Discrete Dynamics in Nature and Society, Vol. 4, pp. 297-308
Reprints available directly from the publisher
Photocopying permitted by license only

© 2000 OPA (Overseas Publishers Association) N.V.
Published by license under

the Gordon and Breach Science

Publishers imprint.

Printed in Malaysia.

Discretized Representations of Harmonic Variables
by Bilateral Jacobi Operators

ANDREAS RUFFING*

Zentrum Mathematik, Technische Universitdt Miinchen, Arcisstrasse 21, D-80333 Miinchen, Germany

(Received 10 September 1999)

Starting from a discrete Heisenberg algebra we solve several representation problems for a
discretized quantum oscillator in a weighted sequence space. The Schrédinger operator for a
discrete harmonic oscillator is derived. The representation problem for a g-oscillator algebra
is studied in detail. The main result of the article is the fact that the energy representation for
the discretized momentum operator can be interpreted as follows: It allows to calculate
quantum properties of a large number of non-interacting harmonic oscillators at the same
time. The results can be directly related to current research on squeezed laser states in quantum
optics. They reveal and confirm the observation that discrete versions of continuum
Schrodinger operators allow more structural freedom than their continuum analogs do.
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1 INTRODUCTION

During the last decades, lattice quantum field
theories have shown up and solved a lot of inter-
esting problems in physics. One basic effect is the
regularizing influence of lattices that are artificially
introduced into the theory. The quite complex
lattice field theories often go back to original
attempts in formulating quantum mechanics in a
discretized phase space. A long time before quan-
tum mechanics, Riemann was certainly one of the
first mathematicians who thought about irregula-
rities in the classical space, see [4]. But also in mod-
ern times the principal assumption that one should
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be aware of irregularities in the structure of space is
broadly accepted. Let us mention in particular the
work of Ord on fractal space time, see [13]. [t can be
regarded as one of the pioneer articles on research
of noncontinuous space—time structures. Extend-
ing A. Einstein’s theory with respect to quantum
gravity is a further example for research on sophis-
ticated space—time structures, see for example the
contributions by Drechsler and Tuckey as well as by
Breitenlohner et al. or Kleinert, compare [16—-18].
There are also the celebrated approaches via string
theory and duality by Seiberg and Witten [21,22], in
addition by Sonnenschein et al., Louis and Forger
[23,24]. They altogether reveal the rich and deep
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character of non-homogeneous space and space—
time structures.

Our approach to mathematical quantum models
in irregular space, i.e. in lattice space structures,
shall be given by solutions to discretized represen-
tation problems in lattice quantum mechanics. In
this context, we will have to define first what the
lattice shall be and then to discretize the involved
operators. One knows that the lattices used by
numerical approximations always must be finite.
But one is also automatically confronted with the
situation of an infinitely extended space axis in the
case of a one-dimensional Schrodinger equation.
Also in higher dimensions, this principal problem
is still present. This may be one starting point for
thinking of an infinite discretization of the space
axis in order to obtain regularizing effects on the
one hand but also to deal with the situation of an
infinite position axis that is required within the
Schrodinger theory on the other hand. Addition-
ally, there arises a further problem: When dealing
with a discretized space axis, what shall be the
Fourier transform into momentum space? And
having introduced a discrete space variable, does
this automatically imply that momentum is also
discretized?

To give a satisfactory answer to the stated
questions one has to develop a consistent mathe-
matical model for the discretization of the phase
space that is free of some arbitrary input. The
question however is how to find such a model.

Inspired by the research on quantum groups,
J. Wess suggested a deformation of the conven-
tional Heisenberg algebra in 1991, see [2,7], where
the deformation itself shall cause a discretization
of the phase space. We will refer to the discretized
Heisenberg algebra as the g-Heisenberg algebra
throughout this work. The basic idea when intro-
ducing the g-Heisenberg algebra is to deform the
conventional algebra by a real number ¢ > 1 that
shall play the role of a lattice parameter. Actually
it turns out that the chosen g-deformation of the
Heisenberg algebra leads to a discretization of both,
the deformed momentum and the deformed space
operator. This formalism fits into the more general

framework of quantization by noncommutative
structures, outlined for example in the work by
Connes and Jaffe, see [19,20].

