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1. Introduction and motivation

Throughout this paper, H will denote a complex Hilbert space, endowed with the inner
product (-, -) and the norm | - |, and £(H) denotes the Banach algebra of bounded linear
operators on H.

Mathematical models for a number of natural phenomena can be formulated in terms
of partial differential equations (PDEs) of the form

n

Zk(x, Uy, = Z x,t)uxxJ+Zb(x,t)ux,+c(x,t)u+f(x,t), (Epp)

j= i=1

osrtsatetomy n

n
—+Z (%, ) uy, = Z i(x,t ux,XJ+Zb (%, )uy, +c(x, )u+ f(x,t)
oty oty? - - oty i
1 9 m i=1 j=1 i=1

(Eph)

where x = (x1,...,x,) € R" is the “space variable,” and t = (#,...,t,) € R™ is the “time
variable” The right-hand side of (E,,) (resp., (E,p)) is assumed to be elliptic, that is
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szzl aij(5,1)&&; = ag > & where ag > 0 is a constant, for every £ € R” and for all
values (x,t) in some domain.

When m = 1, (E,,) is called parabolic, and when m =1, s; = 2, (Epn) is called hyper-
bolic. When m = 2, this kind of equations is called multitime evolution equations, and
(Epp) (resp., (Epp)) is called pluriparabolic (ultraparabolic) (resp., plurihyperbolic). Thus,
in the multitime case, there are several “time-like” variables in the equations.

The multi-time evolution equations are encountered for instance in the theory of
Brownian motion (diffusion process with inertia) [1], transport theory (Fokker-Planck-
type equations) [2], biology (age-structured population dynamics) [3], waves and
Maxwell’s equations [4], and other practical applications of mathematical physics and
engineering sciences.

Plurihyperbolic equations with standard Goursat conditions, Cauchy conditions, Pi-
card conditions, mixed conditions [5-14] are well studied with the help of the energy
inequality method and Riemann functions.

Nonlocal problems for some classes of PDEs depending on one time variable have
attracted much interest in recent years, and have been studied extensively by many au-
thors, see for instance Ashyralyev et al. [15-20], Byszewski and Lakshmikantham [21],
Balachandran and Park [22], Chesalin and Yurchuk [23-25], Gordeziani and Avalishvili
[26], and Agarwal et al. [27]. However, the case of multi-time equations with nonlocal
conditions does not seem to have been widely investigated and few results are available,
see, for example, the articles by the authors Rebbani et al. [28, 29]. The study of this case
is caused not only by theoretical interest, but also by practical necessity.

In this paper, we investigate a class of nonclassical problems for plurihyperbolic equa-
tions with nonlocal conditions. The multi-time PDE considered is formulated as follows.

Let D =]0,T;[x]0, T;[ be a bounded rectangle in the plane R? with coordinates t =
(t1,t2). We consider

2

3 u 0*u
"~ ohoh

ot10t,

Pru +A(t)(u+/\ ) _ f(t), teD, (1.1)

Ly =Bi(u ly,—0 —Ba(@u ly,=1,= ¢(t2), £ €[0,T2],
(1.2)
Luu = Bi(u |,—0 —B2(@ut l,=1,= v (t1), t© €[0,T1],

where u and f are H-valued functions on D, ¢ (resp., ¥) is H-valued function on [0, T>]
(resp., [0,T1]), A is a positive parameter, ¢ is a complex parameter belonging to ., a set of
arbitrary nature on which the notion of convergence of sequences is defined and A(t) is
an unbounded linear operator in H, with domain of definition 9 (A(¢)) densely defined
and independent of ¢.

Here we are concerned by the existence and uniqueness of the strong solution to the
problem (1.1)-(1.2).

We suppose that A(f) and B;(u), i = 1,2, satisty the following conditions.
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Condition (sd;). The operator A(t) is selfadjoint and strongly positive for every t € D,
that is,

At)=AM)*, (A()wu) = colul®>, YueD(A(), (1.3)

where ¢ is a positive constant not depending on u and .

By (¢) and B, (u) are two families of operators belonging to the Banach space £(H) and
9(A) is invariant for these families of operators B;(p)(D(A(t)) = D(A(t)). Moreover, the
operators B;(u), i = 1,2, satisfy one of the following conditions.

Condition (). The operator By (x) admits a bounded inverse B; ' (4) in H such that

o = ||Br () Ba ()| 5y exp (BC(Ty + 1)) < 1. (1.4)

Condition (%,). The operator B,(u) admits a bounded inverse B; ' (4) in H such that

o = ||By (B ()| [5 ) exp (B3C(T1 + T2)) < 1, (1.5)
where C is a positive constant depending on A(t) and its derivatives.

The functions ¢ and v satisfy the compatibility condition:

Bi(w)9(0) — By () 9(T>) = Bi(w)y(0) — Bo(w)y (T1). (1.6)

Remark 1.1. (1) We note that the case where By(y) = y; and By(u) = y, are complex
parameters was studied in [29].

(2) IfA = 0, Bo(¢) = 0, and B (4) = I, we obtain the Goursat conditions, and the results
of this case are contained in [7, 10].

In this paper, we continue the investigation started in [29] for a plurihyperbolic equa-
tion with nonlocal initial conditions of the nonclassical type. We prove existence and
uniqueness of a strong solution of the problem (% = (1.1)-(1.2)).

We reformulate problem (1.1)-(1.2) as a problem of solving the operator equation

Lu=%, (€)

where L is generated by (1.1) and (1.2), with domain of definition %(L), the operator L is
considered from the Banach space B into the Hilbert space [, which will be defined later.
For this operator, we establish an energy inequality

lullg < kIl LullF, (a1)

and we show that the operator L has the closure L.

