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We establish several results concerning the asymptotic behavior of random infinite
products of generic sequences of affine uniformly continuous operators on bounded
closed convex subsets of a Banach space. In addition to weak ergodic theorems we also
obtain convergence to a unique common fixed point and more generally, to an affine
retraction.

1. Introduction

Our goal in this paper is to study the asymptotic behavior of random infinite products of
generic sequences of affine uniformly continuous operators on bounded closed convex
subsets of a Banach space. Infinite products of operators find application in many areas
of mathematics (cf. [1, 2, 3, 8, 9, 10] and the references therein). More precisely, we
show that in appropriate spaces of sequences of operators there exists a subset which
is a countable intersection of open everywhere dense sets such that for each sequence
belonging to this subset the corresponding random infinite products converge. Results
of this kind for powers of a single nonexpansive operator were already established
by De Blasi and Myjak [6] while such results for infinite products have recently been
obtained in [13]. The approach used in these papers and in the present paper is common
in global analysis and in the theory of dynamical systems [7, 11]. Recently it has also
been used in the study of the structure of extremals of variational and optimal control
problems [14, 15, 16]. Thus, instead of considering a certain convergence property for
a single sequence of affine operators, we investigate it for a space of all such sequences
equipped with some natural metric, and show that this property holds for most of these
sequences. This allows us to establish convergence without restrictive assumptions on
the space and on the operators themselves. We remark in passing that common fixed
point theorems for families of affine mappings (e.g., those of Markov-Kakutani and
Ryll-Nardzewski) have applications in various mathematical areas. See, for example,
[5] and the references therein.
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2 Convergence of generic infinite products of affine operators

Let (X, | -||) be a Banach space and let K be a nonempty bounded closed convex
subset of X with the topology induced by the norm || - ||.

Denote by 2 the set of all sequences {A,;}°, where each A, : K — K is a continuous
operator, t = 1,2, .... Such a sequence will occasionally be denoted by a boldface A.

We equip the set 2 with the metric p; : A x 2 — [0, 0o) defined by

ps (A2 (B)2,) =sup{|Aix—Bix|:x €K, 1=1,2,...},

{At}?ila {Bt}?il e (b
It is easy to see that the metric space (2, py) is complete. We always consider the set
20 with the topology generated by the metric p;.

We say that a set E of operators A : K — K is uniformly equicontinuous (ue) if for
any € > 0 there exists § > O such that |Ax — Ay|| <eforall Ae Eandall x,y € K
satisfying ||x —y|| <4.

An operator A : K — K is called uniformly continuous if the singleton {A} is a
(ue) set.

Define

e = {{A}2) € A {A N2 is a (ue) set]. (1.2)

Clearly 2, is a closed subset of 2.
We endow the topological subspace 2, C 2 with the relative topology.
We say that an operator A : K — K is affine if

Alax+(1—a)y) =aAx+(1—a)Ay (1.3)

for each x,y € K and all @ € [0, 1].
Denote by 21 the set of all uniformly continuous affine mappings A : K — K. For
the space 9t we consider the metric

p(A,B) =sup{||Ax—Bx| :x €K}, A,Be. (1.4)

It is easy to see that the metric space (901, p) is complete.

In the present paper, we analyze the convergence of infinite products of operators in
M and other mappings of affine type.

We begin by showing (Theorem 3.1) that for a generic operator B in the space 9t
there exists a unique fixed point xp and the powers of B converge to xp for all x € K.
We continue with a study of the asymptotic behavior of infinite products of this kind
of operators. Section 2 contains necessary preliminaries and a weak ergodic theorem
is established in Section 4. In Sections 5 and 7 we present several theorems on the
generic convergence of infinite product trajectories to a common fixed point and to a
common fixed point set, respectively. Proofs of these results are given in Sections 6
and 8. Finally, in Section 9 we establish the generic convergence of random products
to a retraction onto a common fixed point set.
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2. Infinite products

Denote by 2[3‘; the set of all {A;}7°, € 2Aye such that for each integer + > 1, each
x,y€ K and all ¢ € [0, 1],

Ai(ax+(1—a)y) =aAx+(1—a)Ay. 2.1

Clearly 202 is a closed subset of 2,e. We consider the topological subspace AL € e
with the relative topology.
In this paper we show (Theorem 4.1) that for a generic sequence {C;}°, in the space
A
|Crery - Crayx = Crry -+ Crayy | = 0 2.2)
uniformly for all x, y € K and all mappings r : {1,2,...} — {1,2,...}. Such results are
usually called weak ergodic theorems in the population biology literature [4] (see also
[12]).
Denote by nge the set of all A = {A;}72, € Ay for which there exists x4 € K
such that
Apxpa =xp, t=1,2,..., (2.3)

and for each y € (0, 1), x € K and each integer ¢t > 1,
Ai(yxa+1—y)x) =x (. 0)xa+ (12 (. x))Ax (2.4)

with some constant A;(y, x) € [y, 1].