The organization of this article shall be as
follows: Our aim is first to revise the relations of
the ¢-Heisenberg algebra and of the Biedenharn—
MacFarlane g-oscillator algebra. In the second
section we introduce the g-discrete harmonic oscil-
lator. A representation theorem for a deformed
oscillator algebra will be stated in Section 3.

The main result of this article shall be presented
in Section 4: There, we will investigate the action of
the discretized momentum operator on the eigen-
functions of the g-deformed oscillator. We obtain
the fact that the situation totally differs from the
conventional continuum analog in quantum me-
chanics. The main difference can be interpreted as
follows: It allows to calculate quantum properties
of a large number of non-interacting harmonic
oscillators at the same time. This can be directly
related to research on squeezed laser states in quan-
tum optics, where a great advance has been pro-
vided by a recent article of Penson and Solomon,
see [14]. Prosecuting the research into this direction,
new advances — not only with respect to mathe-
matics and theoretical physics — but also with
respect to technological needs in modern society
can be expected.

To provide the basics for this article, we first cite
several results from [9,11,12,15]. The relations of
the g-Heisenberg algebra are given by

pE— qép = —ig*u, (1.1)
&p — qp€ = ig*u", (1.2)
up = qpu &u=qu§  q>1 (1.3)

and we refer to g-oscillator relations (i.e. deformed
oscillator relations) of the type

aat — g 2ata =1,

(1.4)
which were already known to Heisenberg, see [5].
Aspointed out in several publications [3,10—12], the
cited ¢g-Heisenberg algebra is a discretized analog
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of the quantum mechanical Heisenberg algebra

(1.5)

DPxX = Xpx = —1,

whereas the g-oscillator algebra is a g-deformed
analog of the quantum oscillator algebra

aat —ata=1.

(1.6)

In spite of the fact that the operators of the quan-
tum oscillator algebra (1.6) can be easily expressed
in terms of the Heisenberg variables (1.5), namely

1 1

a:= %(px —ix) at = —2(px +ix), (1.7)
the same task in the g-case, i.e. finding
a=a(p.&u), a" =a (p.&u).
such that aa’ — g 2a"a =1 (1.8)

is highly non-trivial as there is no simple linear
transform that tells us to do so. We want to focus on
this problem in the next section and find suitable
tools that allow us to classify at least one family of
solutions to the problem (1.8); — analytically, we
have to add more structure. We want to represent
the variables p, &, u, a,a’ as operators in a suitable
Hilbert space and refer to a Hilbert space H which is
fixed by the scalar product (x, x) of the orthogonal
basis vectors ¢, e}, m,n€Z, 0,7 € {+1,—1}

|
(e.e5,) = (g — 1)_(1/2)6176‘"5””'

(1.9)

The Hilbert space itself is canonically spanned by
the vectors e, i.e. it is a weighted sequence space

H= {f: (g—1) i > q oy | (S S)

=(q—1) i > q"lconl’ <oo}. (1.10)

n=—-00 0o

The momentum operator p in the relations above
can be chosen as diagonal in the eJ-basis [9] and,
according to the g-Heisenberg relations, shows an

exponential spectrum

pe, = oq'e. (1.11)

We will also make use of the Hilbert subspaces
H,  H_:

H, = {fe H|f= i q”ca,neg}

n=-00
oe{+1,—1}. (1.12)
The actions of the formally symmetric operator &,
densely defined in H, and the unitary operators
u,u’ =u " are respectively given on the e? by

a . 1 1 (o
ge, = lawa(em — i) (1.13)
ue? = q~'%e u”ej::q“/zeﬁr]‘ (1.14)

Note finally that the definition ranges D(£), D(p),
D(u) and D(u~") of the operators &, p, u,u ' contain
invariant subspaces

D) NH,) CH,, p(D(p)NH,)C H,

o€ {+1, -1} (1.15)
u(D(u) N Hy) € Hy,
w ' (DY N H,) C H,

oe{+1, —1}. (1.16)

For the well-defined continuum limit ¢ — 1, see
[2,10].