Definition 1.2. A solution of the operator equation Lu = ¥ is called a strong generalized
solution of the problem (%).

Inequality (a;) can be extended to u € %(L), that is,

lullg < kllLullg, VueD(L). (a2)
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From this inequality we obtain the uniqueness of a strong generalized solution if it exists,
and the equality of sets %(f) and R(L). Thus, to prove the existence of a strong solution
of the problem (%) for any & € F, it remains to prove that the set (L) is dense in F.

2. Preliminaries

In this section, we give the notation and the functional necessary for the sequel.

Let us denote by W" = %(A"(0)), 0 < r < 1, the space W" endowed with the inner
product (x,y), = (A"(0)x,A"(0)x) and the norm |x|, = |A"(0)x| is a Hilbert space. We
show that the operator A(t) (resp., AV%(t)) is bounded from W' (resp., W'?) into H,
that is, A(t) (resp., AV2(t)) € L(W';H) (resp., (W% H)) (see [30]).

ProposITION 2.1 [7]. Ifthe function D > t — A(t) € £(W';H) is continuous with respect
to the topology of £(W'; H), then there exist positive constants ¢, and ¢, such that

aluly < |[A®u| < luly, Yue Wl

2.1
Verluli < |AV2(u| < Veluliyp, Yue WY (21)
LeEmMMA 2.2. If the function D 3 t — A(t) € £(W';H) admits bounded derivatives with re-
spect to t and t, with respect to the simple topology in £(W'; H), then one has the estimates

A(t)—l/z l’)

1/2
HaA . i=1,2, (2.2)

ot

_5'

at,

where § = [, /s/(1+5)ds. (See [30, Lemma 1.9, page 186].)

ProposITION 2.3. The operators (dA(t)/0t;))A(t)~", (9A(t)V2/9t;)A(t)"/? are uniformly
bounded, that is, (0A(t)/0t;)A(t)~L, (QA(+)Y2/0t))A(t) Y2 € Lo (D; £(H)), i = 1,2.

Proof. The proof is based on the theorem of Banach-Steinhaus and the estimates (2.1)
and (2.2). O

We denote by H"!(D; W) the space obtained by completing ¢ (D; W) with respect
to the norm

REak
ot |

2 auz

ik, = | (] Fu | |
M p \ototy |y ot |

Let H'([0, T;]; W"?) be the obtained space by completing 6> ([0, T;]; W"?), i = 1,2 with
respect to the norms

; |u|§)dt. (2.3)

T
g1 = | (197 + g1+ 219/ -+ Mgl +021¢' ) e
(2.4)

T
IR = [ (w2 Al o+ Ay 221y s,
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By completing the space 6* (D; W) with respect to the norm

Al 0l
||| |||1 /\+1 A 8t18t2

sup ([u(rr, ) [T+ )1 |

TeD

2 2

o*u
dt10t,

o*u
dt10t,

2 3

2
)dt
1

12
(2.5)

where 0;(4) = (;(1 — ;))?/(1+ a;)*(1 + || B; ! ||§/3(H))> i = 1,2 according to the realization
of conditions (M) or (A, ), we obtain the space E,,-
Denoting by V' the Hilbert space, we get

Ly(D;H) x Y ([0, T WY2) x VH([0, Ty s W72) (2.6)
whose elements are & = (f, ¢, y) such that the norm
I = 112+ 1@l + Iyl is finite. (27)

The symbol || - || denotes the L,(D; H)-norm.

V[0, T, ]; W) x V1([0,T;]; WY?) is the closed subspace of H'([0,T,]; WV?) x
H'([0,T;]; W'2) composed of elements (¢, ) satisfying (1.6).

Let

aA(t

C = max (dy,d>), di=2(8+ 1H 1(t)H , i=1,2,

E(H) (2.8)

N={puel:a;<loray<l}.

The following technical lemmas will be needed in the analysis of the problem.

LEmMA 2.4 (generalized Gronwall’s lemma). (G1) Let v(ty,t2) and F(t1,t,) be two nonneg-
ative integrable functions on D such that the function F(t,,t,) is nondecreasing with respect
to the variables t, and t,. Then the inequality

153

by
V(tl,tz) SC3{J V(Tl,t2)dT1+J
0 0

V(tl,Tz)de}‘FF(t],tz), 6320, (I])
gives
V(tl,tz) < exp (263(t1+t2))F(t1,t2). (II,)

(G2) Let v(th, 1) and G(t1, ;) be two nonnegative integrable functions on D such that the
function G(t,1t,) is nonincreasing with respect to the variables t| and t,. Then the inequality

T, T,
V(tl,tz) SC4{J’ V(Tl,tz)dTl-l'I V(tl,Tz)de}-f—G(tl,tz), cy =0, (I)
f t

2
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yields
V(tl,tz) < exp (264(T1 +T,—t — l’z))G(tl,tz). (IZ,)
Proof. We limit ourselves to proving the version (G1), and with the same manner we
deduce the version (G2).
Inequality (I;) can be rewritten as follows:

v<cJv+F, (a1)

where $ is the linear integral operator

) 0o) = [ vit)dn + [ o) 29)
Applying the operator $ to the inequality (a;) and multiplying the result by 3, we obtain
aJv <39 v+ $F, (az)

which gives
v<cd$* v+ $F+FE (as)

By repeating this process n-times, we derive
k=n
v<cigrtlv+ Z JKF, (ay)
k=0

Since the function F(#,,) is nonnegative and nondecreasing with respect to the variables
t; and t,, we can estimate Eizg PKF as follows:

k=n k
ZM) f1,12) sz G “”2 (tl’tZ). (as)