Denote by 219, the closure of 210, in the space 2. We consider the topological
subspace 2_186 with the relative topology and show (Theorem 5.1) that for a generic
sequence {C;}7°, in the space Q_lge there exists a unique common fixed point x, and all
random products of the operators {C;}7°, converge to x, uniformly for all x € K. We
also show that this convergence of random infinite products to a unique common fixed
point holds for a generic sequence from certain subspaces of the space the.

Assume now that F C K is a nonempty closed convex set, Q : K — F is auniformly
continuous operator such that

Ox=x, x€F, (2.5)
and foreach y € K, x € F and @ € [0, 1],
Oax+(1—a)y) =ax+(1—a)Qy. (2.6)
Denote by 52[1(15’0) the set of all {A;}72, € 2Aye such that
Aix=x, t=1,2,...,x€F, 2.7
and for each integer t > 1,each y e K, x € F and o € (0, 1],

At(ax—i-(l—oe)y):ozx—{—(l—oe)A,y. (2.8)

Clearly 91515’0) is a closed subset of Qye.
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The topological subspace 9(35'(” C Ay will be equipped with the relative topology.
We show (Theorem 7.1) that for a generic sequence of operators {C;}7°, in the space

9{55*0) all its random infinite products
Cr(t) ..... Cr(l)x (29)

tend to the set F uniformly for all x € K. Moreover, under a certain additional as-
sumption on F these random products converge to a uniformly continuous retraction
P, : K — F uniformly for all x € K (Theorem 9.1).

For each bounded operator A : K — X we set

|A] = sup{||Ax] : x € K}. (2.10)
For each x € K and each E C X we set
d(x,E)=inf{|lx —y| :y € E}, rad(E)=sup{|yll:ye€ E}. (2.11)

In our study we need the following auxiliary result established in [13, Lemma 4.2].

PROPOSITION 2.1. Assume that E is a nonempty uniformly continuous set of operators
A : K — K, N is a natural number and € is a positive number. Then there exists a

number § > 0 such that for each sequence {A,}fV: | C E, each sequence {B,}ﬁV: |» Where
the operators B, : K — K, t =1,..., N, (not necessarily continuous), satisfy
|B:— A <8, t=1,....,N, (2.12)
and each x € K, the following relation holds:
|By - Bix—Ay---- Ax| <e. (2.13)

3. Existence of a unique fixed point for a generic affine mapping

This section is devoted to the proof of the following result.

THEOREM 3.1. There exists a set § C 9N which is a countable intersection of open
everywhere dense subsets of M such that for each A € § the following assertions hold:

(1) there exists a unique x4 € K such that Axy = x4,
(2) for each € > 0 there exist a neighborhood U of A in 9 and a natural number
N such that for each {B;}°, C U and each x € K,

H By----- Bix—xxp || <e€ forallintegers T > N. 3.1
In the proof of Theorem 3.1 we need the following lemma.

LEMMA 3.2. Let B € M and € € (0, 1). Then there exist B € I, an integer q > 1, and
ve € K such that

p(B,Be) <€, |Blye—ye|<e, t=1,....q, (3.2)
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and for each z € K the following relation holds:
|Béz—ye| <e. (3.3)
Proof. Choose a number y € (0, 1) for which
8y (rad(K)+1) <e, (3.4)
and then an integer ¢ > 1 such that
(1—y)¥(rad(K)+1) <167 e, (3.5)
and a natural number N such that
16gN ! (rad(K)+1) <87 'e. (3.6)
Fix xo € K and define a sequence {x;}°, C K by
Xi+1=Bx;, t=0,1,.... 3.7

For each integer k > 0 define

k+N—1
w=N">" x. (3.8)
i=k
It is easy to see that
By = yx+1, k=0,1,... 3.9
and for each k € {0, ..., q}
llvo—yill < 2kN~'rad(K) < 2gN~'rad(K). (3.10)
Define B, : K — K by
Bcz=(0—-y)Bz+yy), z€K. (3.1
It is easy to see that
BeedM and  p(B,Bo) <27 'e. (3.12)