2 DISCRETE HARMONIC OSCILLATORS

We first revise several results which were stated
by the author in [15].

To find a suitable approach to the stated problem
(1.8), we address to the following situation in the
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continuum case:

The operator
ata = (py+ix)(py — ix)

and the classical Heisenberg algebra p,x — xp, = —i
imply the relations

apy = 0 with scalar product

(%0, %0) 2y < 00 and (2.1)

ataaty = 2a Yy, (2.2)

(¢, %) 2®) denoting the standard scalar product in
L3 (R).

In the following we will address to operators a*a
which fulfill relations of type (2.1) and (2.2) with
respect to the scalar product (x, )y in the Hilbert
space H.

Generalizing the ansatz (2.1) and (2.2) we thus
want to know how an operator a*a must look like
in terms of the g-Heisenberg variables p, £, uin order
to generalize relations (2.1) and (2.2). We start from
the ansatz

a = 1Ph(p) — iu€ =: uPh — i€, (2.3)
at = h(pu*+icu!, (2.4)
where
(ael,el) = (el,a’e]) o,7€{+1, =1} (2.5)
and
WPl = hog)es, oel+l, —1}  (26)

with real valued h(cq"). Moreover we give the
following:

DEFINITION a‘a, a*, a, p and & shall be called
harmonic variables. In detail, a‘a shall be called
discrete harmonic oscillators.

Note that the action of the harmonic variables on
the basis vectors e7, n € Z reveals the fact that they
are bilateral Jacobi operators. For basic facts on
bilateral Jacobi operators, see for example [25], for

basic facts on monolateral Jacobi
compare for instance [8].

We allow a and a* to have maximal definition
ranges, Dpmax(a) resp. Dpmax(a™) in H. These defini-
tion ranges are given as usual by

operators,

Dax(a) :== {p € H|(ap,ap) < oo},
Dmax(a™) :={p € H|(a"p,a’ ) < oo}.
Let us continue with the action of the operator a*
on the basis vectors e} of H,. It is given by the
following bilateral Jacobi operator:
atel = (hu™ +icu")eS
= qh(q"*?)e),, +q u” ke,

= a’n+2e;,|—+2 + ﬁne;, (27)

while we make use of the following abbreviations:

i = gh(q"™?) + ¢ P (1 - ¢7*)7" and

b= —(1=¢ ) lg 2 (2.8)

Similarly, we obtain a as a bilateral Jacobi opera-
tor via

ae} = (uPh — iu€)e;

=q el 5+ Bue) (2.9)
and thus
aa+e: = (q_20l§+2 + ﬂi)e: + an+2ﬂn+2€’:+2
+ 6]_2&,,,3"(3:_2. (2 10)

Note the following invariance properties for the
single operators a,a” and their composites

a(D(a)NHy) C Hy, (2.11)
a"(D(a")NH,) C Hy, (2.12)
ata(D(a*a)NH,) C Hy, (2.13)
aa*(D(aa" )N H;) C H,. (2.14)

The same holds analogously for the Hilbert space

H_ := {fe H|f= i q"c,,e;‘}. (2.15)

n=—00
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Equations (2.11)—(2.14) imply that a,a*,a"a,aa™
have invariant subspaces. Without loss of general-
ity we thus can restrict first to discrete harmonic
oscillators in one of the Hilbert spaces H,, H_. To
do so, we consider now the following two equations
which generalize (2.1) and (2.2):

o0 o
aa* Z ey =2 Z ey, (2.16)
n=—00 n=-—00
o0 B
ay = a Z e =0. (2.17)

n=—00

Suppose that they can be simultaneously solved
in the Hilbert space H,. Then it follows that
> . cne,t is a further eigenvector of atain H,.
This easily can be seen: From the left-hand side of
(2.16) we conclude that a* Y2 c,ef € D(a) C
H ., thus

o0 [ee]
(ata)a* E cnel =2at E e

n=-—00 n=-—00

(2.18)

Therefore, a common solution » ° _ c.e;f of
(2.16) and (2.17) immediately implies the existence
of a discrete harmonic oscillator a*a.

