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Sufficient conditions are given so that the initial value problem for the Shabat equation
has a unique analytic solution, which, together with its first derivative, converges abso-
lutely forz € C: |z| < T, T > 0. Moreover, a bound of this solution is given. The sufficient
conditions involve only the initial condition, the parameters of the equation, and T. Fur-
thermore, from these conditions, one can obtain an upper bound for T. Our results are
in consistence with some recently found results.
1. Introduction and main results
Consider the nonlinear functional differential equation

f@+af'(q2) + f2(2) - 4° f*(q2) = , (L.1)

f(0) = fo, (1.2)

where ¢, g, and f; are in general complex numbers. Equation (1.1) forg = 1/k, 0 < k < 1,
and y = 1 — (1/k?*) was derived by Shabat [10] when he considered the similarity solution
of the dressing dynamical system

(f] +f]'+1)x = sz —szﬂ +/\j —/\j+1, j=0,%£1,%2,..., (1.3)

which is closely interconnected with the spectral theory of the linear Schrodinger equa-
tion

Vx +[q(x) +A ]y = 0. (1.4)
Equation (1.1) is studied for |g| < 1, because if || > 1, then (1.1) is equivalent with
' (w) + p*®' (pw) + O (w) — p*®*(pw) = —up? (1.5)
after setting

f(2) = -D(pw), 9z =w, p=-. (1.6)
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In the present paper, we give sufficient conditions so that the initial value problem
(1.1)-(1.2) have a unique analytic solution which, together with its first derivative, con-
verges absolutely for z € C: |z| < T, T > 0. Moreover a bound for this solution is given. In
particular, our result is the following theorem.

TaEOREM 1.1. Assume that |q| <1, T >0, and
(1-1q))°
[1+q] |f°|+T|”|<4T(1+|q|2)' (1.7)

Then the initial value problem (1.1)-(1.2) has a unique bounded analytic solution of the
form

i (F,en) ( )nil, zeC, (1.8)

which, together with its first derivative, converges absolutely for |z| < T, T > 0. Moreover the
following bound holds:

1-Iql
| f(2)] <m- (1.9)

Remark 1.2. Inthe case T = 1, the initial value problem (1.1)-(1.2) has a unique bounded
solution of the form f(z) = >, (F,e,)z""! which, together with its first derivative, be-
longs to the Banach space:

H(A) = {f(z) = Zﬁnz”’l analytic in A and Z la,| < +00}, (1.10)
n=1 n=1
where A= {zeC:|z| <1}.

Combining Theorem 1.1 and relations (1.5) and (1.6), we obtain the following corol-
lary.

CoROLLARY 1.3. Assume that |q| > 1 and

(Iq] - 1)*|q/2

PR T >0. (1.11)

lql - 11+4gl - | fol + Tlul <

Then the initial value problem (1.1)-(1.2) has a unique bounded analytic solution of the
form

fl2) = §®6n< )1 zeC, (1.12)

which, together with its first derivative, converges absolutely for |z| < (T/|ql). Moreover the
following bound holds:

| f(2)| < m (1.13)
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Remark 1.4. For the original Shabat equation, which is (1.1) for ¢ = 1/k, 0 < k < 1, and
p = 1—(1/k?), the above corollary becomes as follows. “If

(1-k)

(k+1)|f0|+(1—k2)T<4T(1+k2),

T>0, (1.14)

the initial value problem (1.1)-(1.2) for g = 1/k,0 < k < 1,and u = 1 — (1/k?) has a unique
bounded analytic solution of the form

fl2) = §®6n< )1 zeC, (1.15)

which, together with its first derivative, converges absolutely for |z| < kT. Moreover the
following bound holds:

_k ”

1
| f(2)] <2T(1—+k2)' (1.16)

Remark 1.5. The coefficients (F,e,) of (1.8) are uniquely determined by the recurrence
relation:

T
n-—

(1+q") (F,en) = q -1 i - (F,epx), n=3,

(1.17)

(F,e1) = fo, T (Fre2) =+ (q* = 1) f2,

which for T =1 is found to be, after some simple manipulations, the same with the re-
currence relation found in [13].

