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The paper deals with the existence and nonexistence of positive solutions for a class of
p-Laplacian systems. We investigate the effect of the size of the domain on the existence
of positive solution for the problem in sublinear cases. We will use fixed point theorems
in a cone.

Copyright © 2006 Haiyan Wang. This is an open access article distributed under the Cre-
ative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

1. Introduction

In this paper we consider the existence and nonexistence of positive solutions to the
boundary value problem of the p-Laplacian system

12w 0) + O i) =0, 0<t<R, i=1,...,m,

/ . (1.1)
u;(0) =u;(R) =0, i=1,...,n,
where p >1, N = 1, R >0, and f; is nonnegative continuous, i = 1,...,n.
Such a problem arises when we seek the radial solutions of the following elliptic sys-
tem:

—Apui = fi(uy,...,uy) inB,i=1,..,n, (12)
ui=0 onodQ,i=1,...,n ’

where Ayu; = div(|Vu;|P2Vu;),i=1,...,n,p>1,B={x € R¥ : [x| <R}, R >0.
Equation (1.2) covers several important cases. When p = 2, (1.2) becomes the elliptic
system

—Au; = fi(uy,...,u,) inB,i=1,..,n,

1.
u;=0 onodB,i=1,...,n (1.3)
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2 Existence and nonexistence of positive solutions

When n = 1, (1.2) becomes the usual p-Laplacian

—Ayu= f(u) inB,

u=0 onoB. (14)
When n =1 and p = 2, (1.2) becomes the usual Laplacian
—Au= f(u) inB
(1.5)

u=0 onodB.

In several papers [6, 8], Wang studied the existence of nontrivial solutions of (1.1)
for a fixed R > 0. It was shown that (1.1), for a fixed R > 0, has a nontrivial solution for
sublinear nonlinearities. Related results can also be found in [1].

In this paper we investigate the effect of the size of the domain on the existence and
nonexistence of positive solutions of the quasilinear elliptic system (1.1) in sublinear
cases.

Let R = (—00,), Ry = [0,00), and R? = []iL, R*. Also, for u = (uy,...,u,) € R?, let
lull = 37, lu;| and

f(u) = (fiw),..., fu(@) = (fi(trs.eostin)seens fu(Urse. s tin)). (1.6)

We now turn to the general assumptions for this paper.
(H1) fi:R? — R, is continuous, i = 1,...,n.
(H2) There exists an i € {1,...,n} such that

fi(w)
= 1.7
fall 2o ul|P~1 (1.7)

foru = (uy,...,u,) € R%.
(H3) Forallie {1,...,n},

: fi(a)
| —— =0, 1.8
il [P (1.8)

where u = (uy,...,u,) € R
The main results of this paper are Theorems 1.1, 1.2, and 1.3.

THEOREM 1.1. Assume (HI1) and (H2) hold. Then there is an Ry > 0 such that (1.1) has a
positive solution for 0 < R < R,.

THEOREM 1.2. Assume (H1), (H2), and (H3) hold. Then (1.1) has a positive solution for all
R>0.

The following assumption will allow us to establish a nonexistence theorem.
(H4) Foralli € {1,...,n},

limsup limsup fitw)

I (1.9)
Ilull =0 [luflp-! ’ llull— oo luflP—! ’

where u = (uy,...,u,) € R
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THEOREM 1.3. Assume (HI) and (H4) hold. Then there is an Ry > 0 such that (1.1) has no
positive solution for 0 < R < Ry.

We now give two examples to demonstrate the theorems.

Example 1.4.

div (| Vi |p_2Vu1) +elt o Fun) = in B,

div(|Vui|p72Vui)+f,~(u1,...,un) inB,i=2,...,n, (1.10)

u;=0 onodB,i=1,...,n,

where p>1,B={x € RN :|x| <R}, R>0, fi are any nonnegative continuous functions.
Then (1.10) has a positive solution for sufficiently small R > 0 according to Theorem 1.1.

Example 1.5.

div(IVer |” V) + (ur +- - +u)? =0 inBi=1,..,n,

(1.11)
u;=0 onodB,i=1,...,n,

where p>1,0< p1,pase.,pn<p—1, B={x € RN :[x| <R}, R>0. Then (1.11) has a
nontrivial solution for all R > 0 according to Theorem 1.2.

2. Preliminaries

Let ¢(t) = [t|P72¢, then, for t >0, ¢(t) = tP~! and ¢~ (¢) = t/(P~D. It is easy to see that
¢ L(og(t) =¢ (o)t fort>0and o >0.

We will deal with classical solutions of (1.1), namely a vector-valued function u =
(u1(2),...,un(t)) with u; € C'[0,R], and ¢(u;) € C'(0,R), i = 1,...,n, which satisfies (1.1).
A solution u(t) = (u1(t),...,u,(t)) is positive if u;(¢) > 0,i = 1,...,n, for all t € (0,R) and
there is at least one nontrivial component of u. In fact, it is easy to prove that such a
nontrivial component of u is positive on (0, R).