Next we want to decide explicitly for which
functions /4 in (2.3) and (2.4) the operator a*a can
indeed become a discrete harmonic oscillator.

LEMMA There exists a necessary condition on h
such that a=u’h— i€ and a*=hu>+i€u™" con-
stitute a discrete harmonic oscillator a‘a in H_,
namely

(gh(g") + (1 —g72)~'g D)
— 2q4(q2 _ 1)—1 + (1 _ q—Z)—Zq—2n+3

+ (Mé-ry 1 + b1y -1)g " (2.19)

for all n€Z with suitable and fixed parameters
T,72€R.
Proof On the one hand, the eigenvalue problem

[ee] o0
aa” E el =2 E cnet

n=-—00 n=-—00

(2.20)

leads to the following recursion relation between
the coefficients c¢,:

Cn(qﬂzo‘ﬁn + /33 -2)+ q—zan+2ﬂn+2cn+2

“+ anfncn— = 0. (2.21)
On the other hand, the equation
ay =a Z ey =0 (2.22)
yields a second recursion relation
2=l OP(1=qg)g"h(g") +q7%). (223)

One easily verifies that

ay = (¢" V(1 = g7h(g") + D)(=Pa-2), (2:24)
see (2.8). Inserting (2.24) into (2.23), we obtain

q4/8ncn~2 = —CpQy. (225)

This last equation now serves to eliminate one of
the coefficients in (2.21). The result is

ea(q 202, + B2 =2~ q7*a?)

+ ¢ 20y 2Bur2tnia = 0. (2.26)

Next we substitute n—n+2 in (2.25) and insert
(2.25) into relation (2.26). Thus we receive

gl ,+ 8 —2—q o) =¢"Bl, or (227)

Gt — ol = (¢ —q")B? +2¢* (2.28)
The last equation determines the numbers «,, and
hence also h(q") (because of (2.8)). One solution
of (2.28) is

ar=(01-g7)7¢"+2q> - 1)'¢* (229)
Our next aim is to find all solutions of (2.28).
Thus let a, be any other solution of (2.28). We
then receive

qz(aiu - O‘i+2) - (ai - 04,21) =0. (2.30)



302 A. RUFFING

With the abbreviation 8, := ¢"(a? — o?2) finally
follows 6, = const. because of ¢" # 0. We therefore
obtain the general solution of (2.28) by adding
any real number times ¢ " to the special solution
2. This however requires two restrictions. First
we have to distinguish between even and odd n:
The general solution of (2.28) then reads

04’21 — (1 . q~2)72q3A2n + 2(q2 _ 1)716]4

+ Moy + oy - " (2.31)

Secondly, the constants v, and +, must be chosen
in a way such that indeed o > 0 for all n€ Z. We
will consider this choice in more detail in the next
section.

As o2 contains all information about / via (2.8),
Eq. (2.31) yields a necessary criterion for the exis-
tence of discrete harmonic oscillators a*a in the
Hilbert space H,. This completes the proof of the
Lemma.

It is not yet clear whether the criterion (2.31)
already implies the existence of a solution for (2.16)
and (2.17) in the Hilbert space H ., i.e. whether

o
= g cne) € Hy.
n=—00

In the sequel we will give an answer to this question
by Theorem 1.

(2.32)

3 A REPRESENTATION THEOREM

By direct calculations one verifies that the solutions
of Eq. (2.28) lead to the following action of the
operators aa” and a”a on the basis vectors ¢} :

-2 .2 2
aa’ey = (q g+ B,)e, + oni2fuiae,s
-2
+q O‘nﬂne;,iz, (3.1)
-2 2 2
a+ae:zr = (q @, + n)enJr +Oé,1+26,,6:{+2
-2
+q anﬂn~2€:,2- (3.2)

With the help of (2.8) we see that the operator

C:=aa"—q 2a‘a is diagonal in the basis

{e}"|n € Z} of the p-eigenvectors in H ., namely

(aa™ — g 2a"a)eS

= (g gl — )+ (1 =g H)Bhes.  (33)

Comparing with (2.26) yields the well known
g-oscillator relations (see also [1,5,6])

(aa™ — g 2a"a)e =2e!