Now let z be an arbitrary point in K. We show by induction that for each integer n > 1

n—1
Blz=(1—y)'B"z+) cuii, (3.13)
i=0
where
n—1
i >0, i=0,....n=1, > cu+(-p)"=1. (3.14)
i=0

It is easy to see that for n = 1 our assertion holds.
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Assume that it is also valid for an integer n > 1. It follows from (3.11), (3.13), (3.14),
(3.12), and (3.9) that

Bz = yyo+(1—y)B(B!z)

n—1
=yyo+( —y)[(l —y)"B"“erchiByi]
i=0
n—1
==y B ety yo+(1=y) ) cuivisr-
i=0

(3.15)

This implies that our assertion is also valid for n + 1. Therefore for each integer n > 1,
(3.13) holds with some constants c,;, i =0, ...,n—1, satisfying (3.14).
Now we show that

|BIz—yo| <e. (3.16)
We have shown that there exist positive numbers ¢;; > 0,7 =0, ...,g —1, such that
q—1 q—1
Y ocgi+=y)=1 and  Blz=(1-y)"Biz+Y csvi. (3.17)
i=0 i=0
By (3.17), (3.10), (3.5), and (3.6),
g—1
| Bz—yo]| < A=) BIz—yo] +D_ cqillyo—yil
i=0
<2(1—y)7rad(K)+2g N~ 'rad(K) (3.18)
<167 le+871e <27 le.
Therefore we have shown that
|BEz—yo <27 'e foreachzeK. (3.19)
Lett € {1,...,q}. To finish the proof we show that
IBLyo—yo| <e. (3.20)
By (3.13) and (3.14) there exist positive numbers ¢;;, i =0, ...,7 —1, such that
-1 -1
Y ei+(-y)'=1 and  Blyo=(-y)B'yo+Y ciyi. (321
i=0 i=0
Together with (3.9), (3.10), and (3.6) this implies that
1—1
|yo—Blyo| = | y0—Y civi—A=y)'» a2

i=0
<4gN~'rad(K) < 87 le.

This completes the proof of Lemma 3.2 (with y. = yp). O
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Proof of Theorem 3.1. To begin the construction of the set §, let B € M and let i > 1
be an integer. By Lemma 3.2 there exist C(®) € 9, y(B,i) € K, and an integer
q(B,i) > 1 such that

p(B,CED) <8~ |(CEN y(B,i)—yB,)| <8, 1=0,....,q(B,i),
(3.23)
|(c B0 PP _y(B,i)| <8 foreachze K. (3.24)

By Proposition 2.1 there exists an open neighborhood U (B, i) of C-!) in 9t such that

for each {Aj}?(zBl’i) C U(B,i) and each 7 € K,

| Agesiy- - Arz— (CED) BV | <64~ (3.25)
It follows from (3.24) and (3.25) that for each {A;}7";" c U(B. i) and each z € K,

|Agpiy- Arz—y(B,i)| <87 +647". (3.26)

Define
S:ﬂ,ﬁilU{U(B,i):Beim, i=kk+1,...}. (3.27)

It is easy to see that § is a countable intersection of open everywhere dense subsets
of <M.
Assume that A € § and € > 0. Choose a natural number k for which

64.27% < €. (3.28)
There exist B € 91 and an integer i > k such that
A €U(B,i). (3.29)
Combined with (3.26) and (3.28) this implies that for each z € K,
|49BDz —y(B,i)| <87 +647 <e. (3.30)

Since € is an arbitrary positive number we conclude that there exists a unique x4 € K
such that Axq = x4. Clearly

|xa—y(B,i)| <87 +647". (3.31)

Together with (3.26) and (3.28) this last inequality implies that for each {A j}‘;‘;l C
U(B,i),each z € K, and each integer T > g (B, i),

|A7 - Arz—xa]| <2(87" +6477) <e. (3.32)

This completes the proof of Theorem 3.1. O
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4. A weak ergodic theorem for infinite products of affine mappings

In this section we establish the following result.

