nz=1} =1 <1;
(iii) Dy yn < 0.
Then the explicit iterative sequence {x,} defined by (1.6) converges weakly to a common
fixed point of {T1, T»,..., Tn}.

Proof. Taking ﬁn =%, =0, for all # > 1 in Theorem 2.3, then the conclusion of
Theorem 2.4 can be obtained from Theorem 2.3 immediately. This completes the proof
of Theorem 2.4. O

THEOREM 2.5. Let E be a real uniformly convex Banach space, let K be a nonempty closed
convex subset of E, and let {T1,T,,...,Tn} : K — K be N nonexpansive mappings with F =
ﬂf\ilF(T,») # @ and there exists an Tj, 1 < j < N, which is semicompact (without loss of
generality, assume that Ty is semicompact). Let{u,} and {v,} be two bounded sequences in
K, and let {a,}, {Bn}, {yn}> {Qn}, {ﬁﬂ}, and {y,} be six sequences in [0,1] satisfying the
following conditions:
(i) @+ Pu+Yn = Bn+Put+Pn =1, foralln=>1;

(i) 0<t =inf{f,:n=1} <sup{fp:n=1} =m<1;

(iii) By — 0 (1 — o0);

(iv) 251 yn < 00, 35 Pu < 0.

Then the implicit iterative sequence {x,} defined by (1.5) converges strongly to a common
fixed point of {T1, T,..., Ty} in K.

Proof. For any given p € F = (N, F(T}), by the same method as given in proving Lemma
1.5 and (2.19), we can prove that

lim ||, — pl| = d, (2.21)
where d = 0 is some nonnegative number, and

%im [0, — Tixn || =0, [=1,2,...,N. (2.22)

Especially, we have

]1151; %, — T1%4, || = 0. (2.23)

By the assumption, T} is semicompact; therefore it follows from (2.23) that there exists a
subsequence {xnk,-} C {xy,} such that Xy, — x* € K. Hence from (2.22) we have that

[|x* — Tix*|| = klim %, = Tixu, || =0 VI=1,2,...,N, (2.24)

which implies that x* € F = O, F(T;). Take p = x* in (2.21), similarly we can prove
that lim,,—« ||x, — x* || = di, where d; > 0 is some nonnegative number. From Xy, — x*
we know that d; = 0, that is, x, — x™. This completes the proof of Theorem 2.5. O
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THEOREM 2.6. Let E be a real uniformly convex Banach space, let K be a nonempty closed
convex subset of E, and let {T1,Ts,...,Tn} : K — K be N nonexpansive mappings with
F = ﬂf\ilF(T,-) # & and there exists an Tj, 1 < j < N, which is semicompact (without loss
of generality, assume that T\ is semicompact). Let {u,} be a bounded sequence in K, and let
{an}, {Bu}, and {y,} be three sequences in [0, 1] satisfying the following conditions:
(1) an+Put+yn=1foralln=1;

(i) 0<m =inf{f,:n=1} <sup{f,:n=1} =m < L

(i) S5y < oo.

Then the explicit iterative sequence {x,} defined by (1.6) converges strongly to a common
fixed point of {T1, T5,..., Tn} in K.

Proof. Taking ﬁn =%, =0, for all # > 1 in Theorem 2.5, then the conclusion of
Theorem 2.6 can be obtained from Theorem 2.5 immediately. This completes the proof
of Theorem 2.6. U

Remark 2.7. Theorems 2.3-2.6 improve and extend the corresponding results in Chang
and Cho [3, Theorem 3.1] and Zhou and Chang [20, Theorem 3], and the implicit it-
erative process {x,} defined by (1.3) is replaced by the more general implicit or explicit
iterative process {x,} defined by (1.5) or (1.6).

Remark 2.8. Theorems 2.3-2.6 generalize and improve the main results of Xu and Ori
[19] in the following aspects.
(1) The class of Hilbert spaces is extended to that of Banach spaces satisfying Opial’s
or semicompactness condition.
(2) The implicit iterative process {x,} defined by (1.3) is replaced by the more general
implicit or explicit iterative process {x,} defined by (1.5) or (1.6).

Remark 2.9. The iterative algorithm used in this paper is different from those in [1, 8, 10,
14, 18].
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