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1. Introduction

In this paper, we denote by N, Z, R the set of all natural numbers, integers, and real
numbers, respectively. For a,b € Z, define Z(a) = {a,a+1,...}, Z(a,b) = {a,a+1,...,b}
when a < b.

Consider the nonlinear second-order difference equation

A(@p(Axu-1)) + f (1, %p11,%0,%01) =0, nel, (1.1)
where A is the forward difference operator Ax, = x,+1 — X, A2x, = A(Ax,), @p(s) is
p-Laplacian operator ¢,(s) = [s|?"?s (1< p < ), and f:Z x R’ — R is a continuous
functional in the second, the third, and fourth variables and satisfies f(t+m,u,v,w) =
f(t,u,v,w) for a given positive integer m.

We may think of (1.1) as being a discrete analogue of the second-order functional
differential equation

[9p(x)] + f(tx(t+1),x(8),x(t—1)) =0, teR (1.2)
which includes the following equation:

Ay (x) =V [y(x+1) = y(x)] = v'[y(x) — y(x - 1)]. (1.3)
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Equations similar in structure to (1.3) arise in the study of the existence of solitary waves
of lattice differential equations, see [1] and the references cited therein.

Some special cases of (1.1) have been studied by many researchers via variational
methods, see [2-7]. However, to our best knowledge, no similar results are obtained in
the literature for (1.1). Since f in (1.1) depends on x,4; and x,_, the traditional ways of
establishing the functional in [2—7] are inapplicable to our case. The main purpose of this
paper is to give some sufficient conditions for the existence of periodic and subharmonic
solutions of (1.1) using the critical point theory.

2. Some basic lemmas

To apply critical point theory to study the existence of periodic solutions of (1.1), we will
state some basic notations and lemmas (see [5, 8]), which will be used in the proofs of
our main results.

Let S be the set of sequences, X = (..., X_y,...>X_1,X0,X15 > Xn>-..) = (X, 1%, that is,
S={x={xu}:x, €R, n € Z}. For a given positive integer q and m, E, is defined as a
subspace of S by

Egm = {X= {xu} eS|xn+qm:xm }’lEZ}. (2.1

Foranyx,y €S, a,b € R, ax + by is defined by

+o0
n=—o00"

ax+by = {ax,+by,} (2.2)

Then S is a vector space. Clearly, Eg, is isomorphic to R9™, Eg,,, can be equipped with
inner product

qm
(6 ))Ep = 2. %¥j» V%Y € Egm, (2.3)
j=1

by which the norm || - || can be induced by

qm 1/2
||x||=<2x§> , Vx€Egm. (2.4)
j=1

It is obvious that E,,, with the inner product in (2.3) is a finite dimensional Hilbert space
and linearly homeomorphic to R?".
On the other hand, we define the norm || - ||, on Ey, as follows:

qm p
llxllp = <Z|xi|p> , (2.5)
i1

for all x € E;p, and p > 1. Clearly, ||lx|| = ||lx|l2. Since || - ||, and || - [|> are equivalent, there
exist constants C;, C,, such that C; > C; >0, and

Cilixlly = lxll2 < Gllxllp, VX € Egm. (2.6)
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Define the functional J on Eg, as follows:

qm
1
1) = X |5 185" = F(nxe,m) | (2.7)
n=1 p
where
f(t,u,V,W) = Fé(t_ I)V)W) +Ff;(t)u)v))
, OF(t—1,v,w) , OF (t,u,v) (2.8)
Fz(f—l,V,W)=T, F3(t,u,V)=T)
then
f (1, X115 %05 X0—1) = F3 (1, Xn11,%0) + F5 (1 — 1, %, X0-1). (2.9)

Clearly, ] € C'(Egm,R) and for any x = {x,}uez € Egm, by using xo = Xgm» X1 = Xgm+1, We
can compute the partial derivative as

aa—){n = —(A(@p(Axn-1)) + f (1, Xn11,%05X0-1) ), 1€ Z(1,qm). (2.10)
By the periodicity of {x,} and f(t,u,v,w) in the first variable t, we reduce the existence
of periodic solutions of (1.1) to the existence of critical points of ] on Eg,. That is, the
functional ] is just the variational framework of (1.1).