THEOREM 4.1. There exists a set § C A3k which is a countable intersection of open
everywhere dense subsets of ngg such that for each {B;}7° | € § and each € > 0 there
exists a neighborhood U of {B;};2 | in 2[32 and a natural number N such that for each
{Ct}?; € U, each integer T > N, eachr :{1,...,T} — {1,2,...}, and each x,y € K,

|Crery- Crayx = Crary oo+ Cryy| < e 4.1)

Proof. Fix y, € K. Let {A;}2, € mgg and y € (0,1). For t = 1,2, ... define Ay, :
K — K by
Apyx=0—-p)Ax+yy«, xeKk. 4.2)
Clearly
[An )2, e A ps({A} 2 A }2,) <2y rad(K). 4.3)

ue’

Leti > 1 be an integer. Choose a natural number N (y,i) > 4 such that
1=V (rad(K)+1) < 1671477 (4.4)

We show by induction that for each integer 7 > 1 the following assertion holds.
Foreachr:{1,...,T} — {1,2,...} there exists y. 7 € K such that

Arryy o Aryyx = A=) Apry----- Arayx+(1=A=")yr 4.5)

for each x € K.

Clearly for T = 1 the assertion is true. Assume that it is also true for an integer
T > 1. It follows from (4.5) that for each r : {1,..., T +1} — {1,2,...} and each
xek,

Ar(T+1yy o Aryy X
= Arr+ny [Arryy o Aryy ¥]
= Arr41yy [(1— WAy Arapx+(1-(1— J/)T))’r,T]
= vyt U= A [A=" Ay Ax+ (1= =" )ynr]
== Ay Ar<1>x+<1—y>(1—<1—y)T)Ar<T+1>yr,T+yya®

This implies that the assertion is also valid for 7" 4 1. Therefore, we have shown
that our assertion is true for any integer 7 > 1. Together with (4.4) this implies that the
following property holds:

(a) foreachinteger T > N(y,i),eachr:{1,...,T} — {1,2,...},andeach x,y € K,

| Arryy - Ay x = Arryy - Aryyy | <20 =) rad(K) <871-471 @7
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By Proposition 2.1 there is an open neighborhood U ({A;}72,,y,i) of {A;,}72,
in Qlﬁg such that for each {C;}7°, € U({A:}72,,y.i), each r : {1,....,N(y,i)} —
{1,2,...},and each x € K,

ICrvepiny -+ CrayXx = Ar(N(yaiyyy Aryyx| <6471 470 (4.8)

Together with property (a) this implies that the following property holds:
(b) for each integer T > N(y,i),each r : {1,...,T} — {1,2,...},each x,y € K,
and each {C;}°, e U{A}72,, v, 1),

|Crizy -+ Crayx = Crgry -+ Crapy | <4771 4.9)
Define
F = VU (AN . 0) s (AN €2, y € 0., i =g q+1....}. (4.10)

Clearly § is a countable intersection of open everywhere dense subsets of Qlﬁte Let
{B;}72, € § and € > 0. Choose a natural number ¢ for which

64-271 < €. 4.11)

There exist {A;}{°, € gaf

ue?

y € (0, 1), and an integer i > ¢ such that
{Bt}?; € U({At}?il»yvi)- (4.12)

By property (b) and (4.11), for each {C,};°, € U({A};2,,v,i),each T > N(y,i), each
r:{l,...,T}—{1,2,...},and each x,y € K,

|| Crry - Crayx —Crery----- Cr(l))’” < 471 ¢, (4.13)

This completes the proof of Theorem 4.1. O

5. The convergence of infinite products of affine mappings
with a common fixed point

In this section we state three theorems which will be proved in Section 6.

THEOREM 5.1. There exists a set § C A%, which is a countable intersection of open
everywhere dense subsets of Q_(ge such that § C nge and for each B = {B;}°, € § the
following assertion holds.

Let xg € K, Bixg =xB, t = 1,2,..., and let € > 0. Then there exist a neighborhood
UofB={B}2,in Q_lge and a natural number N such that for each {C;}7°, € U, each
integer T > N, eachr : {1,...,T}— {1,2,...}, and each x € K,

Crery -+ Crayx —xg| <e. (5.1)
Denote by Qll(lle) the set of all A = {A;}72, € Aye for which there exists x5 € K

such that
Apxa=xp, t=1,2,..., (5.2)
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and for each o € (0, 1), x € K, and an integer f > 1,
A,(ozxA+(1—oz)x) =axpa+(1—a)Ax. 5.3)

Denote by Q_ll(]16> the closure of Qll(lle) in the space 2Ay.. We equip the topological
subspace 2‘(52 C Aye with the relative topology.