& (bbt — g b h)el =ef
where a = v2bh (3.4)
Vice versa: Let us consider the ansatz
a= (u*h—iu¢) a" = (hu*+iu ") (3.5)

with real valued % such that @, ¢ fulfill the relations
(3.4): The choice of h now defines the coeffi-
clents ay,:=gh(¢")+q "1 —¢ 7", as de-
scribed above, and they fulfill relation (2.28). This
can be checked by calculating them explicitly. These
observations lead us to the following:

THEOREM | Let a= (u*h — iu€) and a* = (hu >+
i€u ") be defined as in (2.3), (2.4), (2.7) and (2.9)
with a real valued function h on the lattice
{q"|n€Z}. Under these assertions the operators a
and a™ satisfy the commutation relations

(aa* =2e/,

—q *ata)e, (3.6)

if and only if there are real constants yy,Y», such
that for all n € Z:

(gh(q")
_ 2q4(q2 _ 1)—1 + (1 _ q—2)—2q~2n+3
+ (méryy oy~

G =gy gy

(3.7)

Among all these (yy,72) exists at least one couple
for which the kernel of a is non-trivial and in H .,
namely (v1,72) = (0, 0).

We are going to verify the last statement of
Theorem 1 during the next steps; — up to now we
have solved the original representation problem
(1.8) for a two parameter family of operators a, a”
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in the Hilbert space H, with ~,,7, being the
parameters. We can also extend our result to the
whole Hilbert space H=H, ® H_ because of
the following observation:

Introducing a parity like operator [] by

o ._ O
[ :=e.

where n € Z, o € {+1, —1} we see that [ obviously
converts H, into H_ and vice versa. If (v(,7,) =
(0,0) then @ commutes with [] in the following
sense:

(3.8)

H A1) = Ay ) H €y (3.9)
If (71, v2) = (0, 0) the stated equation
Vi € Z: (gh(g") + (1 — g2~ g0/
=2¢*g7 = 1)+ (1 g 7) g
+ (Mé1y 1 + b1y —1)g " (3.10)

provides two solutions for 4(g"). One of them yields
the proper continuum limit to quantum mechanics
by sending ¢ — 1. It is given by

1 2¢21(1 — (1/¢%)) — 1
h(g") = —h(—q") = v qunjlm((l - ((1//;)))) ’
(3.11)

where the equality h(¢g")= —h(—q") is implied by
(3.8) and (3.9). As a result, we have explicit formu-
las for a and a*

T+2¢ (1—q P —1
fe 2 V1IH27 U =g

= —iug  (3.12)
and
V27 =g 2)p2 =1,
at = =g u c+ilu .
(3.13)

a and a* solve the representation problem (1.8)
on the common maximal domain M := D, (a) N
Diax(a®), M C H.

By direct calculation one recognizes that a vector
o € H=H, ® H_ which satisfies

ay = (uh( p) — iu)io

(3.14)

must fulfill the following condition for the recursion
coefficients ¢,

e = eg 1+ 2421 (1= g2). (3.15)

This recursion implies that 1) is indeed an element

of the Hilbert space H :
(1o, o) < 0. (3.16)

With these tools we state now

THEOREM 2 All vectors (a™ )"y are well-defined
in H and satisfy the following recurrence relation:

(@) gy — 2472 g2 p(a*) "o

+2¢ *[n)(a")" o = 0, (3.17)
where
q—Zn _
7] := T n € Ny. (3.18)
Proof We first investigate the action of a* on ).
To do so we refer to the abbreviation
k
k= Z et +e,) (3.19)
n=—k
k
= a+¢§ = Z c,,(a,,+2(e,‘:+2 + €;+2)
n=-—k
+ Bule) +e,)). (3.20)