For convenience, we identify x € E,, with x = (x1,x,... ,xqm)T.

Let X be a real Hilbert space, I € C'(X,R), which means that I is a continuously
Fréchet differentiable functional defined on X. I is said to satisfy Palais-Smale condition
(P-S condition for short) if any sequence {u,} C X for which {I(u,)} is bounded and
I'(u,) — 0, as n — oo, possesses a convergent subsequence in X.

Let B, be the open ball in X with radius p and centered at 0 and let dB, denote its
boundary.

LEmMA 2.1 (linking theorem) [8, Theorem 5.3]. Let X be a real Hilbert space, X = X, & X,
where X, is a finite-dimensional subspace of X. Assume that I € C'(X,R) satisfies the P-S
condition and
(A1) there exist constants o >0 and p > 0, such that I|3p,~x, = 0;
(A,) there is an e € 0By N X, and a constant Ry > p, such that I|3q < 0, where Q =
(Br, N X1)® {re|0<r<Ry}.
Then, I possesses a critical value ¢ > o, where

¢ = infmaxI(h(u)), I'={heC(QX)lhlaq=id} (2.11)

hel ueQ

and id denotes the identity operator.
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3. Main results

TaEOREM 3.1. Assume that the following conditions are satisfied:
(Hy) f(t,u,v,w) € C(R*,R) and there exists a positive integer m, such that for every
(t,u,v,w) € RY, f(t+m,u,v,w) = f(L,u,v,w);
(Hy) there exists a functional F(t,u,v) € C'(R3,R) with F(t,u,v) > 0 and it satisfies

Fi(t—L,v,w)+ F5(t,u,v) = f(t,u,v,w),
3.1
lim FEBY) oo i B

p=0  pP

(H3) there exist constants B = p+1, a; >0, a, >0, such that

B
F(t,u,v) = a (\/u2 +v2> —a, VY(tuv)eR>. (3.2)

Then, for a given positive integer q, (1.1) has at least two nontrivial gm-periodic solutions.
First, we prove two lemmas which are useful in the proof of Theorem 3.1.

LEMMA 3.2. Assume that f(t,u,v,w) satisfies condition (Hs) of Theorem 3.1, then the func-
tional J(x) = >, [1/p|Axy|P — F(n,Xu11,%,)] is bounded from above on Egp,.

Proof. By (Hs), there exist a; >0, a; >0, B > p, such that for all x € Ey,,

am - am - op
J(x)=> [— IAxn|P—F(n,xn+1,xn)] <> [—maX{Ian 12 x| 7} —F(n,xn+1,xn)]
n=1 P n=1 p
21’ m B
< ? [xpi1 |7+ | %0 | 7] = a1 Z (xle,ﬂ +x%) +ayqm
n=1
2P »
< lenl *alZ|xn| +azqm—7||x||pfa1||x||5+azqm
n=1 n=1 p
(3.3)
In view of (2.6), there exist constants C;, Cs, such that
1 1
lxll, < a||x||, lxllg = a||x||- (3.4)
So
2 p+l1 a
J(x) = —llx||? 1x[I# + argm. (3.5)
@) ()P 1

By 3 > p and the above inequality, there exists a constant M > 0, such that for every x €
Egm, J(x) < M. The proof is complete. O

LEmMa 3.3. Assume that f (t,u,v,w) satisfies condition (Hs) of Theorem 3.1, then the func-
tional ] satisfies P-S condition.
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Proof. Let xK) e Egm, for all k € N, be such that {J (x%)} is bounded. Then there exists
M; >0, such that

p+1
My < T () < Z O = 2L 1]+ aygm (3.6)
1 pcp C3ﬁ 2qm,
1
that is,
a 2p+1
C—;!;Hx(k)Hﬁ - ﬁnx(mnp < M, +axqm. (3.7)
1