THEOREM 5.2. Let a set § C Q_lge be as guaranteed in Theorem 5.1. There exists a set

sV cs ﬂQll(l? which is a countable intersection of open everywhere dense subsets of
AL

Denote by 9(31;’0 the set of all A = {A;}2, € AL for which there exists xp € K
such that (5.2) holds.
Denote by Qlflfe’o the closure of Qlﬁ;o in the space 2A,.. We also consider the topo-

logical subspace Q_lﬁg o C Aye with the relative topology.

THEOREM 5.3. Let a set §V be as guaranteed in Theorem 5.2. There exists a set
F. cg® ﬂQlﬁi o Which is a countable intersection of open everywhere dense subsets

Of Q_[af

ue,0"

Theorems 5.2 and 5.3 show that the generic convergence established in Theorem 5.1
is also valid for certain subspaces of ..

6. Proofs of Theorems 5.1, 5.2, and 5.3

Proof of Theorem 5.1. Let A = {A;}72, € 2[86 and y € (0,1). There exists xpo € K
such that

Aixa =xp, t=1,2,..., 6.1)
and for each integer > 1, x € K, and « € (0, 1),
At (oxa+ (1 —a)x) = Ap(or, x)xa + (1= A (o, x)) Arx (6.2)

with some constant A;(«, x) € [a, 1].
Fort=1,2,... define A;), : K — K by

Apyx =(1—y)A;x+yxa, xek. (6.3)

Clearly

[A )2, €Wier Appxa=xa, t=12,... (6.4)
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Let x € K, o € [0,1) and let ¢t > 1 be an integer. Then there exists A;(c, x) € [e, 1]
such that (6.2) holds. Also, by (6.3) and (6.2),
Ay (och—i—(l —a)x)
=(1—p)A;(axa+ (1 —a)x)+yxa
= yxa+ 1= p)[r(e, 0)xa+ (1 re (@, x)) Arx]

(6.5)
=1—py) (1=t x))Arx + [y + (1 —y)A (@, x) |xa
= (1= (e, ) Ayx 4+ [y + (1 =) (@, x) — y (1 — A (@, x)) |xa
= (1 — (e, x))A,yx + Ao, x)xA.
Thus property (2.4) is satisfied and therefore
{A ), €% (6.6)

Let z € K. We show by induction that for each integer 7 > 1 andeachr : {1,..., T} —
{1,2,...} there exists A(z, T, 7) € [0, (1 —y)T] such that

Ar(T)y ~~~~~ Ar(l)yz =Mz, T,r)Ary---- Ar(l)z+(1—X(z,T,r))xA. 6.7)

Clearly for T = 1 our assertion is valid.

Assume that it is also valid for an integer 7 > 1. Let r : {1,..., T+ 1} — {1,2,...}.
There exists A(z, T, r) € [0, (1 —y)T] such that (6.7) is valid. It follows from (6.7) and
(6.5) that

Arr+yy - Aryy 2
= Arr iy [M T r)Arry - Aryz+ 1=z, T,r))xa] (6.8)
=(1=y)A = )Ara+1)ArT) - Aryz+ [y + (1 =y)x]xa

with k € [1 —A(z, T, r), 1]. Set
Mz, T+1,r)=0-y)(1—x). (6.9)
It is easy to see that

0<i@T+1r)<-yr@T.r)=1-p",
Ar(myy o Ar(yy 2 (6.10)
=Mz, T+ 1, 1) Arriny - Aryz+(1=Mz, T+1,r))xa.
Therefore the assertion is valid for T 4 1. We have shown that for each integer 7 > 1
and each r : {1,...,T} — {1,2,...} there exists A(z, T,r) € [0, (1 —y)T] such that

(6.7) holds.
Let i > 1 be an integer. Choose a natural number N(y,i) for which

64(1— )N ) (rad(K)+1) < 87" 6.11)
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We show that for each z € K, each integer T > N(y,i) and each r : {1,..., T} —
{1,2,...}, '
lArcryy -+ Arcyyz—xal <8771, (6.12)

Let T > N(y,i) be an integer, z € K, and r : {1,..., T} — {1,2,...}. There exists
Az, T,r) € [0,(1 —y)T] such that (6.7) holds. It is easy to see that (6.7) and (6.11)
imply (6.12).