Similarly the quantity ¢ $"*!v can be estimated as follows:

2 (1 +5)" V]

Cg}n#—l(v)(tl,tz) < (n+1)] (as)
Combining (a4), (as), and (a¢), we obtain
ekt +6) Fth) 2 (4 6)" T e
l‘1,l‘z z 110 (1 2) +63 (1 2) [v] ' (a7)

(n+1)!
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Observing that

)n+1

Cglzwrl(tl‘f'tz |V‘oo

— 0 asn— oo,

(n+1)!
(2.10)
k=n k k
t+1t) F(t,t
> c(ht+h) F(h,b) —exp(c3(ti +4))F(t1,5) asn— oo,
n!
k=0
then passing to the limit, as n — oo in (a7), we obtain the desired inequality (I}). O

LEmMa 2.5. Let | - | be the norm in W™ (m = 0,1/2,1), let g be a function of variable
t€[0,T] in W™, and let h = B, (u)g(0) — Bo(u)g(T). Then, if the condition (%) holds,
one has

1+ Bl (w)||’
%(Hal)|g<o>|;—||B;1<M>Bz<y>||§m|g<T>|fns( “12'1'_1“1?)”5“”|h|%n, (2.11)
and if the condition (%) holds, one has

1+ B (W[
S (+a) (D)2~ 1B (0B @) o | (O) | < ( 2'1'_(? Mo, 212

(See [23].)

LEMMA 2.6 (the method of continuity). Let E,, E, be two Banach spaces and let Ly, L, be
bounded operators from E; into E,. For each r € [0,1], set

L, = (1—1‘)L0+1’L1 (213)
and suppose that there is a constant k such that
lullg, < k”LrM”E2 (2.14)

forr € [0,1]. Then L, maps E, onto E, if and only if Ly maps E; onto E,. (See [31, Theorem
5.2, page 75].)

We also need the e-inequality: 2|ab| < ela|> +&7![b|?, € >0.

3. Uniqueness and continuous dependence

For the operator Ly, = (£i,ly,ly) acting from E,, into ¥ with domain of definition
D(Lry) = HH(D;WT) C E,, we establish an a priori estimate and some corollaries re-
sulting directly from this estimate.

For this purpose, we assume the following.

Condition (d,). (1)

A(tl)TZ) :A(tl)0)> IS [O)Tl]) (31)
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(2)
A(Ty,t) = A(0,), t€[0,Th]; (3.2)
(3)
aA(l’l,O) aA(tl,O) i
o Bi(1)u = Bi(u) pra L2, ueN, ued(A()); (3.3)
1 1
(4)
0A(0,1,) 0A(0,1,) )
Bi()u = Bi(p)————u, i=12,ueN, ucB(A®)); (3.4)
8t2 atZ
(5)
Bj(u)Bs_j(u)u=Bs_j(u)Bi(wu, (j=1,2), ucN, uecD(A(1)). (3.5)

We are now in a position to state and to prove the main results of this paper.

THEOREM 3.1. Let the function D 3 t — A(t) € L(W';H) have bounded derivatives with

respect to t; and t, with respect to the simple convergence topology of £(W';sH) and let the
conditions (A1), (d2) and (By) or (RB2) be fulfilled. Then, one has

|l < S| Lagul ), Vue HY(D;WD), (3.6)

where S is a positive constant independent of A, y, and u.

Proof. Taking the inner product of the expression £ u and Mu = du/dt; + du/dt, +
AA(0u/ot; + du/ot,), we get

%(F(tl)) ~ G, (3.7)
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where
_(|ou ’ 12,12 ‘ 120U ’ 22| 40U 2}
Fz(t)—{ S| a4 S e 22| a gt |,
_ (| ou ’ 1/2,,12 ‘ 120U ’ 2, 92| 494 2}
Fl(t)—{ 7 +[AY2u|"+21|A o +AAul>+ A Aat1 ,
12y OU 410U 1/2 172
G(t) =2Re (Lru,Mu) +4ARe | (A )281‘ A pr +2Re ((AY?),u,AV*u)
1 1
Ju , du u ou
2 bl St 1/2 12 9%
+2ARe (Aju,Au) +21 Re(Azatl,Aat1)+4ARe<(A )latz’A 8t2>
1/2 12 ) ou , du
+2Re ((AY?),u,A"?u) + 2ARe (Au,Au) +2A°Re (A1 =, A= |,
o’ dh
A-:i(A(t)) (Al/z):i(A(t)m) i=1,2.
i at, > i at, > >
(3.8)
Integrating the identity (3.7) over D, =]0,7;[X]0,72[C D, we get
J Fl(tl7T2)dtl+J Fz(T],tz)dtZZJ J G(t)dt‘l‘J Fl(tl,O)dt1+J F2(0,t2)dt2.
0 0 0o Jo 0 0
(3.9)

By making use of (2.1), (2.2) and some elementary estimates, we derive the following
inequality:

(@)

T T2
,[() F1 (tl,Tz)dtl + J() F2 (Tl,tz)dtz

o R R rraNe] N O R (3.10)
0 Jo 0 Jo

T1 2
+ J Fi(t,0)dt; + J F,(0,t,)dt,.
0 0

By making similar calculations in the rectangles |7y, T1 [ X] 12, T2 [, 10, 71 [ X] 12, T2 [
end ]71, T1[X]0, 72 [, respectively, we get

9
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(i)

T, T,
— Fl(tl,‘['z)dtl— Fz(‘['l,tz)dl'z

T1 2

T, T, T, rTh
SJ J 2|(££,\u,Mu)|dt+CJ j (Fy(£) + Fa (£)) dt (3.11)