Remark 1.6. The following upper bound for T can easily be obtained from (1.7),

JO+ 1) [l - (1=1g)*+ (1 +1gR) 142 | f]7] = 1+ 1g12) 1 +41 Ifol

T<
2|ul(1+1912)

(1.18)
for yu # 0.

Remark 1.7. Analogous results can also be obtained if instead of y in (1.1), we have a
complex function p(z) which should be such that 4(Tx) € H,(A), for x € A. In this case,
|l in (1.7) should be replaced by [|u(Tx) 1, (a)

The analytic solutions of the initial value problem (1.1)-(1.2), for complex or real pa-
rameters (g, 4, fo), have been studied in [7, 13]. More precisely, it was proved in [13,
pages 63-65] that there exists a unique solution of the form

z) = ifnz”, (1.19)
n=0
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which converges in the disc |z| < R, for every fixed value of g € C, |g| < 1. For the radius
of convergence Ry, the following estimate was given in the same paper:

i 1+Iq/? Y
— o= R A = .
24/l | 1—-Iql? 1+4?

In order to prove this result, S. Skorik and V. Spiridonov used Taylor series, which is a
method not applicable when |gq| = 1, as they state. However, they were able to give exact
solutions of (1.1) in the cases where g°> = 1 and g* =

Recently, it was proved in [7] that if [q] = 1 and

Ry = (1.20)

[1+q" | >2n)”, |1-¢q"| >@2n)7", n=12,..., (1.21)

for some positive constant v depending on g only, there exists a unique solution of the
form (1.19) of the initial value problem (1.1)-(1.2) (for q,4, fo € C), which converges for
|z| < /27*1, where

-
Il
S

1
2| fol”
0 = 7 —2arctan (,/Z/I‘ul . |f0|> (1.22)

, u#O.
2,/2|pl

For the proof of this result Liu followed Siegel’s approach [12]. It is mentioned in [7] that
“when ¢ is on the unit circle but not a root of unity, the analysis of the convergence of
(1.19) is nontrivial since the coefficient 1+ g"*! can be arbitrarily small and a straight-
forward estimation of the coefficient f, is not enough.” It is also mentioned there that in
order to prove the convergence of (1.19), good estimates of §,, n = 1,2,..., are needed,
where 6,41 = (1/11+ "% |) maxo<men OmOp—m> 1 = 0, 8y = 1.

Finally in [6], the regular solutions of the initial value problem (1.1)-(1.2) for q,u, fo €
R were studied. The following were proved among other things.

(1) If g € (0,1), then the initial value problem (1.1)-(1.2) has one and only one
solution in a neighborhood of the origin with open maximal interval of exis-
tence (Tins Tmax)> for which Trax, = Tmin = (1 —¢*)/((1+¢) | fol), p =0, fo #0
[6, Theorem 9(1), page 12].

(2) If g € (—1,0), then the initial value problem (1.1)-(1.2) has one and only one
continuously differentiable solution in a neighborhood of the origin with open
maximal interval of existence (Tmin, Tmax)> for which Ty > 0, Timin < 0 [6, The-
orem 16(1), page 25].

Remark 1.8. (i) For y, g, and f; € R, our interval of existence is (— T, T'), which is a subset
Of (Trmin> Tmax). Thus we have Tiyin < —T < T < Tpax. Therefore Tnax >0 and Tiin < 0,
which is consistent with the second result of [6] mentloned above.

(ii) For y = 0 and q € (0,1), we obtain the following from (1.7):

(1-9)?
4(1+q2) 1+ | fol

T < (1.23)
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It can be easily proved that

(l—q)2 1—q2
W1+ 1+l hl S Otgd) [ fl (1.24)
Thus we have
T< (1-¢q)? 1- . 12s)

< <
41+t fol - (1+q?) |fo|
which is consistent with what is already mentioned.

