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We treat an initial boundary value problem for a nonlinear wave equation uy; — Uy, +
Klu|®u+MulPu, = f(x,t) in the domain 0 < x < 1, 0 < ¢t < T. The boundary condition
at the boundary point x = 0 of the domain for a solution u involves a time convolution
term of the boundary value of u at x = 0, whereas the boundary condition at the other
boundary point is of the form u,(1,#) + Kju(1,£) + Ayu(1,t) = 0 with K; and A, given
nonnegative constants. We prove existence of a unique solution of such a problem in
classical Sobolev spaces. The proof is based on a Galerkin-type approximation, various
energy estimates, and compactness arguments. In the case of « = 8 = 0, the regularity of
solutions is studied also. Finally, we obtain an asymptotic expansion of the solution (u, P)
of this problem up to order N + 1 in two small parameters K, A.

1. Introduction
Given T > 0, we consider the problem to find a pair of functions (u, P) such that
Uy — txe +F(u,uy) = f(x1), 0<x<1,0<t<T,
u,(0,t) = P(1),
uy(1,8) + Kiu(1,t) + Ayug(1,£) = 0,

u(x,0) = up(x), us(x,0) = uy (x),

(1.1)

where

o F(u,ur) = Klu|%u+AuglPuy,

e uy, Uy, f are given functions,

e K, Ky, o, f, A and A, = 0 are given constants
and the unknown function u(x,t) and the unknown boundary value P(¢) satisfy the fol-
lowing Cauchy problem for ordinary differential equation

P/ (1) + w*P(t) = huy(0,1), 0<t<T,

P(0)=Py,  P(0)=P, (1.2)
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where w >0, h > 0, Py, P; are given constants. Problem (1.1)—(1.2) describes the shock
between a solid body and a nonlinear viscoelastic bar resting on a viscoelastic base with
nonlinear elastic constraints at the side, constraints associated with a viscous frictional
resistance.

In [1], An and Trieu studied a special case of problem (1.1)—(1.2) witha = = 0and f,
up, u; and Py vanishing, associated with the homogeneous boundary condition u(1,t) = 0
instead of (1.1)3 being a mathematical model describing the shock of a rigid body and a
linear visoelastic bar resting on a rigid base.

From (1.2), solving the equation ordinary differential of second order, we get

P(t) = g(t) + hu(0,t) — Ltk(t —s)u(0,s)ds, (1.3)

where

g(t) = (Po — huy(0)) cos wt + é (P1 — hu;(0)) sinwt,

k(t) = hwsin wt.

(1.4)

This observation motivates to consider problem (1.1) with a more general boundary term
of the form

P(t) = g(t) + hu(0,1) - Ltk(t — u(0,5)ds, (1.5)

which we will do henceforth.

In [9, 10], Dinh and Long studied problem (1.1);, 4 and (1.5) with Dirichlet boundary
condition at boundary point x = 1 in [10] extending an earlier result of theirs for k = 0
in [9].

In [15], Santos has studied the following problem

g — (g =0, 0<x<1,t>0,
u(0,t) =0,
! (1.6)
u(l,t)+J Gt — s)u(s)ux(1,5)ds = 0,
0

u(x,0) =uo(x),  w(x,0) =u(x).

The integral in (1.6)5 is a boundary condition which includes the memory effect. Here,
by u we denote the displacement and by G the relaxation function. The function y €
WP (Ry) with p(t) = po > 0 and ¢/ (t) < 0 for all £ > 0. Frictional dissipative boundary
condition for the wave equation was studied by several authors, see for example [4, 5, 6,
11, 16, 17, 18, 19] and the references therein. In these works, existence of solutions and
exponential stabilization were proved for linear and for nonlinear equations. In contrast
with the large literature for frictional dissipative, for boundary condition with memory,
we have only a few works as for example [12, 13, 14].
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Applying the Volterra’s inverse operator, Santos [15] transformed (1.6); into

—u(Bu(1,1) = %K(t)uo(l)
G(0)
+G(0)ut(1,t)+G2(0)u(l,t) (1.7)
G(O I K/(t = s)u(1,s)ds,
where the resolvent kernel satisfies
- /(¢ _ A
K(5) +G(0)J G/(t - )K(s)ds = G(O)G() (1.8)

The present paper consists of three main sections. In Section 2, we prove a theorem of
global existence and uniqueness of a weak solution u of problem (1.1), (1.5). The proof
is based on a Galerkin-type approximation in conjunction with various energy estimates,
weak convergence compactness arguments. The main difficulty encountered here is the
boundary condition at x = 1. In order to solve this particular difficulty, stronger assump-
tions on the initial conditions uy and u; will be made. We remark that the linearization
method in the papers [3, 8] cannot be used in [2, 9, 10]. In the case of « = § = 0, Section 3
is devoted to the study of the regularity of the solution u. Finally, in Section 4 we obtain
an asymptotic expansion of the solution (u,P) of the problem (1.1), (1.5) up to order
N + 1 in two small parameters K, A. The results obtained here may be considered as gen-
eralizations of those in An and Trieu [1] and in Long and Dinh [2, 3, 8, 9, 10].