T, T,
- | Fi(t,T)dh — | F(Ty,t)db,

1 )

(iii)

T, T1
J Fz(Tl,l’z)dtz — J Fl(thZ)dtl

T2 0

T, r1 T 1
SJ J 2|(§Ew,Mu)|dt+CJ J (Fu(t) + Fa(0))dt (3.12)
T2 0 T2 0

T

T, 1
+J Fz(o,l’z)dtz - J F1(l‘1,T2)dt1)

T2 0

(iv)

T, 15
J Fl(tl,‘l’z)dtl — J F, (TlatZ)dtZ

T 0

7 T 7 T
sj J 2|(5£Au,Mu)|dt+cJ J (Fu(t) + Fa(1))dt (3.13)
0 T 0 T

T, T2
+ Fl(tbo)dtl_J Fz(Tl,tz)dtz.
0

1

In this step, we study the case where the condition (%) is realized, the case (%B,) is treated
by the same methodology. Let the condition (%) be fulfilled.
By a straightforward application of Lemma 2.4 to (3.10), we obtain

T

2
Fz(Tl,tz)dl’z

J lFl(tl,Tz)dtl +J

0 0

<exp(3C(T1 +T)) “: Lﬁ 2| (Lru,Mu) | dt + Lﬁ Fi(t1,0)dt; + LTZ F, (O,tz)dtz].
(3.14)
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For the inequality (3.12), we can write

Tz T1
Fz(T1,t2)dt2 + JO F, (tl,TZ)dtl

)

7 T, 7 Ty
SJ J 2|(5.£,\u,Mu)|dt+CJ J (Fu(t) + Fa(1))dt (3.15)
0 153 0 193

T T,
+J Fl(fl,Tz)dfl-l— Fz(o,tz)dl'z.
0

7
We fix the variable 7, and consider the function

T,

Y(71,72) ZJ

()

Fz(Tl,tz)dl‘z+J lFl(tlyTz)dtl (3.16)
0

as a function of one variable 7; with a parameter 75, and by using the classical Gronwall
lemma we derive the following inequality:

Tz T1
Fz(‘rl,tz)dtz—exp(CTl)lL Ey(t, 1) dty

2

Tz T1 Tz T Tz
Sexp(CTl)[J JO z|(sgw,Mu)|dt+cj L Fl(t)dt+J Fz(O,tz)dtz]

- L Fi(t, T>)dt,.
(3.17)

In a similar way, we derive from (3.13) the inequality

2

T
J Fl(tl,Tz)dtl—CXp(CTz)J Fz(T],tz)dl’z

T 0

7 T n T T
sexp(CTz)[J J 2|(§8Au,Mu)|dt+CJ j Fz(t)dt+J Fl(tl,O)dtl]
0 T 0 71

B

- Jo Fz(Tl,tz)dtz.
(3.18)
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Multiplying the inequalities (3.14) by (1/4)(1 + a;)?, (3.17) by (1/2)(1 + a;)a; exp(CT>),
(3.18) by 1/2(1 + a1)a; exp(CT}), and (3.11) by af and summing up the obtained in-
equalities after using of some elementary estimates, we get

T T

F, (tl,Tz)dtl + J F, (Tl,tz)dtz]

0

S0 -a)] |

0

1 T, T,
+ E(l —0(1)061 |:J Fl(tl,’l'z)dtl +J2 Fz(’l’l,tz)dtz]

T, rTh

(1+a1);7cUT1 0T2F2(t)dt+J O Fl(t)dt]

T 2

Lata) [1(1+a)JT2F(0t)dt ~11B; (B ()| JTZF(T t)dt]
2 1112 102,22 zﬂll/’g(H)Osz(;)g)
1

where # = exp(3C(T) + T3)).
For simplicity we put

1 T] ()

Qi (r1,1) = Z(1+a1)(1—a1)[J0 Fl(tl,‘rz)dt1+j0 Fz(‘rl,tz)dtz],
1 T1 T2

Q(11,1) = 5(1 —061)041[ Fy(t1,72)dt +Jz Fz(Tl,tz)dfz],

1 5 T, T
R=-(1+ay) nJ J 2(Ly, Mu)dt,
4 o Jo
1 T T, T, T
H(Tl,Tz)Z E(1+(X1)(X11’]C|:J Fz(t)dt+J Fl(t)dt],
7 JO 7 JO

1 1 I . 2 i
N1=E(1+“1)ﬂ[5(1+“1)J0 Fy(t1,0)dt —||B; (H)Bl(#)HSf(H)L Fl(tl’Tzidtl])‘
3.20

The inequality (3.19) can be rewritten as

Q+Q <H+R+N;+N,. (3.21)
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By virtue of (2.1) and Lemma 2.5, the quantities N; and N, are dominated as follows:
N; +N, Skl[HllHuH?_i'HlZMuH?] = Njs, (3.22)

where k; = (1/2)((1 +a1)%/(1 — a1)) 1By ()~ ||§£(H) exp(3C(Ty + T>)) max(1,c3).
Let us consider the first case (0 < a; < 1/3). We observe that ((1/2)(1 +a1) < 2(1 —
a1)), which yields