By 8 > p, there exists M, > 0 such that for every k € N, lx®) | < Ms.
Thus, {x®} is bounded on Egm. Since Egyy, is finite dimensional, there exists a subse-
quence of {x®}, which is convergent in Eg,, and the P-S condition is verified. O

Proof of Theorem 3.1. The proof of Lemma 3.2 implies lim |~ J(x) = —oo, then —] is
coercive. Let co = sup,.cp J (x). By continuity of ] on E,,, there exists X € Ey,,, such that
J (%) = co, and X is a critical point of J. We claim that ¢y > 0. In fact, we have

1 qm p\p  gm
J(x>=;([z |Axn|"] ) = > F(n,%p41,%n)
n=1

n=1
] ] » qm , 12, p gqm
=& ([Z ] ) - Sromsnn
I n=1 n=1 (3.8)
1/ 1\P[ " pRam .
= —(—) |:22(x,21—xnxn+1):| - zF(n;erlaxn)
p 2 n=1 n=1
1 ( 1 )P T P2
= - = ( Ax) ZF(n,anaxn);
p C2 n=1
where x = (x1,%2,...,Xqm) >
2 -1 0 0 -1
-1 2 -1 0 0
a0 -1 2 0 0 (3.9)
-1 0 0 -+ -1

qmxqm

Clearly, 0 is an eigenvalue of A and & = (v,v,...,v)T € Eg is an eigenvector of A cor-
responding to 0, where v # 0, v € R. Let A1, A3,...,Agm—1 be the other eigenvalues of A. By
matrix theory, we have A; >0, for all j € Z(1,qm — 1).

Denote Z = {(v,v,...,v)T € EgmlveR}and Y = Z*, such that By, = Y @ Z.

Set

Amin = _min A; >0, Amax = max  A; >0. (3.10)
jez(1,qm-1) jez(l,qm-1)
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By condition (H;), we have

lin&%zo, p=~Nu>+vi (3.11)
P

Choose ¢ = 2‘P/2‘2(l/p)/lﬁl/m(Cl/Cz)P, there exists § > 0, such that

G
G

min

p
| F(t,u,v) | SZ_P/Z_lep/g( ) pP, Vp<é. (3.12)

Therefore, for any x = (xl,xz,...,xqm)T with [|x|] <, x € Y, we have

11N o e &
J(x) = —(— (x"Ax)"" = ZF(n,an,xn)
p Cz n=1
p pam
- lAﬁi( 1 ) llx|l? — 9-p/2-2 /\P/i(g) Z P/zmax(|xn+1|p,|xn|p)]
2 C2 n=1
p pam
= () et =2 () X e | )
p 2 G/ =
1P/2(1)P p_ 2l P/Z(Cl) /241 P
=\ = 2P — | op/2F
Atnin G |E4] Atnin c, [l
1.pn( 1\ /2 P 1 /2
= 0i(2) ||x\|P——Af;m( ) () e = 55 () e
(3.13)
Take o = 1/2p(1/C;)?A?2 57, then
J(x)=0>0, Vxe€YnoBs. (3.14)
So
co= sup J(x) =0 >0, (3.15)
XEEgm
which implies that J satisfies the condition (A,) of the linking theorem.
Noting that Ax = 0, for all x € Z, we have
11N, o o &
J(x) < I—’ o (x"Ax)"" = ZF(n,an,xn) <0. (3.16)
1 n=1

Therefore, the critical point associated to the critical value ¢y of ] is a nontrivial gm-
periodic solution of (1.1). Now, we need to verify other conditions of the linking theorem.
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By Lemma 3.3, ] satisfies P-S condition. So, it suffices to verify condition (A,). Take e €
0BinY,foranyz e Z,r € R, let x = re+z, then