2. The existence and uniqueness theorem

Put Q = (0,1), Qr = Q% (0,T), T > 0. We omit the definitions of the usual function
spaces: C"(Q)), L?(Q)) and W™P(Q) and denote WP = W™P(Q), LP = W*?(Q) and
H™=Wm™(Q),1 < p < oo, m € IN. The norm in L? is denoted by || - ||. Also, we denote
by (-, -) the scalar product in L? or the dual pairing between continuous linear functionals
and elements of a function space, by || - |x the norm of a Banach space X, by X/ its
dual space, and by L?(0,T;X), 1 < p < oo the Banach space of real measurable functions
u:(0,T) — X such that

1/p
leell oo, 15x) = (J [|u( t)||th) <o forl<p<oo,
(2.1)

lull = (o,r;x) = esssup)||u(t)|[x  for p = co.
0<t<T

Atlast, denote u(t) = u(x,t), t/(t) = u,(t) = (Qu/0t)(x, 1), t (t) = uy(t) = (3*u/0t2)(x, 1),
uM (1) = ("u/0t") (x,1), ux(t) = (0u/0x) (%, 1), thx (t) = (2u/0x%)(x, 1).

Further, we make the following assumptions:

(Hp) «=0,=20,K=0,1=0,

(Hl) h=> 0,K; =0, Ky +h >0and)t1 >0,
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(H,) up € H*> and u; € H',
(Hs) f, fi € L*(0, T5L%),
(Hy) k€ H'(0,T) n W>L(0,T),
(Hs) g € H*(0,T).
Then we have the following theorem.

THEOREM 2.1. Let assumptions (Ho)—(Hs) be satisfied. Then there exists a unique weak
solution u of problem (1.1), (1.5) such that

ueL”(0,T;H?), u; € L*(0,T;HY), uy € L°(0,T;1L?),
u(0,-) € Wh(0,T), u(1,-) € H*(0,T) n Wb*(0,T), (2.2)
Pe W1’°°(0, T).

Remark 2.2. Tt follows from (2.2) that the component u in the weak solution (u,P) of
problem (1.1), (1.5) satisfies

ueC’0,T;H') nC'(0,T;L*) n L™ (0, T;H?). (2.3)

Proof of Theorem 2.1. The proof consists of Steps 1-5.
Step 1 (Galerkin approximation). Let {w;} be an enumeration of a basis of H*. We find
the approximate solution of problem (1.1), (1.5) in the form

um(t) = > cmj(H)w;, (2.4)
j=1
where the coefficient functions ¢, satisfy the ordinary differential equation problem
(1 (£, w5} + (i (), W) + Pra(O)w; (0) + Quu ()W (1) + (F (i (8), 11, (1)), w5)

=(f(t),w;), l<j=m,

Pon(£) = g(£) + haays (0,1) L:k(t ) (0,5)ds,

Qu(t) = Kyt (1,6) + Myt (1,1), (2.5)
m
Um(0) = tiom = > mjw; — uy  strongly in H?,
j=1

m
Uy, (0) =ty = > Bujwj — uy  strongly in H'.
j=1

From the assumptions of Theorem 2.1, this problem has a solution {(t,Pn,Qm)} on
some interval [0, T}, ]. The following estimates allow one to take T,, = T for all m.

Step 2 (a priori estimates I). Substituting (2.5),_3 into (2.5);, then multiplying the jth
equation of (2.5); by ¢}, j» summing up with respect to j and afterwards integrating with
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respect to the time variable from 0 to ¢, we get

Sm(£) = Sm(0) = 2f 2(s)et,(0,5)ds
0

t S t (2.6)
2 JO i, (0,5)ds L k(s — 7)1t (0, 7)dT + 2[0 (f(s)utly(s))ds,
where
$u(8) = [0t (O + e DI + -2 e (OI[E2% + i (0,0 -

t t
+ K2 (1,t) +2/1J ||uﬁn(s)||l§+€ds+2A1J |, (1,5) | ds.
0 0

Using assumptions (Hy)—(Hs) and then integrating by parts with respect to the time vari-
able, we get

Sm(t) = Sm(0) +2g(0) i, (0) — 2g(t)um(0,2) +2 th/(s)um(O,S)dS
0
20, (0,1) th(t )1 (0,7)dT — 2K(0) fu;(o,s)ds (2.8)
0 0
- ZJ um(O,s)dstk/(s — D up(0,7)dT + 2J (f(s),ul,(s))ds.
0 0 0
Then, using (2.5)45 and (2.7) we get

Sm(0)+2|g(0)upm(0)| <C; Vm=1, (2.9)

where C) is a constant independent of m. Using the inequality 2ab < ea? + (1/¢)b? for all
a, b € R and for all € > 0, it follows that

t t
Slf) < C1 + %gz(t) e (0,0) + % J 12 (s) |2ds+sj 2,(0,5)ds
0 0

2 t
12 k(0)| J 12,(0,)ds
0

2
}ds

e (0,6)+ 1 ’ th(t (0, 7)dr
& 0

0

of! [eufﬂ(o,s) + 2| [ K- nun(0,0dr

1 t t
-2 L ||f(s)||2ds+sJ0 et ()| s
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~ G|+ | 19/ ds | l7Pas]
2602 (0,6) + 2 (e + | K(0)|) J'tufn(o,s)ds
0