T] T2
Q(TI:TZ):“I(I_OCI)[JO F](tl,‘l'l)dtl‘f' . Fz(T],tz)dtz]
(3.23)
T1 T2 TZ Tl
szR+zN3+4(1—a1)amcU Fz(t)dt+J Fl(t)dt].
7 JO 7 JO
Hence, by (G2) of Gronwall’s lemma it follows that
Q(T],Tz) < 6(2R+2N3) = Ny, (324)
where 0 = exp(8Cexp(C(Ty + T2))(T1 + T2)).
By using the e-inequality, the quantity Ny can be estimated as follows:
2 Tz T] Tz Tl
N4s92(1+a1)2[(e;1+e;1)||5ew|| +81J J Fl(t)dt+sZJ' Fz(t)dt]
o Jo o Jo
(3.25)
g (Lre)® oy D) [l 2 + ||t
WH 5 ey max (1,63) [ el [} + | [Bael 115
which implies
. 5 T, T, T, T,
(1, 1) <P (1+a) [(ef1+£2_1)||§[f,1u|| +£1J J Fl(t)dt+ezj Fz(t)dt]
o Jo o Jo
2(1+“1)2 1 2 5 2 2
+6 W"Bl ([ max (1,63) [ Bl [} + [[Bayeel [}
(3.26)

Taking & = a1 (1 — 1)/260%(1 + a;)*T5_; and integrating (3.26) with respect to 7; from 0
to T;, i = 1,2, we obtain

T, T

Fi(t)dt+ T, J
0

0

1 T, T,
o (l—ay) | Th Fy(t)dt
2 [ Jo 0 ] (3.27)

< yil|Laull® + yal ||l + [ Lael 1],
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where

y 294(1+061)4(T1+T2)T1T2
1= >

ar(1—ar)
(3.28)
02(1+(X1)2(T1+T2) _ 2
Y2 = a(l—a) ||Bll(ﬂ)||§£(H)maX(1aC%)~
By combining (3.26) and (3.27), it follows that
9(11,72) < ys 1 Laul[* + ||yl |} + [ el 7], (3.29)

with y3 = (204 (1+a1)*/0; (1— 1)) (T1+ Ta+1)>(1+1 By () ||§£(H)) max(1,c3). By virtue of
(3.29), (2.1), we obtain

o1 (@lu(- ) [1* + llu(zi, 1T < S LLaul[* + |||} + (el ], (3.30)
with §; = 204(T, + T, + 1)*(max(1,c3)/min(1,c?)).

Multiplying (1.1) by +/A and estimating with L, (D; H)-norm by use of (2.1) and (3.30),
we derive the following inequality

Pu |2 Pu |2 *u 2} }
in (1,2 J </\ 2 3 dt
min ( C1)01(#)|: b ot 06 9t062 | 112 otoh |1 .
2 2 2
SSZ[||§£)W|| +Hll,u”H1+||12yu||1])
with S, = 404(T, + T, + 1)*max(1,¢3)(1 +1).
Combining (3.30) and (3.31), we obtain
al(y)U( Pu |* | Pu | 5] Pu 2) T _ 2]
14 Lo \Maran ot |, Y | anan | )40 UleCom)ll+ llum, )10

< Sy I1Laull” + B[+ el |71,
(3.32)

where S3 = 60*(T, + T, + 1)*(max(1,c3)/min(1,c?})).

The right-hand side of (3.32) is independent of 7. Hence taking the upper bound of
the left-hand side with respect to 7, we obtain the estimate (3.6) with § = Ss.

Now, we consider the second case (1/3 < a7 < 1).

By making the change of variable o1(¢) = (B1(a1) = (1/2)(1 — a;)) which implies that
(0 < B1 = 1/3). Observe that ((81(1—1))*/(1+p1)* = (a1 (1 — a1))?/4(1 + a1)*) which
involves forall 0 < a7 < 1,

all[; < S||Laguel])’y V€ B(Lyy). (3.33)

We recall that in the case (%) we proceed with the same methodology used in the case
(B1) to obtain the desired estimate (3.6). The proof of Theorem 3.1 is complete. O
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Now we are interested in the consequences of Theorem 3.1.
It can be proved in the standard way that the operator admits a closure.

ProprosiTION 3.2. If the conditions of Theorem 3.1 are satisfied, then the operator Ly, ad-
mits a closure Ly , with domain of definition denoted by 9 (Ly,).

The solution of the equation
Lyu=%, Fev, (3.34)

is called a strong generalized solution of problem (). Passing to the limit, we extend the
inequality (3.6) to the strong generalized solution, we obtain

[l [ = S| Tagel |17, Ve BT, (3.35)

from which we deduce the following.

CoROLLARY 3.3. From the inequality (3.35), deduce that if the strong generalized solution
exists, then it depends continuously on F = (f,¢,y).

COROLLARY 3.4. The set of values R(Ly,) of the operator Ly, is equal to the closure R(Ly,,)
of R(Ly,) and (K,ﬂ)’1 = L/{L

This corollary allows us to claim that to establish the existence of the strong solution
to problem (%) it suffices to prove the density of the set R(L, ) in V.
4. Solvability of the problem

To establish the density of R (L)) in %, that is, R(Ly,)* = {(0,0,0)}, we introduce the
following Hilbert structure.
Let H"!(D; H) be the Hilbert space obtained by completion of ¢* (D; H) with respect

to the norm
5 ’u
||u||1,1 = vy
D o0t10t

Let H!([0, T»]; H) be the Hilbert space obtained by completion of the space 6~ ([0, T>]; H)
with respect to the norm

2 . %
oty

2 Jdu

2
- 2
v 5 +lul )dt. (4.1)

ol = llel*+l¢"II%. (4.2)
We construct H'([0,T;];H) in a similar manner.