By Proposition 2.1 there exists a number

S({A12,v.i) € (0, 16_18_i) (6.13)
such that for each {C;}72, € 20, satisfying

ps({CH2 AL 12)) < S({AN2). v.i), (6.14)

eachr:{l,...,N(y,i)} = {1,2,...} and each x € K,

|Crvpainy++++ Crnx = Arvipainyy +++++ Aryyx | < 1671877 (6.15)
Set
U({Az}i’ip%i) = {{Cf}?il € nge : :"S({Cf}?ilv{Aty}?il) < 5({At}?il’%i)}-
(6.16)

It follows from (6.16), the choice of §({A;}72 .y, i) (see (6.13), (6.15)) and (6.12) that
the following property holds:

(a) foreach {C;}72, € U({A;};2,,v.i),eachinteger T > N(y,i),eachr :{1,...,T}

—{1,2,...},and each x € K,
ICrry -+ Crayx —xal| <87 (6.17)
Define
=02 U{U({ANZ 7. 0) HANS €Ay € (0 1), i =q.q+1,...}. (6.18)
It Ois easy to see that § is a countable intersection of open everywhere dense subsets of
mqusume now that B = {B;};°, € § and € > 0. Choose a natural number g such that
64.271 < e. (6.19)

There exist {At}?; € nge, y € (0, 1), and an integer i > g such that

{Bi},2, € U({AN2,. v.i). (6.20)

By property (a), (6.20), and (6.19), for each x € K, each integer T > N(y, i), and each
integer T > 1, ,
||BTTx—xA|| <8 '<e. (6.21)

Since € is an arbitrary positive number we conclude that there exists xp € K such that

lim Bl x =xp (6.22)

T—o00
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for each x € K and each integer T > 1. It is easy to see that
Bixg=xg, t=1,2,..., ||xB—xAH <87' <e. (6.23)

It follows from property (a), (6.23), and (6.19) that for each sequence {C};2, €
U({A,}j’il, y,i), each integer T > N(y,i), eachr:{1,...,T} — {1,2,...}, and each
xeK,
” Crry----- Cr(1)x —xB “ <e€. (6.24)

We show that for each integer r > 1, x € K, and « € (0, 1) there exists A € [«, 1]
such that

Bt(oth—f—(l —a)x) =Axg+ (1—1)B;x. (6.25)
Let + > 1 be an integer, x € K and let @ € (0,1). By (6.2) and (6.5) there exists
Ae € [a, 1] such that

Asy (axpa+(1—a)x) = hexpa+ (1 —Ahe) Ay x. (6.26)

Since € is an arbitrary positive number it follows from (6.26), (6.23), (6.20), (6.16),
(6.13), and (6.19) that for each € > 0 there exist A¢ € [«, 1], ze € K such that

|ze —xB| <€, |Bi(aze+(1—a)x)— (hexp+(1—2e)Bix)|| <e. (6.27)

This implies that (6.25) holds with some A € [, 1]. This completes the proof of
Theorem 5.1. O

Proof of Theorem 5.2. Let § be as constructed in the proof of Theorem 5.1. Let A =

{A}2, € mfl?, y € (0,1) and let i > 1 be an integer. There exists xo € K such that
(6.15) holds, and for each x € K, each integer ¢ > 1, and each « € [0, 1] the equality
(6.2) holds with A; (e, x) =«. Fort =1,2,... define A;, : K — K by (6.3). It is easy

to see that {A;,}7°, € 911(1}3) Choose a natural number N (y, i) for which (6.11) holds.
Let 6({A/}72,.v.i), U{A}72,, v, i) be defined as in the proof of Theorem 5.1. Set

g = [mjle VU (fAn2,, rv.i)

) (6.28)
HANZ e,y €01, i=q.q+1,... ]| AP,

Clearly 1 is a countable intersection of open everywhere dense subsets of Qlﬁ? and
3V C F. Arguing as in the proof of Theorem 5.1 we can show that 1) ¢ Qll(lp. This
completes the proof of Theorem 5.2. O

Since the proof of Theorem 5.3 is analogous to that of Theorem 5.2 we omit it.

7. The weak convergence of infinite products of affine mappings
with a common set of fixed points

In this section, we present two theorems concerning the space mﬁﬁ’o) defined in Section
2. Recall that F is a nonempty closed convex subset of K for which there exists a
uniformly continuous operator Q : K — F such that

Ox=x, x€F, (7.1)
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and foreach y e K, x € F, and « € [0, 1],
Q(ax+(1—a)y)=ax+(1—a)Qy. (7.2)
Now we state the first theorem.

THEOREM 7.1. There exists a set 5 C Ql(F ) \vhich is a countable intersection of open
everywhere dense sets in Qlu ) and such that for each {B;};2, € § the following
assertion holds.