2

t t
+£J ||u¢n(s)||2ds+1H k(t = 7)1 (0, 7)dT
0 & 0
t
+1J ds
€ Jo

On the other hand, noticing K; +h > 0,

2

rk/(s D (0,7)dr
0

(2.10)

vl |* + Bv2(0) + Kyv2(1) = Clivli3, Vv e HY, (2.11)

where C > 0is a constant depending only on K; and h, and on the other hand, by H!(Q) <
C°(Q)), we have

Ivllo@ < Collvllm  VveH!, (2.12)

for some constant Cy > 0. Hence it follows from (2.7) that

|t (0,8) | < [t (D)l oy = Collttm (D)1 < j—%Jsm(t) = Con/Su (D). (2.13)

Now, using the Cauchy-Schwarz inequality, we estimate in the right-hand side of (2.10)
the last but one integral as

1 t 2 1t t 62 t t
1 J k(t = 7)un(0,1)dr| < —J kz(G)deJ 12,(0,1)dr < —OJ k2(9)d6J S,(1)d1,
& 0 €Jo 0 & Jo 0
(2.14)
and the last integral as

1 t s 2

—J ds J K (s — 7)1y (0, 7)dT

eJo 1o (2.15)

G
&€

1 t t t t
< ;tﬁ) |k/(6)|2d6£) 2.0, 7)dr < tL 1K/(6) |2d0J0 S()dr.

Choosing ¢ so that 0 < 2¢C3 < 1/2 and using both these estimates, it follows from (2.10)
and (2.13) that

$,4(t) < Gi (1) + Go(8) J(:Sm(r)dr, (2.16)
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where

Gi(t) = 2C, + % [gz(t) + JO g/ (s) | 2ds+ JO ||f(s)||2ds],

N (2.17)
Got) = 26+ 482 (e + |K(0) ) + g ( Lt K2(0)d0+ tJ: 1K(0)| 2d9).
Since H' (0, T) — C°([0, T]), from assumptions (H3)—(Hs) we deduce that
|Gi(t)| <MY, ae.ontel0,T],i=1.2, (2.18)
where the constants Mgf) are depending on T only. Therefore
S(t) < MY + MP Jot Sn(t)dr, 0<t<Ty=<T, (2.19)
which implies by Gronwall’s lemma
Su(t) < M exp (tMF) <Mr  Vte[o,T]. (2.20)

Step 3 (a priori estimates II). Now differentiating (2.5), with respect to t we get
(Wl (), W) + (U (), W) + Pl ()W (0) + Q ()w; (1) + K (ar+ 1) { |ty | “uy(£), W)

AP+ D,y (0) Puh(0,w)) = (f/(0,w5), V1<j<m.
(2.21)

Mulj(iplyir.lg the jth equatiop herein. by ¢/, j» summing up with respect to j and then inte-
grating with respect to the time variable from 0 to ¢, after some rearrangements we get

Xm(t) = Xm(o)
_ N ' e //
2Lg (s)um(O,s)ds+2J0 [k(O)um(O,T) +J0 K (r s)um(O,s)ds] uy(0,7)dt

+2K(a+1) Itdrjl [t (2, 7) | 1, (6, 7)) (26, 7)o + ZIt (f/(s),ull(s))ds,
o Jo 0
(2.22)

where
Xon(t) = [[uip (O] + |14 (O + B[ 16,(0,5) |* + Ky | (1,8)] * + 204 L |up(1,7) | dr
+2A(p+1)ﬂdr£ e, 7) [P |l (e, 7) |
- ||u¢f,(t>||2+||u£nx<t)||2+h|uin<o,t> |2+ K |, (1,6) |2+ 244 JO |u/(1,7)| *dr

8 z)/z) :
)|

d‘r dx.

|u (x,T

ﬁ+2
(2.23)
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Integrating by parts in the integrals of the right-hand side of (2.22), we get

Xon(t) = Xm(0) +2¢" (0)u1,,(0) — 2¢/ (1)1, (0, 1) +2fg//(s)u{n(o,s)ds
0
+ Z[k(O)um(O,t) + th/ (t— s)um(O,s)ds] 12, (0,£) = 2k(0) 1t (0) 41, (0)
0
_ zjt [k(O)uﬁnm,T) 1 (0t (0,7) + J W s)um(O,s)ds] W (0,7)d7
0 0

+2K(a+1) Jtdrjl |t (2, 7) | 0, (26, T)0d2, (26, T) i + 2 Jt (f/(s),ull(s))ds
o Jo 0
= Xn(0) +2¢/ (0) 11,1 (0) — 2k(0) o (0) 1,1 (0) + K/ (0)143,,,(0)
— K/ (0)u2,(0,t) — 2" ()1}, (0, £) + 2k(0) 4 (0, £)14l,, (0, £)