Denote by W the Hilbert space Ly(D;H) x W([0, T2];H) x W'([0,T1];H) that is
composed of elements F = ( f,¢,y) such that the norm

NFI = 1LF12 + gl + lly13 is finite, (43)

where W'([0,T,];H) x W' ([0,T;];H) is the closed subspace of H'([0,T:];H) x
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H'([0,T1];H) composed of elements (¢, y) such that

B3 (1)9(0) = By (W¢(T2) = BS (w)y(0) = Bf (w)y(T), (4.4)

“x” denotes the symbol of the adjoint.
We denote by Hy' (D; W1) the closed subspace of HY!(D; W) defined by

Hy' (D;W') = {ue HY (D; W) : Bi(w)u |1,~0 —Bo (@)t 1,-1,= 0,

(4.5)
By ()t |1y=0 —Ba()ut 1,1, = 0}.
Hy'' (D;H) is the closed subspace of H(D;H) defined by
Hy' (DsH) = {u€ H (DsH) : Bi(w)u |10 ~Ba(w)u |y -1, = 0, e
By (@)t |1,—0 =Ba(p)ut 1,1, = 0}.
Hy'(D;H) is the closed subspace of H!(D,H) defined by
Hy'(D;H) = {u € H"(D;H) : Bf (u)ut 11,0 =B (W)t |4,-1,= 0, 47)

Bik (,u)u |t2:0 _B;k([/l)u |tz:Tz= 0}

In proving the existence theorem we meet some difficulties, and to surmount these diffi-
culties, we use the regularization technique (for more details, see [32]).

Definition 4.1. Put

A(t) = (T+€A(),  Je(t) = A7\ (t) = (I +eA(r)
) (4.8)
Re(t) = A()(T+eA(1) ' = SU=J(0), e>0,

and call R,(t) the Yosida approximation of A(t).
Some basic properties of R, are listed in the following proposition.

ProrosiTION 4.2 (see [33]). One has
(1) Jo Re € L(H), lI]ell < 1, IRl < 1/¢, forall € > 0;
(2) J:Au = AJ.u, forallue W',
(3) |Reul < luly, foralle >0, forallu e W';
(4) limg—.g Jeu = u, for allu € H;
(5) limg—oReut = Au, for allu € W

Let us now establish the density of the set R(L, ) in V. For this purpose, we assume
the following.

Condition (¥). D>t — A(t) € £(D; W') admits mixed derivatives

PA FPA 04 04
otot,’ oLot W ot1ot,  ohot

A e L(D;%(H)). (4.9)
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THEOREM 4.3. Under the conditions of Theorem 3.1 and the condition (¥), the set R(L )
is dense in V.

Proof. The idea is to prove the result in the case A = 0, that is, R(Lo,) = V" and by means
of the method of continuity we establish the general case.

The case A = 0.

Let £y = 0%/0t10t; + A(t) be the corresponding operator to A = 0 and let V = (v,&,y)
be an orthogonal element to R (L,). Then we have

(Loptt, V)op = (Lou,v) + (L, &) + (L, x) =0, Vue H(D,W'). (4.10)

We need the following proposition.
ProposiTION 4.4. If for every v € L,(D;H), one has

*u

0t10,

(Pou,v) = < +A(t)u,v> =0, YueH, (D;W"), (4.11)

then v = 0.

Proof. Let w=A;'vand h = A.u. After substitution in (4.10), we get

<ﬂ—i(3* )= 2 (Bih) w> — (hy (AA” + Bo A 1)) (4.12)
8t18t2 8t1 le atz 200 ’ € e ’ )

Here, h may be considered as an arbitrary function of Hy"' (D;H) and

Bi(t) = sMAgl(t), i=1,2,
ot3_j
) (4.13)
B =220 40, Bl e L), j=01,2,
0,0t
Equation (4.12) leads to the study of the operators Fand &' defined by
(%) = Ay (D;H),
~ 0%u ou ou
§£Ll— 8t18t2+ leaitl'kBZEaitz)
~ (4.14)
D(¥) = Hy' (D;H),
& 0u 0 s 0 .«
§£ u= atlatz atl (Blsu) atz (BZEu)'

We show that &' is the adjoint of % and we have

(Fv,u) = (v,Pu), YueHY(D;H), Vve HY (D;H). (4.15)
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Equation (4.12) means that for each ¢ # 0, w is the weak solution to the problem

~ *w 0 0 . »
Fw = T + By, n w+ By P w = —(Bo:A; '+ AA] "),
0 (4.16)

TWW =B (ww |0 =B (Ww l1,-1,= 0,

Lyw = B (u)w l—0 =B (0w |1y—1,= 0,

with v € L,(D;H), Bjs e $(H), j=0,1,2.
Consider the operator L= (55,71,,,72#) acting from H"'(D;H) into “W. For this opera-
tor, we establish the following propositions.

PROPOSITION 4.5. The operator L is isomorphism from HY\(D;H) into W'

Proof. We must show that R(L) =W and
(i)

INZull[* <Killul},, VueH"(D;H), (4.17)
(ii)
lull?, < K|[ITul||’, Vue H"(D;H), (4.18)

where K; and K; are positive constants independent of .
(i) By virtue of B;; € £(H) and

04 A ‘
1Billyan = |l M,
(4.19)
H8t3 1 ||(I—A§1)||:£(H)5C> i=12,
IS.NEMI2 can be an estimate as follows:
~ u ou ou |
2 _
Sl = | 5o+ Brear B gy
o*u ou ou|)?
i bl 4.20
SHatlatz * B“atl * statz } (420
Pu |2 |oul? |oul?
2 ou ou 2
< 4max(1,C )H 390 PP % + |ul },
which implies that
1%u)? < 4max (1,C?) lul?,, Vue H“(D;H). (4.21)

By virtue of the continuity of the operators f;,, ZQNH from HV'(D;H) into H'([0, T»];H),
H'([0,T,];H), respectively, and the inequality (4.21), we obtain the estimate (i).
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(ii) Following the same techniques to those used to establish the estimate (3.6) in
Theorem 3.1, we establish the estimate (4.17).