For each € > 0 there exist a nezghborhood U of {B:}72, in the space QL(F’O) nd

a natural number N such that for each {C;};2, € U, each integer T > N, each r :
{1,2,...,T} — {1,2,...}, and each x € K,

d(Cr(T) ~~~~~ C,(l)x,F) <e. (7.3)
Assume now that for each x,y € K and « € [0, 1],
Q(ocx—l—(l—oe)y) =a0x+(1—-a)Qy. (7.4)

Denote by 211(15’1) the set of all {A;}7°, € Aye such that

Aix=x, t=1,2,....x€F, (7.5)
and for each r € {1,2,...}, each x, y € K and each « € [0, 1],
At(ax—i-(l —a)y) =aAx+(1—a)Ay. (7.6)

Clearly mﬁ{l is a closed subset of 21( 9 We consider the topological subspace
ALY ALY with the relative topology.

Here is the second theorem.

THEOREM 7.2. Let a set § be as guaranteed in Theorem 7.1. Then there exists a set

51C¥ malf,?” which is a countable intersection of open everywhere dense subsets of
F,1)
ALY

8. Proof of Theorems 7.1 and 7.2

Proof of Theorem 7.1. Let {A)22, € A& and y € (0,1). For t = 1,2, ... we define
At)/ K — K by
Apx=(1—-y)Aix+yQx,x € K. (8.1)
It is easy to see that
{An)2, e A0, (8.2)

Let z € K. By induction we show that for each integer 7 > 1 the following assertion
holds.
Foreachr:{1,...,T}— {1,2,...},

ApTyy - Aryyz=0=) T Apy oo Ar(1)2+(1—(1—V)T)yT (8.3)

with some yr € F.
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Clearly for T = 1 our assertion is valid. Assume that it is also valid for 7 > 1 and
that r : {1,..., T+ 1} — {1,2,...}. Clearly (8.3) holds with some yr € F. By (8.3),
(8.2), and (8.1),

Arasty o Az = Avarny [L=T Aray - Az + (1= (L =) T)yr]
= =" Ay [Aray - Az + (1= =0T )yr
== A Az

+y(L=) T QlAr 1)+ Azl + (1= =pT)yr
== Ay Apzt (1-A=pn)")
<[(1=A="™) Yy a="0[Arm) - Ar]
+(1=a=n™ ) (1=a=p»")yr]

(8.4)
This implies that our assertion also holds for 7'+ 1.
Therefore we have shown that it is valid for all integers 7 > 1.
Let i > 1 be an integer. Choose a natural number N(y,i) for which
64(1— )N D(rad(K)+1) < 87/, (8.5)

It follows from (8.3) that for each z € K, each integer T > N(y,i) and each r :
{1,...,T}y—={1,2,...},

d(Ar(T)y """ Aryyz, F) <g7i-l (8.6)

By Proposition 2.1 there exists an open neighborhood U ({A;}2,,y,1) of {A;,}72, in

9{55’0) such that the following property holds:
(a) for each {C;}72, € U{A/ 2, y.i), each r : {1,...,N(y,i)} — {1,2,...}, and
eachx € K,

|Crvepin -+ Crayx —Ar(N@aiyyy o Arayyx| 1671877, 8.7)

It follows from the definition of U ({A;}72,,y,i) and (8.6) that the following property
is also true:
(b) foreach {C;}72, € U({As}2,, v, i), eachinteger T > N(y,i),eachr : {1,...,T}
—{1,2,...} and each x € K,
d(Crry--Crayx, F) < 87" (8.8)
Define
=2 U{U{AN2 L v.i) (A2 el D Yy €0, 1), i=q.q+1....}. (89)

It is easy to see that § is a countable intersection of open everywhere dense subsets of
F,0)
AL
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Assume that {B;}°, € § and € > 0. Choose a natural number g such that
64279 <e. (8.10)

There exist {A;}2, € Ql(F 0), y € (0,1), and an integer i > ¢ such that {B/}{°, €
U({A;}72,.v.i). By (8.10) and property (b) for each {C;}°, € U({A;}2,,y.i), each

integer T > N(y,i),eachr:{1,...,T} — {1,2,...},and each x € K,
d(Criry-- Crayx, F) <e. (8.11)
This completes the proof of Theorem 7.1. O

Analogously to the proof of Theorem 5.2 we can prove Theorem 7.2 by modifying
the proof of Theorem 7.1.

9. The convergence of infinite products of affine mappings
with a common set of fixed points

In this section, as in Section 7, we assume that F is a nonempty closed convex subset
of K, and Q : K — F is a uniformly continuous retraction satisfying (7.2).
However we assume in addition that there exists a number A > 0 such that

[xreX:d(x,F)<A}CK. 9.1)

In this setting we can strengthen Theorem 7.1.