+2th”(s)u§,,(o,s)ds— 2k(0)f |, (0,7) | dr

0 0
t ¢ T

+2I k/(t—s)um(O,s)ds.uﬁn(o,t)—zI u{n(o,f)dfj K/ (7 = $)1ay (0, 5)ds
0 0 0

L 2K (a+1) Jtdrr |t (,7) |“ug1(x,r)u;§(x,r)dx+zf (F/ (), (s)) ds.
0 0 0
(2.24)

First, we deduce from (2.5)s, (2.23) and assumptions (H4)—(Hs) that
| Xn(0) +2¢/(0) 2111 (0) = 2k(0) 1o (0) 1, (0) + K/ (0153, (0) | = Cy + | (O)[*,  (2.25)

where C, >0 is a constant depending only on uy, us, g, k, K, Kj, h only. But by (2.5),_3
we have

[ (0) [ = Csomers 43 (0)) + (F (ttoms 1) 14 (0)) = (£ (0),u4(0)). (2.26)
Therefore
| (O] = [|tomx| | + | F (tom, urm) [ + || £ O] (2.27)
and by means of (2.5), we deduce that
|1, (0)]] < G, (2.28)

where Cs > 0 is a constant depending on uy, u;, f, K, A only.
On the other hand, it follows from (2.11)—(2.13) that

1 (D)l oy = Colltt ()] = Coy/Xon (D). (2.29)
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Then, by means of (2.13), (2.20), and (2.29) we deduce that
t 1
K(a+ I)J dTJ |t (2, 7) | i, (26, ) 0d2, (26, 7) dx
0
< 2K (a+1)(CovMy J||u @[l (2)|d (2.30)
< 2K (a+1)C (Eo/My ) J X, (r)dr
0
and from here and (2.22)—(2.28) we obtain

Xon(t) < Co+ C2+ [ K/(0) | t2,(0,8) + 2| g/ ()1, (0,8) | +2|k(0) 14 (0,)14,,(0, 1) |

+2r |g” (s)ul,(0,5) | ds+2]k(0) | Jt |u£,,(0,1)|2d‘r
0 0
t
+zj K (£ = ) (0,5) | ds - | £, (0,)]
0
t T
+ZI |u21(0,r)|drj | K/ (1 — $)t1,,(0,5) | ds
0 0
t 1 t
+2K(a+ I)J d‘rj |um(x,r)|“|u{n(x,‘r)uf,/1(x,r)|dx+2j [ (f/(s),ull(s)) | ds
0 0 0
<G+ C+ | K (0)| C3My+2|g (1) | Con/Xm(t)
~ ~ t
12| k(0) | G My X () + 28 JO |7(5) |\[Xom(s)dis
2| k(0)| &2 JtXm(T)dTwLZéé«/MTJt 11(6) | d6x/Xm (1)
0 0
Yo Nive jt 1K/ (0)] dﬂjtw/Xm(T)dT
0 0

a [t t t
2K (a+ 1)C (CoMr ) L Xop(z)dT+ JO ILF ()| Pds + L X (s)ds.
(2.31)

We again use the inequality 2ab < ea® + (1/)b? Va,b € R, Ve >0 with £ = (1/4). Then it
follows that

Xon(t) < Co+ C2+ | K/(0) | C2My+2| g/ (£) | Con/Xim (1)
t
+4|k(0) | 2V MrrXon(8) + 28 L 17(5) |\[Xom(s)dis
+21k(0)| &2 jtxm(wdwzéém [[ 1@ 000
+cgJ_J K (6 |d0J (D) + 2K (a+ 1) Co (Con/My jx (1)d
/
+L 179l ds+LXm(s)ds
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<C+C+ [K(0)| C3Mr +4(|g/ (1) Co)* + iXm(t)

t
T+ ak2(0) My + iXm(t) Yy J 1g/(s) |2 ds
0

t

t ~ t ~ 2 1
+J Xm(s)ds+2|k(0)|CéJ Xm(T)dT+4C3MT< k 9)|d9> X ()
0 0

+53MTt(Jt|k”(9)|d9> Jx (e)dr+ 2K (a+ 1)y (Con/My jx (1)d
0
t y ) t
+L 1LF/ )] ds+J0Xm(s)ds
(2.32)

Noting the embedding H'(0,T) = C°([0,T]), it follows from assumptions (Hz)—(Hs)
that

t
Xon(t) < MY +M(T4)J Xp(n)dr Vte[0,T], (2.33)
0
where
M = 12+8C3 | k(0) | +8K (a+ 1)Co (Eo/Mr ) (2.34)

and M(T3 ) is a constant dependingon T, f, g, k, C,, C;, Co, and My only. By Gronwall’s
lemma we deduce that

Xon(t) < MY exp (tM{) < My Vte[0,T). (2.35)
On the other hand, we deduce from (2.5),_3, (2.7), (2.20), (2.23), and (2.35) that
1Pl 0,7y = M(S)

||Qm||H1(0,T) = MT >

g, (B2 B+2 @) 2.36
H|u | /H (B+2) (QT):””inHUM(QT)SMT ’ ( )

2
(B+2)/2

|| F72)

L2(Qr)

= Xm(t) = MT)

7

2
| u{n | (ﬂ+2)/2)
L2(Qr)