The method we use is a functional analytic method developed by Ifantis [3] for differ-
ential and functional differential equations and used also in [8, 9, 11] for functional and
functional differential equations. The basic idea of the method is the equivalent trans-
formation of the functional differential equation under consideration into an operator
equation. By use of this method and due to the space H,(A) where we work, the conver-
gence of the established solution (in H;(A)) of the functional differential equation under
consideration is immediately proved. In this way, we avoid the use of the method of ma-
jorizing series which is often used for proving the convergence of series and which was
also used in [7].

This functional analytic method is briefly presented in Section 2. The proof of our
main result (Theorem 1.1) is given in Section 3.

2. The functional analytic method

Denote by H an abstract separable Hilbert space over the complex field with the or-
thonormal base {e,}, n =1,2,3,..., and by (-,-) and || - ||, the scalar product and the
norm in H, respectively. Consider now those elements f € H, which satisfy the condi-
tion >.,» | [(f,es)| < +oo. These elements form a Banach space H; with norm | f|l; =
St |(f>en)]. We also define the shift operators V and V* as follows:

Vi:Ve,=¢eu1, n=12...,

V¥:V*e,=¢e,_1, n=23,..., V¥ =0. (2.1)
It is proved [2, page 3139] that the mapping
¢(2) = (fr f) Z (fren)2"™!, lzl<1, (2.2)

is a one-to-one mapping from H; onto H;(A) which preserves the norm, where f, =
12" ten, fo = e1, |z| < 1 are the eigenelements of V*, which form a complete system
in H, in the sense that (f;,h) = 0, for all z, |z| < 1, implies that & = 0. The element f € H,
defined by (2.2) is called the abstract form of ¢(z). In general, the abstract form of a
function G(¢(z)) : Hi(A) — H,(A) is a mapping N(f) : H; — H; for which the following
relation holds:

G(¢(2)) = (fN(f)), lzl<l (2.3)
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From (2.2), [3, pages 89, 92], [4, page 355], [5, page 387] we have the following.
(i) The abstract form of f(gz) is the element Q* f € H,, where Q* is the adjoint of
the diagonal operator Qe, = g" 'e,, Iql < 1,n=1,2,....
(ii) The abstract form of f'(z) is the element Cy V* f, where Cj is the diagonal oper-
ator

Coe, =ne,, n=12,..., (2.4)

for which it was proved in [3, Proposition 2] that it has a selfadjoint extension
with discrete spectrum, that is, the domain of Cy can be extended to the range of
the bounded diagonal operator By:

1
Boe, = ;en, n=12,.... (2.5)

In [3, Proposition 3], it was also proved that the range of B, that is, the definition
domain of Cy, is isomorphic with the linear manifold of H,(A) which consists
of all functions f(z) with f'(z) € Hy(A), where H,(A) is the following Hilbert
space of analytic functions:

H,(A) = {f(z) = > @,2" ! analyticin Aand > |an|2 < +oo)g, (2.6)
n=1

n=1

where A= {ze€ C:|z| <1}.
(iii) The abstract form of [ f(z)]? is the element f (V) f, where

[

fv)= Z (fren) V", for which [| f(V)[], = [Ifl];. (2.7)

It was also proved in [4, page 355], [5, page 386] that the operator N( f) is Frechét
differentiable at every point f € B(0O,R) = {f € H, : || fll1 <R}.
Due to the above known results, we can easily prove that
(iv) the abstract form of f'(gz) is the element (1/q)CoV*Q* f,
(v) the abstract form of [ f(gz)]? is the element Q* f(V) f.
3. Proof of Theorem 1.1
Proof. First of all we set x = z/T, f(z) = f(xT) = F(x), and (1.1)-(1.2) becomes

2
—F (x) + q F'(qx) + F2(x) — ¢*F*(qx) = p, (3.1)

F(0) = fo. (3.2)

According to what is mentioned in Section 2, the abstract form of (3.1) in H; is

%COV*F+%COV*Q*F+F(V)F7q2Q*F(V)F=ﬁel, (3.3)
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where F is the abstract form in H; of F(x) and F(V) is defined by (2.7). Equation (3.3)
can also be written as

(I+qQ*)F= T|:(1+’1?)f0

ey +ie; — VBOF(V)F+q2VBoQ*F(V)F}, (3.4)
where By is defined by (2.5).