From the continuity of the operator L and the inequality (4.18), we conclude that
the operator L is an isomorphism from HY!(D;H) into the closed subspace R(L) =
L(H" (D;H)).

To prove that R(L;) = W', we proceed by the method of continuity. For this purpose,
we introduce the family of operators {is}se[o,l] defined by

L= (Foliphy), selo,1],

o*u

ot10t
D(Ly) = H" (D, H).

u ou
— — 4.22
atl + B2£ atz > ( )

EE;u = +sBu, with Bu= By,

Step 1. Let us first consider the case where s = 0. In this step, we show that the operator
R(Lo) = W. Before proving this result, we need to give this auxiliary result.

It is well known that if we have two linear bounded operators S; and S, such that S, is
invertible and ||Sf182 || < 1orsS, isinvertible and ||S§181 | <1, then the operator §; — S, is
invertible.

By virtue of these results and by taking into account conditions (%;), i = 1,2, and
(42)(5), we deduce that the operator B3 (u) — B (u) is invertible in £(H).

Now, by using the invertibility of the operator (B3 (u) — Bf (1)) and a simple integra-
tion, we easily show that the solution of the operator equation

~ Ru o~
ifou = m = f(t))
Tt = BS () 11,0 — B} (Wt -1, = §(82), (4.23)
Lt = B () lyy—0 —Bf (W lty-1,= (11)
is given by the formula
u(ti,tz) = (B () — B ()~ (§(t2) + ¥(11) — B @)H(0) + B (W) P(T1))
L ot
+L Fodrs 0 (850
(4.24)

1 LT, T, rti
B () (jo  Fwdrs L e BrGoB; ()

— B{"(‘u))_1 JOTZ 0T1 f(r)dr).

This shows that the operator Lo is surjective, and thus gfi(f(;) = W, which ensures that I:;
is an isomorphism from H"!(D;H) into W'.
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Step 2. For sg, s € [0,1], we can write
Lo= Lo+ (s—s0) (L~ Lo)  with (I = Lo) = (Bl la). (4.25)

It is easy to obtain the estimate
|Bul®* <2C*||lull},, VueH“(D;H). (4.26)
By virtue of the inequality (4.26) and the continuity of the operators ljb l; , we obtain
(T - Lo)ul | <Kslull{,, YueH"(D;H). (4.27)
Now, we prove that
lull?, < Kq|||Lul||®, Vue HY(D;H), (4.28)

where Ky is a positive constant independent of u.
Thanks to the inequality (4.18), we have

Vse(0,1), lull2, <K@)|||Lulll’, YueH"(D;H). (4.29)

Putting h(s) = inf,c ;e (Il IL ulll/llull1,1), let us show that & is continuous on [0,1].
Lete>0and § = s/\/IC. For sg, s € [0,1] such that |sg — s| < §, we have

I el || = 1| Lo ul || < 1| Esu = Lqul |l = |so = s| ||| Tyu — Lou|
(4.30)
~ o~ £
< 8|\ Thu - Tou| || < ﬁ@nunil = ellull?,,
which implies
MEoulll Nl _ 1 Eelll , )
||Li||1,1 ||MH1,1 ||u||1,1

By passing to the inf on H5!(D;H) in (4.31), we obtain |h(s) — h(sp)| < &. Thus the func-
tion h is continuous and reaches its lower bound. Denoting this lower bound by 1/y/Ky,
we obtain (4.28).

The equation Lyu = F can be rewritten under the following form:

~

Liu 50u+ (s—s0)(Ly —Lo)u=F. (4.32)

We suppose that R(Lg,) = W', and we prove that R(L;) = W for s near to s.
Equation (4.32) is equivalent to

u+(s—s0)(Ln) (T~ Lo)u= (L) 'F (4.33)
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From (4.28) and (4.27), we have

I1(E2)"Fll,, < VKIlIFI],

(4.34)
1(T) ™ (@ = Toull,, < VKl [ (T - To)ul || < VRKs llulhg = Ksllullyi.
Denoting by
T=(s-s0) (L) ' (Li-L),  g=(L)'F, (4.35)
then (4.33) becomes
u+Ju=g. (4.36)

Let s € [0,1] such that [s) —s| < p < 1/K5, then

1T = sup (Tully=|s—sol||(Ls) (T ~Lo)ull,, < [s—so|Ks< 1. (437)

llull1 <1

Hence the operator (I + ) is invertible, and the solution of (4.36) is given by the Neu-
mann series

u= i(—l)“g”g. (4.38)

This shows that %(fs) =W, foralls: [so—s| <p < 1/Ks.

If we take sy = 0, we obtain %(LNS) =W, foralls:0<s <p.

Now, if we put sy = p and by the same procedure, we obtain QR(ITS) =W, foralls:0<
s < 2p. Proceeding step by step in this way, we establish that R(L;) = W, for every s €
[0,1]. For the case s = 1, we have R(L;) = R(L) = W. This proves Proposition 4.5. |

PROPOSITION 4.6. The operator L = & is closed.

Proof. Let (u,) C @(i) = ﬁé’l (D,H) such that
u, — u in L,(D;H), Lu, — f inLy(D;H), n— oco. (4.39)

From (4.18) we deduce that (u,) is a Cauchy sequence in H"'(D;H), then u, — v in
HY(D;H). Since Hy'(D; H) is a closed subspace of H'(D, H), then v € Hy' (D, H). The
convergence u, — u in H>'(D; H) implies the convergence u, — v in L,(D; H), since we
have supposed that u, — u in L,(D; H), then u = v, and the boundedness of the operator
L from H"(D,H) into L,(D;H) gives Lu = f. This completes the proof. O

Now we give some basic properties of the operator L' = .