_ i(ﬁ+2)2JTdtr e t) [P [, (e ) | P
Cor/Xom ) dtJ |, (x,1) | dx
Con/ X, ) (D)dt

|5

(2.37)

forall T >0and (B+2) = (B+2)/(B+1).
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Step 4 (limiting process). From (2.7), (2.20), (2.23), (2.35), and (2.36),-3 we deduce the
existence of a subsequence of {(t, P> Qm)}, still also so denoted, such that
Uy — u in L®(0,T;H') weaks,
u, — ' inL®(0,T;H') weaks,
u, — v in [F?(Qr) weakly,
w/! — " in L*(0,T;L?) weak,
U (0,-) — u(0,+) in Wh°(0,T) weaks,
um(1,-) — u(l,-) in Wh*(0,T) weak,
Um(1,-) — u(l,+) in H*(0,T) weakly,
P, — P in Wh®(0,T) weaks,
Qn — Q inHY0,T) weakly,

(2.38)

|/, |ﬁu,/n —x in L#*2(Qr) weakly.

By the compactness lemma of Lions [7, page 57] we can deduce from (2.36)4, (2.37), and
(2.38)1,2,4-6 the existence of a subsequence still denoted by {u,,} such that

Uy — u stronglyin L*(Qr),

u, — u/ strongly in L*(Qr),
|| Bravz y1  strongly in H'(Qr), (2.39)
Um(0,-) — u(0,-) strongly in C°([0,T]), ’
Um(1,-) — u(1,-) stronglyin H'(0,T),
w,(1,-) — u/(1,-) strongly in C°([0,T]).
From (2.5),_3 and (2.39)4_¢ we have
t
Pon(t) — g(£) + hua(0,t —Jkt— 0,5)ds = P(¢),
(t) — g(t) +hu(0,t) 0( s)u(0,s)ds = P(t) (2.40)
Qu(t) — Kyu(1,1) + Mo/ (1,1) = Q(1)
strongly in C°([0, T]) from where with (2.38)s 9
P =P, Qb =Q® (2.41)
can be deduced. Using the inequality
lx[*x = |y|*y| < (@ + 1)R*|x — y| Vx,y € [-R,R], (2.42)

for all R >0 and all & > 0 it follows from (2.13), (2.20), and (2.39); that

| iy | “ty — |ul®u  strongly in L?(Qr). (2.43)
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Similarly, we can also obtain from (2.29), (2.35), (2.39), and inequality (2.42) with a = 3,
that

|, |ﬁuf,1 — |u/|ﬁu/ strongly in L?(Qr). (2.44)

Hence, because of (2.43),
F(umui),) — F(u,/)  strongly in L*(Qr). (2.45)

Passing to the limit in (2.5);4-5, by (2.38)1,24 and (2.40)—(2.41) and (2.45) we have u
satisfying the problem

(W (£),v) + (ux(t),v2) + P(£)v(0) + Q(E)v(1) + (F (u(t),/ (1)), v) = (f(£),v),

u(O) = Ug, M/(O) =u (2.46)

weak in L?(0, T) weak, for all v € H!. On the other hand, we have from (2.18)—(2.20) and
assumption (H3) that
e = +F(u,u/) — f € L (0, T;L*(0,1)). (2.47)

Hence u € L*(0, T; H?) and the existence proof is completed.
Step 5 (uniqueness of the solution). Let (u;,P;), i = 1,2 be two weak solutions of problem
(1.1), (1.5) such that

ui € L=(0,T;H?), u, e L*(0,T;H'), w/ € L*(0,T;L?),
u;(0,-) € WH(0,T), ui(1,-) € H*(0,T) n W-(0,T), (2.48)
b, e whe (0, T)

Then (u, P) with u = u; — u; and P = P; — P, satisfies the variational problem

(W (£),v) + (e (), v) + P()V(0) + Q(E)v(1) + K { |y | “ur — |z | “uzyv)
Ay )Pl = [Py =0 Vv e HY, (2.49)
u(0) = 4/(0) = 0,

where

P(t) = hu(0,1) — Jotk(t — 9u(0,5)ds, 50

Q1) = Kyu(1,1) + Mo/ (1,1),
We take v = /in (2.36), afterwards integrating in t, we get
t t T
Z(t) = —ZKJ <|u1 |“ur — |uy |“u2,u/>d‘r+2j u/(O,T)dTJ k(T — s)u(0,s)ds,
0 0 0

(2.51)
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where

Z(t) = |/ O + ||ux(D)|]” + hei(0, ) + K w2 (1,8)

"L 2 U B /(B (252)
+2A1 | [/ (1,s) | ds+2A <|u1| u) — || ", u >d‘r.
0 0

Using inequality (2.42), the first term of the right-hand side of (2.51) can be estimated as

t
2K‘J <|u1|“u1— |u2|“u2,u/>dr
0

, , (2.53)
< 2K(a+ 1)R“J (o) (0)]|dr < K (ar+ I)R“J Z(1)dr,
0 0

with R = m%uZ(II Uil =0, 1;11)- Using integration by parts in the last integral of (2.51), we get
1=1,