Since [g| < 1, it follows that |[gQ* ||, = Ig| < 1. Thus (I +qQ*)‘1 exists, is uniquely
determined on all H;, and is bounded by

la+ae) |, = =

S (3.5)

Thus from (3.4), we obtain

(1+9)f,
T

F=T(I+3Q*)" [ el +ie, — VBOF(V)F+q2VBOQ*F(V)F] = ¢1(F).

(3.6)

We would like to apply to (3.6) the fixed point theorem of Earle and Hamilton [1]
which states that if ¢ : X — X is holomorphic, that is, its Fréchet derivative exists, and
g(X) lies strictly inside X, then g has a unique fixed point in X, where X is a bounded,
connected, and open subset of a Banach space B. According to what is mentioned in
Section 2, it is obvious that the mapping ¢, (F) is Frechét differentiable.

Let ||F|l, < R, R sufficiently large but finite. Then we find from (3.6)

T 1+gq|-
o)l = 7=, (' q'T o+ 1 + |q\2||F||%)
(3.7)
1+ql-1fol +Tlul , 1+Iql* ,
= F)||, < +T R-.
||¢1( )||1 1_|q‘ 1_|q|

Let P(R) = R— T((1+1q|?)/(1 — |gl))R?. This function has a maximum at the point
Ry = (1—1Iql)/(2T(1+ Igl?)) which is P(Ro) = (1 —1q|)/(4T(1+1ql?)). Then for ||F||; <
Rp and for all € > 0, if

1+l - | fol + Tlul _
=l

P(Ry) — €, (3.8)

it follows from (3.7) that
||¢1(F)||1SR()—€<R0. (39)

Thus if (1.7) holds, then due to the fixed point theorem of Earle and Hamilton, the oper-
ator equation (3.6) has a unique solution in H; bounded by Ry. Equivalently, the initial
value problem (3.1)-(3.2) has a unique solution bounded by R, which, together with its
first derivative, belongs to H;(A). This means that the initial value problem (1.1)-(1.2)
has a unique solution bounded by Ry which, together with its first derivative, converges



862  Analytic solutions of the Shabat equation
absolutely for |z| < T. The bound of f is derived as follows:

| f@)| =[fxT)| = |F(x)|

< [[E)[j7,(a) = IFll1 < Ro. (3.10)

O

Remark 3.1. The recurrence relation (1.17) is obtained by taking the inner product of
both parts of (3.4) with e, and e,.

Acknowledgment

This work was supported by a postdoctoral grant from the National Foundation of Schol-
arships (IKY).

References

[1] C.]J.Earle and R. S. Hamilton, A fixed point theorem for holomorphic mappings, Global Analysis
(Proc. Sympos. Pure Math., Vol. XVI, Berkeley, (1968), American Mathematical Society,
Rhode Island, 1970, pp. 61-65.

[2] E.K. Ifantis, Structure of the point spectrum of Schrédinger-type tridiagonal operators, J. Mathe-
matical Phys. 11 (1970), no. 11, 3138-3144.

, An existence theory for functional-differential equations and functional-differential sys-

tems, J. Differential Equations 29 (1978), no. 1, 86—104.

, Analytic solutions for nonlinear differential equations, J. Math. Anal. Appl. 124 (1987),

no. 2, 339-380.

, Global analytic solutions of the radial nonlinear wave equation, J. Math. Anal. Appl. 124
(1987), no. 2, 381-410.

[6] Y. Liu, Regular solutions of the Shabat equation, J. Differential Equations 154 (1999), no. 1, 1-
41.