THEOREM 9.1. Let the set § C QI(F 0 be as constructed in the proof of Theorem 7.1.
Then for each {B;};2 | € § the following assertions hold:

(1) Foreachr : {1,2,...} = {1,2,...} there exists a uniformly continuous operator
P, : K — F such that

lim Byy----- Br(yx = Prx  foreachx € K. (9.2)
T—o00

(2) For each € > 0 there exist a neighborhood U of {B;}°, in the space Qll(le 0

and a natural number N such that for each {C;}72 | € U eachr:{1,2...} —>
{1,2,...} and each integer T > N,
[Crry- - Crayx — Prx| <€ VxeK. 9.3)

Proof. As in Section 8, given {A ,}‘X’l € QL(F ” , 7 € (0,1), and an integer i > 1, we
define {A;,}72, € Ql(F 0 (see (8.1)), a natural number N (y,i) (see (8.5)) and an open
neighborhood U({A/}72,,v.i) of {A;}72, in 2[35’0) (see property (a)). Again as in
Section 8 we define a set § which is a countable intersection of open everywhere dense
sets in Qll(f:’o) by

=02 U{U({ANZ v. i) AR e ALY, y e (0. 1), i=gq.q+1....}. (9.4)
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Assume that {B;}°, € § and € € (0, 1). Choose a number ¢ such that
€0 <647 '(minfe, A}),  8epA(rad(K)+1) <87 'e. 9.5)
Choose a natural number g such that
64-277 < €. (9.6)
There exist {A;};2, € 91515’0) , v €(0,1), and an integer i > ¢ such that
{Bi} 2, e U{ANZ . v.i). 9.7)

It was shown in Section 8 (see (8.6)) that the following property holds:
(c) for each z € K, each integer T > N(y,i),andeachr : {1,..., T} — {1,2,...},

d(Ar(T)y """ Aryy 2, F) < g~ (9.8)

By the definition of U({A;};2,,y.i) (see Section 8 and property (a)) the following
property holds:

(d) for each {C;};2, € U{A 2, v.i), each r : {1,...,N(y,i)} — {1,2,...}, and
eachx € K,

|Crvpainy ++++ Crnx = Arniyiny -+ Aryyx | < 1671877 9.9)

Assume that r : {1,2,...} = {1,2,...}. Then by property (c), for each x € K there
exists f,(x) € K such that

Arveiny - Arayyx = fr@)| <2-8771. (9.10)

We show that for each {C;}°, € U({A;}2,,¥,i), each integer T > N(y,i), and each
xeK,
|Criry - Crnyx = fr(0) | <87 e ©.11)

Let {C;}72, e U({A}72,.v.i) and let x € K. By (9.10) and property (d),
|Crvpiny = Crnx — fr@) | <877 (167 1 +471). 9.12)

Set
2= fr(x)+8' A[Crngpiny Crayx — fr(0)]. (9.13)
It follows from (9.12), (9.13), and the definition of A that z € K and

Crngrin - Crayx =87 AT 4+ (1-87 A7) £ (x). (9.14)
It follows from (9.14), (9.5), and (9.6) that for each integer 7 > N (y, i),
Crry - Crayx =8"A"1Crpy---- CriNgiv+1z+(1— 87"A71)fr(x)- (9.15)
Together with (9.14) and (9.5) this implies that for each integer T > N(y, i),

ICrary---- Crayx — fr(0)|| < 2rad(K)87 A <87 e. (9.16)
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Therefore we have shown that for each r : {1,2,...} — {1,2,...} and each x € K there
exists f(x) € F such that the following property holds:

(e) for each {C;}72, € U({A;}2,,y,i), each integer T > N(y,i), and each x € K
the inequality (9.11) is valid.

Since € is an arbitrary positive number this implies that for each r : {1,2,...} —
{1,2,...} there exists an operator P, : K — K such that

lim Br(T) ----- Br(l)x =Px, xeKk. (9.17)
T—o0

Letr:{1,2,...} » {1,2,...}. By (9.17), property (e), and (9.11),
[Px—fr0)| <8, xek, (9.18)
and for each {C;}72, € U({A};2,,v,i), each integer T > N(y,i), and each x € K,
ICrry---- Crayx— P ()| <47 e (9.19)

This completes the proof of Theorem 9.1. (]
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