J= zjtu/(o,r)dffk(r — 9u(0,5)ds = 2u(0, 1) th(t — 9u(0,5)ds
oo t o (2.54)
— 2K(0) J 12(0,7)d7 — zJ u(o,r)drj K (7 — $)u(0,5)ds.
0 0 0

On the other hand, it follows from (2.11)-(2.12) and (2.52) that

|u(0,8) | < [[u(®)|| oy < Collu(®)][ < (\/ = CoZ(1). (2.55)
Thus

I =< zﬁ%%ﬁ |k(t=9)]yZ(s)ds

12| k(0)| égrzu)dwzégr Z(T)d‘rr K (7 — ) [\/Z(5)ds
y (2.56)
< 22 t)+2COJk2 dGJZ Vs + 2| k(0 |C2IZT)dT

12
+zc§f(f 1K (0)] de) J Z(s)ds
can be deduced. It follows from (2.51) and (2.53)—(2.56) that

Z(t) < my LtZ(s)ds vte[o0,T], (2.57)
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where

T T 1/2
mT=2K(a+1)R“+46§J kz(e)de+4|k(0)|63+465ﬁ“ |k/(6)|2d6) .
0 0
(2.58)

By Gronwall’s lemma, we deduce that Z = 0 and Theorem 2.1 is completely proved. [

3. Regularity of solutions

In this section, we study the regularity of solution of problem (1.1), (1.5) corresponding
to « = f = 0. From here, we assume that (h,K,K;,A,1,) satisfy assumptions (Hy), (H;).
Henceforth, we will impose the following stronger assumptions:

(HY) 4o € H? and u; € H?,

MY £, fi, fi € L2(0,T;L2) and f(-,0) € H!,

(Hy) g € H(0,T),

(H) k € H2(0,T).
Formally differentiating problem (1.1) with respect to time and letting 7 = #; and P = P/
we are led to consider the solution # of problem (@):

~

L =ty — e +F(0, 1) = f(x,1), (x,t) €Qr,
ie(0,) = P(1),
Bt = u,(1,8) + Kyu(1,t) + i (1,8) =0, 3.1)
u(x,0) = to(x),  Ue(x,0) = i (x),

~

P(t) = g(t) + hui(0,t) — J:k(t —s)u(0,s)ds,

where

Fuu) =Ku+hu,  f=fn  §(t) =g (1) —k(t)u(0),

A ~ (3.2)
Up = uy, Uy = toxx — F(uo,u1) + f(x,0).

Let ug, w1, f, g, k satisfy assumptions (Hgl])—(HE]). Then 4y, 41, f, g k satisfy assump-

~

tions (H;)—(H4) and by Theorem 2.1 for problem (Q) there exists a unique weak solution
(1, P) such that

ueC0,T;H'Y) nC' (0, T;L%) n L™ (0, T; H?),
i, € L*(0,T;H'), iy € L°(0,T;L%),
4(0,-) € Wh>(0,T), u(1,-) € HX0,T) n Wh>(0,T), (3:3)
Pe Wb (0,T).

Moreover, from the uniqueness of weak solution we have

i=u, P=P. (3.4)
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It follows from (3.3)—(3.4) that
ue C’0,T;H?) nC' (0, T;H') n C*(0,T;L?),
u € L™ (0, T; H?), uy € L (0, T;HY), e € L2 (0, T5L?),
u(0,-) € W2*(0,T),  u(1,-) € H*(0,T) n W2(0,T), (2)

P e W>*(0,T).

We then have the following theorem.

THEOREM 3.1. Let a = f3 = 0 and let assumptions (Hy), (H,) and (H[II])—(HLI]) hold. Then
there exists a unique weak solution (u,P) of problem (1.1), (1.5) satisfying (3.5).

Similarly, formally differentiating problem (1.1) with respect to time up to order r
and letting ul") = 9"u/dt" and P") = d"P/dt" we are led to consider the solution ul") of
problem (QU")):

Lyl = f[r] (x,t), (x,t) €(0,1)x(0,T),
u)[f](O,t) = P[r](t)a

(r] —
B =0, (3.6)
W0 =ug' ), w(x,0) = u (),
t
PUrl(t) = g['] (t) + hul"l(0,1) — J k(t —s)ul"(0,s)ds,
0
where the functions u([)r] and u{” are defined by the recurrence formulas
uy = uo, uy =Y, =,
- - oL f
0 1 1 1
Ul =y, ul™h =yt F(u([{ Ll ]) s -(x,0), r=>1,
f[r] = ﬂ, (3.7)
ot"

g = d k
[o] = [r] (r=1-v)
£ 78 ar ~ 2% Oy

r>1.
=0

Assume that the data u, u;, f, g, k satisty the following conditions:

(H"Y uy € H*2 and u; € H'™,

HY) o f/or € 12(0, T;12), 0 < v < r+1,and (3 f/t*)(-,0) e H, 0 <p <7 —1,

( [V]) gEHHZ(O T)

HY)Y ke H(0,T), r = 1.
Then u([)r], u[lr], U, gl k satisfy (H;)—(Hy). Applying again Theorem 2.1 for problem
(Ql™), there exists a unique weak solution ul") satisfying (2.2) and the inclusion from
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Remark 2.2, that is, such that

ull e C°(0,T;H") n C'(0,T;L%) n L™= (0, T; H?),
e~ (0,T;HY), ul?h e 1™ (0, T;1%),
(3.8)
u[r](o’ ) € Wl)w((): T)7 u[?’](l’ ) S Hz(oa T) N WI’OO(O) T))

plrl e wh=(0,T).