Applying the change of variables, t = Rr, we can transform (1.1) into the form

(rN*%p(M)) +RA I fi(u) =0, O<r<l,i=1,...,n

R (2.1)

u'(0) =u(l) =0.

Note that we still use u;(r) and v;(r) for the new functions, u;(Rr) and v;(Rr). Thus
du;(t)/dt = (du;(Rr)/dr)(dr/dt) = (du;(Rr)/dr)(1/R) = (du;(r)/dr)(1/R).

We now recall some concepts and conclusions on the fixed point index in a cone in
[2, 3]. Let X be a Banach space and let K be a closed, nonempty subset of X. K is said to
be a cone if (i) au+fv € K forall u,v € K and all o, > 0 and (ii) u,—u € K imply u = 0.
Assume Q) is a bounded open subset in X with the boundary 9Q, and let T: K N Q — K
be completely continuous such that Tx # x for x € dQ N K, then the fixed point index
i(T,K N Q,K) is defined. If i(T,K N Q,K) # 0, then T has a fixed point in K N Q. The
following well-known result of the fixed point index is crucial in our arguments.
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LEMMA 2.1 [2, 3]. Let E be a Banach space and K a cone in E. Further let r >0, K, =
{ueK:|xll <r}, and 0K, = {u € K : ||lx|| = r}. Assume that T : K, — K is completely
Continuous.

(1) If there exists an xo € K \ {0} such that

x—Tx+txy Vx€oK,, t=0, (2.2)
then
i(T,K,,K)=0. (2.3)

(ii) If | Tx|| < llx|| for x € 0K, and Tx # x for x € 0K,, then

i(T,K,,K) = 1. (2.4)
In order to apply Lemma 2.1 to (1.1), let X be the Banach space C[0,1] X - - - x C[0, 1]
and, foru = (uy,...,u,) € X, M
n
lull = > sup [u(t)]. (2.5)
i=1t€[0,1]

For u € X or R”, [lul| denotes the norm of win X or R%, respectively.
Define K to be a cone in X defined by

K ={(u,...,un) €X:u;(t) =0, t € [0,1], i=1,...,n}. (2.6)
Also, for each r positive number, define Q, by
Q,={uekK:|ul<r}. 2.7)
Note that 0Q, = {u e K : ||u]| =r}.

Let T: K — X be a map with components (T',...,T"). We define Ti=1,...,n, by

1 s
Tt =R | o7 (55 [ N Awm)dr)ds e ol (2.8)

It is straightforward to verify that the problem of finding positive solutions to (1.1) is
equivalent to the fixed point equation

Tu=u inKk. (2.9)
It is easy to show that T(K) C K and is completely continuous. In particular, we have
the following assertion.

LeMMma 2.2. Assume (H1) holds. Then T(K) C K and T : K — K is completely continuous.
Foreachi=1,...,n, define new function fi(t): Ry — Ry by

~

fi(t) = max { fi(u) :u € R} and |lul| <t}. (2.10)
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LemMMA 2.3 [7, Lemma 2.8]. Let (H1) hold and assume limy — oo( fi(u)/||ull?~!) = fi
and limyjy) o f,(u )V llal[P~1) = fi,ue R?, fO',fo'O [0,00] for somei € {1,...,n}.

Then limy_o: (f:(t)/g(t) ) = fi andlim,_ (fi(£)/()) = fi.
LEMMA 2.4. Assume (H1) holds and let r > 0. If there exists an € > 0 such that

ﬁ(r) <g(e)p(r), i=1,...,n, (2.11)

then
IR
I Tull <nRe N ellull  forue 0Q,. (2.12)

Proof. From the definition of T, for u € dQ),, we have

n

ITull = sup |T'u(t)| —RZJ [SN IISTN_lfi(u(T))dT]ds

i=1t€[0,1]

R
<RZJ [sN IJ Nl fi(r ]dssnR(pfl[N(p(s)(p(r)] (2.13)
o ]t 3
= nRe [N(p(er) = nRe N ellull.
LEMMA 2.5. Assume (H1) holds and r > 0. Then
-1 R -1(xf
ITull < nRg <N>q) (M,)  holds Vu € 90, (2.14)

where M, = l+max{fi(u):ue R} and|lull <r,i=1,...,n} >0.