Inserting a2 = (¢ h(g")(1-¢2)+1)(~f-2)?
yields

By — 2B, gt = 2¢7 02y

= (¢ +e,at k) =2¢"CPge,
for |n| <k—-2, k>2

(3.21)

(3.22)



304 A. RUFFING

= @'y = lim ayf,

ie. (a+’¢0,a+¢o) < 00. (3.23)

It is remarkable that a* acts on 1), in the same way
the operator 2¢~%?p does, see (3.22). Thus we
have

apo =0 atipy =2q"Dpiy. (3.24)

Making use of the commutation relation

1
atpel = (q_zpaJr - _>€’Z’ o€ {+1, -1}

V4
(3.25)
and of the ¢g-Heisenberg algebra relation
(PE — gép)e] = —ig®/u (3.26)

one concludes

(@) — 247G/ (61"21%1+ - L) P =0, (3.27)

Vi

where (¢ 2pa’ — (1/,/4))to is well defined in H.
Therefore (a")?1y is also an element of H. By induc-
tion one finds in complete analogy to (3.27) the
recurrence relation

(@)oo — 2g7CIP g2 p(a™) "o

+2¢72[n)(a*)" o = 0, (3.28)

where again [n]=((¢ " — 1)/(¢ > — 1)), ne N,.
Similarly one concludes by induction that

(at)"po have finite norms for n € N,. This proves
Theorem 2.

4 DISCRETE ENERGY REPRESENTATION

We first define a subspace of H, being spanned by
eigenfunctions of a™

s'={v= Z% Pl (6:9) < oo ey

(4.1)

The momentum operator p maps the intersection
of its domain with HS’,i.e. D(p) N HS' to HS'. This
allows to construct an energy representation of p in
HS'. Like in conventional quantum mechanics, this
shall be the action of p on the eigenstates of a*a.
The recurrence relation (3.28) for v =~,=01is

(@)™ apo — 2¢7 g™ p(a* ) "y
+2q 7] 2 (@) by = 0
(n € Ny). (4.2)

The (a")"yp, are pairwise orthogonal but not yet
orthonormal. We next determine their normaliza-
tion. To do so, we start from the ansatz

(“+)”¢0 = UpWn, (wn, '(pn) =1

The recurrence relation then can be rewritten as
follows:

(4.3)

Vn+1¢n+1 - 29*(3/2) *znP’/ ¢
+2¢72n] v 1tha =0 (4.4)
which is equivalent to
Vn+ll/y:1(2q—(3/2 —Zn) d} +1 _p/l/Jn
+ >, q P v e =0, (45)
i.e.
pwn = bn'l/]n—H + an—lwn—la (46)
where b, and a,, are the coefficients in (4.5).
As p is a symmetric operator, one finds
b1 =an-1, a_1=0, n=0,1,... (47)
and hence
ay = (2)" g i+ 1], 247,
n=0,1,... (4.8)

Thenormalization coefficients arerelated as follows:

vy | Unil = 4/2[n+ l]q,zun,

(4.9)
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These informations are useful to determine whether
p 1s an essentially self-adjoint operator with respect
to the energy representation given by (4.6), (4.7) and
(4.8). To investigate this topic, we have to apply
results from the theory of infinite monolateral
Jacobi matrices [8], p. 522. Let us reformulate these
results in some generality in order to apply them to
the operator p.

The action of the operator p= 4 on the energy
eigenstates looks as follows:

A% = bn—l"/)n-l + bnl/)n+l (410)

By direct calculation, one verifies that the energy
eigenstates 1, have a polynomial representation of
the following type:

Un = Pu(A)tho, (4.11)

where the P,(A) are in general C-valued polyno-
mials that satisfy the relations

)\Pn()\) = bV,PnJr](A) + bn~1Pn—l(>\> (n S N)

(4.12)

Py(A\)=Py(N)—-1=0 (4.13)
The following theorems characterize the property
of essential self-adjointness in the case of the opera-
tor A, see also [8], p. 522.

THEOREM 3 A is not essentially self-adjoint if the
series S0 o | Pi(i)|* converges.