Moreover, from the uniqueness of weak solution we have (ul"l, Pl"l) = (9" u/ot", d"P/dt").
Hence we obtain from (3.8) that

ue €10, T;H?) n C(0, TsH') 0 € (0, T5L?),
w(0,-) € W(0,T),  u(l,) € H™(0,T)n W*>(0,T), (3.9)
Pe W™h(0,1).

We then have the following theorem.

THEOREM 3.2. Let oo = 3 = 0 and let assumptions (H,) and (H[lr])—(HLT]) hold. Then there
exists a unique weak solution (u,P) of problem (1.1), (1.5) satisfying (3.9) and

o'u
ot"
oy
atr+1
o 2u
atr+2

€ L°(0,T;H?),

e L=(0,T;H'), (3.10)

e L™ (0, T;12).

4. Asymptotic expansion of solutions

In this section, we assume that « = f = 0 and (h, Kj, A4, f, g, k) satisfy the assumptions
(Hp)—(Hs). N

We consider the following perturbed problem (Qx,), where K > 0, A > 0 are small
parameters:

Lu=uy — g = —Ku—Aus + f(x,1), 0<x<1,0<t<T,
BOMEMX(O,t) :P(t))
Biu=u,(1,t) + Kju(1,t) + Ajus(1,1) = 0, ~

u(x,0) = up(x), uy(x,0) = ui(x),

P(t) = g(t) + hu(0,1) - Jotk(t — 9u(0.5)ds.
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Let (uo,0,Po0) be a unique weak solution of problem (CNQO,O) as in Theorem 2.1, corre-
sponding to (K,A) = (0,0), that is,

Lugy :ITIO,O = f(x,t), 0<x<1,0<t<T,
Bouoo = Poyo(t), Biug =0,

Uuo0(%,0) = up(x),  upo(x,0) = ui(x),

Poo(t) = g(t) + hug(0,t) — JO k(t —s)ug(0,s)ds, B0)
0,0

oo € C°(0,T;H') n CH(0, T;L?) n L™ (0, T; H?),
uyo € L (0, T;H'Y),  ugy € L™(0,T;L2),
u,0(0,-) € Wh>(0,T), uoo(1,-) € H*(0,T) n Wh*(0,T),
Pog € WH(0,T).

Let us consider the sequence of weak solutions (u4y, 5, Py, 5,)> (y1,y2) € 23, 1 < y1+ 7y, <
N, defined by the following problems:

Luy, ,, = PNIy,,yz, 0<x<1,0<t<T,
BOuVl;Yz = Py1,yz(t)> Bl“yl Y2 = 0,

Uy, 5,(x,0) = yl 1 (%,0) =

Py () = hity, . (0,1) J K(t — )ity 0 (0,5)ds,
0

(éyl,yZ)
Uy, y, € C°(0,T;H') n C*(0,T;L*) n L™ (0, T; H?),
u), , €L*(0,T;HY), ), €L*(0,T;L?),
u}’l yz( ) Wloo(o T) u)/l yz( )EHZ(O T)mwlw(o T)
Py, € WH(0,T),
where
ﬁl,o = —Uo,0, I'NIO,l = —”{),o,
(4.1)

I‘NIyl,yz = —Uy -1y, — u;,byz_l, ()/1,)/2) c Zi, 2 < Y1 + Y2 < N.
Let (u,P) = (ux,Pk,1) be a unique weak solution of problem (61(,/\)- Then (v,R), with

v=uga— D Uy, K"V, R=Pgy— > P, KA, (4.2)
0=<y1+y2=N 0<y1+y2=<N
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satisfies the problem

Lv=—-Kv—Avi+enka(xt), 0<x<1,0<t<T,
Byv = R(t),
Biv=0,
v(x,0) = v(x,0) =0,

t
R(H) = hv(0,0) - | K(t=9v(0,9)ds, (43)
0
ve C’(0,T;H'Y) nC'(0,T;L?) n L™ (0, T; H?),
v e L*(0,T;H"), v/ € L*(0,T;L?),
V(O) ) € Wl,m(o’ T)’ V(l) ) € H2(0) T) N Wl,m(o’ T))
Re Wh(0,T),

where

ENKA = Z (uyl—l,yz + u;/b)’z—l)Ky}Ayz' (4~4)
y1+y2=N+1

Then, we have the following lemma.