P2 gm
J(x) = p2 Z | Ax, | P — ZF 1, X415 Xn) < —(—) <Z | Ax, | ) = > F(1,%p41,%n)
n=1 n=1
1/1 T p/2
= —(—) (x"Ax) ZF 1y X1, Xn)
p n=1
1/ 1)\° now
= E(E) (A(re+2),(re+2z))?" - > F(n,rept +zns1,ren+2s)
1 n=1
p qm
_1 (i) (Are,re)p/2 - ZF(n,renH + Zur1rten + 2y)
p Cl n=1
p qm B
< %(i) maxr"—a Z (\/ ren+1+zn+1)2+(ren+zn)2) +ayqm
1 el
p B[ am pr2
< l( ! ) )tmaxr‘p al(i) (Z [(ren+1+zn+1)2+(ren +Zn)2]> +axgm
p Cl 3 n=1
(L) rn( ) oo
= —Amax c rf —a c 2r*+201zI1*)"" + axgm
AN e e
< p/\max c r? —a; c 2FerP —a, G 2721z |IP + agm.
(3.17)
Let
1.0 (1) 1\# 1\#
r =—/\ﬁlax(—) rP—a (—) 2P2¢F, t)=—a (—) 25248 + arqm.
gi(r) ’ c G £2(1) G 2q
(3.18)
Then
lim gi(r) = —co, Jim g(f) = —oo, (3.19)
and g (r) and g, (¢) are bounded from above.
Thus, there exists a constant R, > 6, such that J(x) < 0, for all x € 0Q, where
Q=(Br,nZ)®{re|0<r<Ry}. (3.20)

By the linking theorem, J possesses a critical value ¢ > ¢ > 0, where

¢ = inf max ] (h(u)),
hel uQ (3.21)
I'={h e C(QEqm)Ihlaq = id}.

The rest of the proof is similar to that of [5, Theorem 1.1], but for the sake of com-
pleteness, we give the details.
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Let X € Egp, be a critical point associated to the critical value ¢ of J, that is, J(X) = c.
If X # X, then the proof is complete; if X = %, then ¢y = J(X) = J(X) = ¢, that is

sup J(x) = infsupJ (h(u)). (3.22)

XEEqm heTueQ

Choose h = id, we have sup,cq/ (x) = ¢o. Since the choice of e € dB; N Y is arbitrary, we
can take —e € 0B; N'Y. By a similar argument, there exists a constant R; > §, for any
x € 0Qq, J(x) < 0, where

Qi =(Br,nZ)®{—rel0<r<Rs}. (3.23)
Again, by using the linking theorem, J possesses a critical value ¢’ > ¢ > 0, where

¢ =infmaxJ(h(u)), Ti={heC(Q,Eqm)lhlaq =id}. (3.24)
hErlute

If ¢’ # ¢, then the proof is complete. If ¢’ = ¢y, then Sup,cq, J(x) = ¢o. Due to the fact
that J15q <0, Jlag, < 0, J attains its maximum at some points in the interior of the set Q
and Q. Clearly, Q N Q; = &, and for any x € Z, J(x) < 0. This shows that there must be
a point X € Egy,, such that X # X and J (%) = ¢’ = .

The above argument implies that whether or not ¢ = ¢y, (1.1) possesses at least two
nontrivial gm-periodic solutions.

Remark 3.4. when gm = 1, (1.1) is reduced to trivial case; when gm = 2, A has the fol-

lowing form:
2 =2
A= (_2 5 ) (3.25)

In this case, it is easy to complete the proof of Theorem 3.1.
Finally, we give an example to illustrate Theorem 3.1.

Example 3.5. Assume that

ftu,v,w)=2(p+ 1)1/[(1 +sin2%> (u2+v2)p+ <1+sin2 %) (v2+w2)P].
(3.26)

Take
. t
F(t,u,v) = (l+sm2%)(u2+v2)p+l. (3.27)

Then,
F(t—1,v,w) + F5(t,u,v)

:2(p+1)v[<1+sin2%t>(uz+vz)1’+ <1+Sin2 ﬂ(tn; 1)>(V2+W2)p]' (3.28)
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It is easy to verify that the assumptions of Theorem 3.1 are satisfied and then (1.1) pos-

sesses at least two nontrivial gm-periodic solutions. O
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