Proof We denote the scalar product of x,y € HS'
again with (x,y). If the series in Theorem 3 is
guaranteed to converge, there exists an x& HS’
such that

(Pr, x) = P (i). (4.14)

Taking into account the relations (4.10) and (4.12)
we obtain

(Atpi, x) = by Pr—1 (i) 4 b Piy1 (i) = iPr(i),
(4.15)

where the overline denotes complex conjugation.
Because of (4.14) one receives

(Arpr, x) = (Y, ix).

As the operator A as well as the scalar product are
distributive, one gets in the case of any finite
element

(4.16)

k
y=> v (4.17)
J=0
the following relation:
(Ay, x) = (y,ix). (4.18)
Applying the theory of monolateral Jacobi

matrices, [8], p. 521, one knows that (4.18) is valid
for any y € D(A). Therefore, the following result
holds:

x € D(A") and A'x=ix. (4.19)
This immediately implies the statement of
Theorem 3.

THEOREM 4 If the series S 52, |Px (i) diverges,
the operator A is essentially self-adjoint.

Proof We have to show that 4™ has definitely

not +i, —i as eigenvalues. If

A*x = ix with (x,x) #£0, (x,x) <oo, (4.20)

then one concludes because of the definition for
A" and because of 1, € D(A) that

(A, x) = (Y, ix) (4.21)
or
(x, Ay = i(x, y) = ixg, (4.22)
xk = (Y, X), (4.23)
thus in total
(X, b1, Yr1 + brtbryr) = ix. (4.24)

The scalar product yields

bi_1Xp_1 + byXpy1 = ixy. (425)
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Because of the polynomial relation (4.12) and by
means of induction we receive

Xk = Pi(i)xo and  xo # 0. (4.26)

This is in obvious contradiction to the required
divergence of the series 377, |Pi(i)]>. Replacing
in this series i by —i one obtains again a divergent
series because of

Pu(=i) = P (D). (4.27)

Thus, as for 4%, i and —i cannot be eigenvalues.
Therefore, Theorem 4 holds.
With analogous methods one proves:

THEOREM 5 Only one of the following cases can
be true: For any non-real z € C the function

o0
Fz) = |Pu(2)] (4.28)
k=0
becomes divergent or for any non-real z€C the
Junction F converges. A is essentially self-adjoint in
the first case. In the second case, A is not essentially
self-adjoint.

If A4 is not essentially self-adjoint, i.e.

S IP@) < oo, (4.29)
k=0

one verifies by the proof of Theorem 4 that x; =
Pi()xo (k=1,2,...). Note that the choice of xy #0
is arbitrary.

This however means that the eigenspace that
belongs to i is one-dimensional. The same holds
when substituting i— —i where the x; are now
replaced by Xi. Therefore, because of

dim Eig(4, + i) = dim Eig(4, —i) =1, (4.30)

the deficiency indices are equal and thus A has self-
adjoint extensions.
By denoting

x; = i Pi(i)r, (4.31)
k=0

Xoii= Y Pr(=i)t, (4.32)
k=0

one sees that the elements of the domain D(A4y) C
HS of a special self-adjoint extension 4y of 4 are
uniquely determined by

V= X4 + axy, (4.33)

where

x4 €D(A) and «€C, (4.34)

as well as

Xp = i(e®Px; + P2 x ) with 0 < 6 < 2.
(4.35)

Let p(\) be the spectral density of A (if A4 is essenti-
ally self-adjoint) or of 4, (if 4 is not essentially self-
adjoint). We then obtain in analogy to [8], p. 524:

Result I The polynomials Pi(\) constitute a com-
plete orthonormal set with respect to p(\), i.e.

/ T POPMNA(N) = 6.

o0

(4.36)

We now are going to decide whether the operator
A:D(p)NHS' — HS', x> Ax:=px

is self-adjoint or whether it has self-adjoint exten-
sions. Following the outlined theorems, only one of
these two cases will be true.