LEmMa 4.1. Let o = f = 0 and let assumptions (H,)—(Hs) be satisfied. Then

~ N+l
HeN,K,AHLw(o,T;Lz) <Cn (\/K2+)t2) , (4.5)

where Cy is a constant depending only on the constants
||“y1—1,yz||Lw(o,T;H1)’ ||“/y1,yz—1||Lw(o,T;H1): ()/1,)/2) € Zi» y1+y2=N+1L (4.6)

Proof. By the boundedness of the functions uy, _1,),, ug,l,w_l, (y1,92) € 72, y1+y,=N+1
in the function space L* (0, T; H'), we obtain from (4.4), that

||eN,K>)t||L°°(0,T;L2) = Z (Hu)’l*l))/z”Lm(O,T;H') +||”§z1,y2—1||Lw(o,T;H1))Ky1/VZ~ (4.7)
yl+y2:N+1

On the other hand, using the Holder’s inequality ab < (1/p)a? + (1/q)b4, 1/p+1/q =1,
Va,b>0,VYp,q>1witha=K>WND p=)2/N+1) 6 = (N +1)/y1,q = (N +1)/y,, we

obtain

KPP = (K240 ) 2p/(N+1)) (NFD2 (g2 +,\2)(N+1)/2, (4.8)

forall (y1,y2) €22, y1+y, =N +1.
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Finally, by the estimates (4.7), (4.8), we deduce that (4.5) holds, with

Cy = > (””yrl,w”LN(o,T;Hl) t ||”/y1,yz—1||Lw(o,T;Hl))~ (4.9)
yl+y2:N+1
The proof of Lemma 4.1 is completed. O

Next, we obtain the following theorem.

THEOREM 4.2. Let o = 5 = 0 and let assumptions (H,)—(Hs) be satisfied. Then, for every
K =0, =0, problem (Qg,) has a unique weak solution (u,P) = (ux ), Px ) satisfying the
asymptotic estimations up to order N + 1 as follows

+
L=(0,T;L2)

/o / Y1)y
uK,A 2 u}/byzK A
OSY1+}/2 <N

ug,) — Z Uy, 5, K"'AP?
0<y;+y2<N

L=(0,T;H")

<& (veeR)

L2(0,T)

+

Goall) = S, 1R
0<y1+y2<N

(4.10)

~ ——\ N+1
‘ PK,/\_ Z P}’l))’zKyl)Ly2 = ;\kf*( K2+A2) > (4°11)
OSY1+)/2£N

forallK = 0, \ > 0, the functions (i), ,,, Py, ,,) being the weak solutions of problems (Qy1,,2),
(y1,y2) €22, y1+y2 < N.

Proof. By multiplying the two sides of (4.3); with v/, and after integration in ¢, we obtain

2(8) = 2Jt (exc /)T +2 Jtv/(O,T)dTJTk(T — $)(0,5)ds, (4.12)
0 0 0
where
2(t) = [V O] + ||y + hv2(0,8) + Kiv* (1L, 1) + K| |[v(1)||”
(4.13)
+2Ajt IV (0)|Pdr+ 22, Jt v/(1,5)| ds.
0 0
Noting that
2(0) = (VO + [0 + 120, 6) + KA (L,£) + 204 f v/ (1,5)|ds
0
= IO + o+ 20 [ 1¥/(1,9) s (@14
0

[v(0,1)]| < ||V(t)||c0(ﬁ) = 50\/%)
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where the constants C, 60 are defined by (2.11), (2.13), respectively. Then, we prove, in a
manner similar to the above part, that

t t t
2(t) = Tllewxal 2o T.L2)+j 2(s)ds +e2(t) + lcgj kz(e)dGJ 2(s)ds
o e 0 (4.15)

t t 172t
+2|k(0)|C§J z(s)ds+2C§\/f(J Ik/(9)|2d9) J 2(s)ds
0 0 0
forall t € [0,T] and € > 0. Choosing € > 0, such that € < 1/2, we obtain from (4.5), (4.15),
that

t
2(8) < 2TC (K2 420N 4 pr 2(s)ds, (4.16)
0
where
N (T 2 T N
pr=2+4]k(0)| & +4cgj K2(0)d6 + ;cgﬁ(J 1K (0)| d@) L @)
0 0
By Gronwall’s lemma, it follows from (4.16), (4.17), that

)N+

2(t) < 2TC¥ (K2 +A? 1exp(TpT). (4.18)

It follows from (4.14), that

IO+ Bl + 24 jo 1V (1,5) | 2ds

(4.19)
< z(t) <2TC%,(K? +)L2)N+lexp (Tpr).
Hence
, , ~o 7\ V!
V] o 0,722 + 1l o5ty + |1V (1 ) 2o,y < N(VK +1 ) , (4.20)
or
/
uK,/l_ 2 u;byzKyIAyz + Uk — Z uyl»YzKyl/lyz
0<yi+y,<N L=(0,T512) 0<y1+y2<N L>(0,T;HY)
, y ~ N+1
+uhea (L) = >, (1)K <CGi(VK2+ )
0<y1+y,<N L2(0,T)

(4.21)
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On the other hand, it follows from (4.3)s, (4.20), that
T
IRlcsgory < (h+ | 1K©)1d0) vl
T ~ N+1
< <h+J |k(9)|d0> & (VK24 22) (4.22)
0

N+1

=G (VKT H22)

or
~ N+l
‘ Pia— > P, KVA” <Gy (VK2 +22) (4.23)
0<y1ty2<N co((o,17)
The proof of Theorem 4.2 is completed. O
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