Proof. Since fi(u(t)) < M, = ¢(¢ ' (M,)) for t € [0,1], i = 1,...,n, it is easy to see that
this lemma can be shown in a similar manner as Lemma 2.4. O

3. Proof of Theorem 1.1

Fix a number r, > 0. Lemma 2.5 implies that there exists an Ry > 0 such that
ITull < |[ull for ue€oQ,, 0 < R<R,y. (3.1)

Now let 0 < R < Ry and # > 0 be such that

o (1) -1
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Since
. fi(w)
| = 00, 3.3
o et~ (3.3)
there is 0 < r; < r; such that
fitw) = o()e(llull) (3.4)

foru= (uy,...,u,) € R? and |lul| <.
If u — Tu = 0 for some u € 9Q,,, we already find the desired solution of (1.1). There-
fore we assume that

u-Tu#0 VuedQ,, (3.5)
we now claim that
u-Tu#tv VYueodQ,,t=0, (3.6)

where v = (6(r),...,0(r)), and 68 € C[0,1] such that 0 < 6(r) <1 on [0,1], 8(r) =1 on
[0,1/4) and 6(r) = 0 on [1/2,1]. Thus,v € K \ {0}. If there exists u* = (uf,...,u}) € 0Q,,
and fg > 0 such that u* — Tu* = tyv, we will show that this leads to a contradiction. Since
(3.5) is true, we have ty > 0. Since T(K) C K, we obtain uf (r) > t,0(r) for all r € [0,1].
Let

t* =sup{t:uf(r) > t0(r) Vr € [0,1]}. (3.7)

It follows that #y < t* < o0 and u(r) > t*6(r) for all r € [0,1]. Now, for r € [0,1], we
have

uf(r) = Thu*(r) + t0(r)

(RO N (3.8)
=RJ o (WJ N f,-(u*(T))dT)ds+t09(r).
r N 0
Note that Z?zl u;"(r) < forr € [0,1]. Formula (3.4) implies that, for € [0,1/2],
* V(RO N I
w=R| 975 LT olng| Sui () dr Jas 6
i
1 s
>R o ¢! (RJ’0 TngD(ﬂ)(p(ui*(T))dT) ds+t,0(r)
R -1 i N-1 * 3.9
=2 RL N () (t*0(r))d | + 106(r) (3.9)

/4
= gqfl (RJO TN_ldT(p(?])gD(l‘*)) +10(r)

= gq)" (%QD(W*)) +100(r).
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Now, in view of the fact that ¢ 1 (o¢(t)) = ¢! (0)t, we have, for r € [0,1/2],
R
wr(r) = 1+ Rt (W) F10(r) = £ +40(r) > (F +1)0(r),  (3.10)

and hence
uf(r) = (t" +1)0(r), rel0,1], (3.11)
which is a contradiction to the definition of t*. Thus, in view of Lemma 2.1,
i(T,Q,,K) =0,  i(T,Q,,K) =1 (3.12)

It follows from the additivity of the fixed point index that i(T,Q,, \ Q,,,K) = 1. Thus,
T has a fixed point in Q,, \ Q,,, which is the desired positive solution of (1.1).

4, Proof of Theorem 1.2

Let R be an arbitrary positive number. Since (H3) is true, it follows from Lemma 2.3 that
lim;_ (fi(t)/@(t)) = 0,i=1,...,n. Hence, there is an r, > 0 such that

filr) < p(e)p(ry), i=1,...,n, (4.1)

where the constant ¢ > 0 satisfies

nRo™! (%)e <1. (4.2)
Thus, we have by Lemma 2.4 that
IT(w)]| < nRe™" (%)ellull <lull foruedn,,. (4.3)
By Lemma 2.1,
i(T,Q,,,K) = 1. (4.4)

Next using exactly the same argument as in Theorem 1.1, we can determine a 0<r; <t
from (H2) such that (3.6) holds. Note that R can be any positive number for Theorem 1.2.
Thus it follows from Lemma 2.1 that

i(T,Q,,K) =0,  i(T,Q,,K) =1, (4.5)

and hence, i(T,Q,, \ Q,,,K) = 1. Thus, T has a fixed point in Q,, \ Q,,. Consequently,
(1.1) has a positive solution for all R > 0.
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5. Proof of Theorem 1.3

Since (H4) is true, for each i = 1,...,#, there exist positive numbers ¢}, &5, 71, and r; such
that r} <3,

fitw) < €lgp(llull) forueR?, ull <ri,

A , (5.1)
fi(u) < &e(llull) forueRY, [ull = 7.
Let
. . fi(u) . }}
& = maxA &}, €, max rueRY, ! <|ul|l =7 >0 5.2
{ & {q)(llull) Lrn<lull <r (5.2)
and ¢ = max;_;,_,{¢&'} > 0. Thus, we have
fitu) <ep(llull) forueR}, i=1,...,n (5.3)

Assume v(t) is a positive solution of (1.1). We will show that this leads to a contradiction
for 0 < R < Ry, where

nRyg~! (%) <1. (5.4)

In fact, for 0 < R < Ry, since Tv(t) = v(t) for t € [0,1], we find

n

) n 1 R s
vl = IITvll = > sup |T'v(t)]| sRZJO (pl[SNl L TNldrego(Ilvll)}ds
izl

i=1t€[0,1]

(5.5)
<R (Xq(Iv) = nRg (35 ) Il < vl

which is a contradiction.
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