Let Ae C. The ansatz

p Z Cndjn =A Z ann
n=0 n=0

(4.37)

then leads to the three-term recurrence relation
=\ -1, _ -1
Cptl = AQ, Cp — dp—1d, Cp—1,

(4.38)

where the a, are given by (4.8). Equality (4.38)
yields

-1 -1
Cn = )\an_lcn—l — Ap-24, (Cp-2

(4.39)
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and therefore

2 -1 -1 -1
Cnyl = ()\ a, a, | —ap-14, )Cn—l

- )\an_Qa;_lla;lcn;z. (4.40)
Looking simultaneously at (4.39) and (4.40), one
obtains a system of linear equations as follows:

Cpi1 = QuCp_i + BuCu—2,

Cn = YuCne1 + 6pCp_n. (4.41)
Note that the coefficients «,,, 5,, V., 6, are fixed by
(4.39) and (4.40). We define the vectors v, € C* by
Vi = (Cnt1, cn)T n=20,2,4,... (4.42)

and the sequence of matrices A4, € C**? with com-
ponents &, 3,,, Vs, 0. They are related by
Vuia = Apvy (4.43)

and by inserting a, from (4.8) one finds for any fix
element x € C?

lim 4,x = —¢°x. (4.44)

n—00

Thus, A, converges pointwise and the limit is

—q¢ *E where E € C*** denotes the identity matrix.
Using the norm

[Ix[| == VX137 + x2%2 (4.45)

for an element x = (x;, x») € C?, we know that C,

established with |x||, becomes a Banach space.

Thus we can conclude that the sequence of norms
(|| 4,])) is bounded, where

|A44]| := sup ||4nx]|. (4.46)
fIxfi=1

One finally perceives that || 4, — ¢~ *as C?is finite-
dimensional. Consequently, to any € > 0 there exists
an index N(e) € N such that for all n > N(e):

[ull =g <e = |4l <g > +e (447

Choose € >0 such that p:=g >+ 2e< 1. With the
help of (4.43) we then obtain

lvaiall < [[Aullllvall = (4.48)
Va2l < (g2 + O)lvall = (4.49)
”Vn+2H <p|'vn“a 0<p<l
from a certain index N on. (4.50)
In detail, one has ¢ _ ; =0 and therefore, because of

(4.38), the sequence of the ¢, is uniquely fixed after
¢o 1s chosen. As a consequence, any ¢, can be
uniquely represented as a polynomial y;,, in ¢

cn=xnlco) n=12,... (4.51)
Choosing A =+i resp. A= —i, we assume that the
series

o0
> cuty (4.52)
n=0
diverges for any ¢q € C.
Because of (4.50), one receives
[ensal F lenl < plleal + len D) (4.53)
Thus we find for x, := || + [c2, |
o
> X < o0 (4.54)
n=0

Therefore, the series (4.52) always converges.
Applying now the general facts from the stated
theorems, we finally obtain

Result 2 Let p be the restriction p on HS'. The
operator p is not self-adjoint for ¢ > 1. However,
there exist self-adjoint extensions py via

Py D(p)U{y= ¢+ ab,
+B6_| ¢ € D(p)} — HS',
Pod =P Py =p0,,, (4.55)

0, = i(el-/DxH™ L el /Dy (4.56)
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0<4v,/, <2m, (4.57)
p*xf/_ = ix;r/_ p*xf/,-_ = —ixfl/_, (4.58)
xH™ = Z Pr () gt/
i
o0
=N Pl (459)
k=0

In total, this result reveals the fact that the energy
representation of the discrete g-momentum opera-
tor in terms of ata-eigenfunctions is completely
different from the analogous situation in the con-
tinuum, when ¢=1. In the continuum situation,
the operator p is essentially self-adjoint in the basis
of £2(R) that is provided by the classical Hermite
functions. As stated in the introduction, this
observation is directly related to the interpretation
of g-oscillator algebras in the context of squeezed
laser state research, see [14]. A fascinating devel-
opment on this area can be expected and a lot of
mathematical investigation concerning related
spectral theoretical results still has to be perfor-
med. This article gives one more contribution into
this direction.
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