, An existence result for the Shabat equation, Aequationes Math. 64 (2002), no. 1-2, 104—

109.

[8] E. N. Petropoulou, Analytic solutions of a class of linear and nonlinear functional equations, J.
Math. Anal. Appl. 261 (2001), no. 1, 168-176.

[9] E.N.Petropoulou and P. D. Siafarikas, Erratum: “Existence and uniqueness of solutions in Hy (A)
of a general class of non-linear functional equations” []J. Math. Anal. Appl. 279 (2003), no. 2,
451-462], J. Math. Anal. Appl. 295 (2004), no. 1, 287-289.

[10]  A. Shabat, The infinite-dimensional dressing dynamical system, Inverse Problems 8 (1992), no. 2,
303-308.

[11] P. D. Siafarikas, A singular functional-differential equation, Int. J. Math. Math. Sci. 5 (1982),
no. 3, 497-501.

[12]  C. L. Siegel, Iteration of analytic functions, Ann. of Math. (2) 43 (1942), no. 4, 607-612.

[13] S. Skorik and V. Spiridonov, Self-similar potentials and the q-oscillator algebra at roots of unity,
Lett. Math. Phys. 28 (1993), no. 1, 59-74.

Eugenia N. Petropoulou: Division of Applied Mathematics and Mechanics, Department of Engi-
neering Sciences, School of Engineering, University of Patras, 26500 Patras, Greece
E-mail address: jenpetro@des.upatras.gr


mailto:jenpetro@des.upatras.gr

Advances in Difference Equations

Special Issue on

Boundary Value Problems on Time Scales

Call for Papers

The study of dynamic equations on a time scale goes back
to its founder Stefan Hilger (1988), and is a new area of
still fairly theoretical exploration in mathematics. Motivating
the subject is the notion that dynamic equations on time
scales can build bridges between continuous and discrete
mathematics; moreover, it often revels the reasons for the
discrepancies between two theories.

In recent years, the study of dynamic equations has led
to several important applications, for example, in the study
of insect population models, neural network, heat transfer,
and epidemic models. This special issue will contain new
researches and survey articles on Boundary Value Problems
on Time Scales. In particular, it will focus on the following
topics:

e Existence, uniqueness, and multiplicity of solutions
e Comparison principles

e Variational methods

e Mathematical models

e Biological and medical applications

e Numerical and simulation applications

Before submission authors should carefully read over the
journal’s Author Guidelines, which are located at http://www
.hindawi.com/journals/ade/guidelines.html. Authors should
follow the Advances in Difference Equations manuscript
format described at the journal site http://www.hindawi
.com/journals/ade/. Articles published in this Special Issue
shall be subject to a reduced Article Processing Charge of
€200 per article. Prospective authors should submit an elec-
tronic copy of their complete manuscript through the journal
Manuscript Tracking System at http://mts.hindawi.com/
according to the following timetable:

Manuscript Due April 1, 2009

First Round of Reviews | July 1, 2009

Publication Date

October 1, 2009

Lead Guest Editor

Alberto Cabada, Departamento de Andlise Matematica,
Universidade de Santiago de Compostela, 15782 Santiago de
Compostela, Spain; alberto.cabada@usc.es

Guest Editor

Victoria Otero-Espinar, Departamento de Andlise
Matemadtica, Universidade de Santiago de Compostela,
15782 Santiago de Compostela, Spain;
mvictoria.otero@usc.es

Hindawi Publishing Corporation

http://www.hindawi.com



http://www.hindawi.com/journals/ade/guidelines.html
http://www.hindawi.com/journals/ade/guidelines.html
http://www.hindawi.com/journals/ade/
http://www.hindawi.com/journals/ade/
http://mts.hindawi.com/
mailto:alberto.cabada@usc.es
mailto:mvictoria.otero@usc.es

	1Call for Papers4pt
	Lead Guest Editor
	Guest Editor