It follows from the above propositions that the operator L’ = &' is continuous from
Hy'(D;H) into L,(D; H).
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Moreover, from the properties of the operators with closed range, it follows that
NIy = R(L)* = L(D;H)* = {0},

. —— (4.40)

R(L) =R(L") = N(L)* = {0} = Lo(D;H).

Hence I is an isomorphism from Hé’l (D;H) into L,(D;H) and it is closed in the topol-
ogy of L(D; H).

Definition 4.7. Denote by $ = (F')* the weak extension of the operator & defined by

(Fuv) = (wPv)y = (u, f), VYueHMD,H), $v=fecly(D,H). (441)

PROPOSITION 4.8. The weak extension & of the operator & coincides with its strong exten-
sion (L) =<'
Proof. We must show that

DL =BE), Fu=%u, YueD). (4.42)

Itis clear that 9(%) c B(X).
By virtue of the Banach theorem for operators with closed range, we deduce that the
operator (.EAE)’1 is defined on the closed subspace gR(.SAE) =N (58’)L and it is continuous.
We have
(i)

N(&) = R(E)* = {0}, (4.43)

(ii)
N@) = {0}, (4.44)

(iif)
R(P) = Lo(D,H). (4.45)

From (ii) it follows that for all f € Ly(D,H) there exists a solution to the equation Fu=
f. Let v be the solution of the equation £u = f for a fixed f, and let us show that u = v.
From (4.41) and (4.15), we have

(2,%u) = (' z,u) = (z.f), VzeHy'(D;H),
(4.46)
(z,i%v} = (:qi'z,v) = (z,f), VzeH,'(D;H),

therefore (.ENE z,v—u)=0,forallz e H (D H), which means that w = v — u is the weak
solution of the homogeneous equation Lu = 0. According to unlqueness of the weak so-

lution, we obtain u = v. Consequently u = v € Hy" (D; H) and Pu=%u= f. This com-
pletes the proof of Proposition 4.8. O
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From Proposition 4.8, we deduce that the weak solution to problem (4.16) coincides
with its strong solution. Hence w € HY!(D; H) N Ly(D, W') and satisfies the problem
(4.16) in the strong sense, that is,

% +Blsg—z} +B2£g_z +Boew + Aw = 0,
By ()W ly—0= B (W)w |1,=1,, (4.47)
B (uw)w |,—0= Bf ()W lp,-1, .
Problem (4.47) is equivalent to
%(<F) = Hy'(D;H),
(4.48)

2
oW +Blea—w +Bzga—W +Aw = —Boew = f.

Fw = ot 0t ot ot

By similar calculations to those used to establish Theorem 3.1, we show the following.

ProrosITioN 4.9. Under the assumptions of Theorem 3.1, one has the estimate
I|AY2w||* < Ko||Boew||’, Vw e HM(D;H). (4.49)

From (4.49) and (s4,), it follows that
lwl?> < l||Al/2w||2 < &HBOSWHZ. (4.50)
Co Co

Replacing w by A;'v in (4.50), we obtain

A7 ]|* < %IIBOSA;WIf. (4.51)
0
We have
PA *
-1 — -1 -1
B | = | (erg Act) At
0’A *
_ s -1 -1
_H(I A )(atzatlA ) A
(4.52)
0’A *
_ a1 -1 1
02A *
_a-l -1
+H(I A )(atzal‘]A ) V'} 0 e—0

Passing to the limit in (4.51), when & — 0 and applying the properties of A;!, we obtain
v = 0. This completes the proof of Proposition 4.2. O
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Let us go back to (4.10), by virtue of Proposition 4.4, we obtain (/,,u, Eo+ (buu,x)o =
0. Since Iy, L, are independent and the ranges of the operators Iy, I, are dense in the

corresponding spaces, we obtain & = y = 0. Hence V = (0,0,0), and therefore, R(L, ) =
V for A = 0.
We consider now the case * # 0. We need the following lemma.

LemmA 4.10. The operator (L1, — Lo) is bounded, and

I (Lo = Log)ul[] < kfflulll;, (4.53)
where the constant k does not depend on u. The proof results from the continuity of B =
A0%/0t,0ty, L, and b, in the corresponding spaces.

The equation Ly ,u = F can be written as
(Dioye + (A= 20) (L1 — Loy) )u = F, (4.54)
which is equivalent to the equation
ut (A =2o) (Do) (Liy — Log)u= (Lay) 'F (4.55)
It follows from (3.35) and (4.53) that

11 (Tag) " E L = VSIIEI,
(4.56)
(@)™ L= Lo 1l = VS| (Li = Lo ul || < mlllull],,

where m = k+/S.

Let [A = Ao| < p < 1/m. Putting A = (A = A9)(Ly,u) (L1 — Loy) and N = (Ly, )~ 'F,
(4.55) can be written as u+ Au = N.

Observe that A = supueD(m>(llAuII1/\|ull1) < 1. The Neumann series u =
> o(=A)"N is then a solution to (4.55). We have thus proved that if %(m) =% and
[A = Aol < p < 1/m, then %(m) = V. Proceeding step by step in this way, we establish
that R(Ly,) =V for any A > 0. The proof of Theorem 4.3 is achieved. O

THEOREM 4.11. For every element F = (f,@,y) € V' there exists a unique strong general-
ized solution u = (Ly,) "' F = (L)f,,l)% to problem (1.1)-(1.2) satisfying the estimate

Nulll} < Sll | Lagul 1P, Vue HY (D;WY), (4.57)
where S is a positive constant independent of A, y, and u.
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