INTERNAL STABILIZATION OF MAXWELL’S
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We consider the internal stabilization of Maxwell’s equations with Ohm’s law with space
variable coefficients in a bounded region with a smooth boundary. Our result is mainly
based on an observability estimate, obtained in some particular cases by the multiplier
method, a duality argument and a weakening of norm argument, and arguments used in
internal stabilization of scalar wave equations.

1. Introduction

Let Q be an open bounded domain in R? with a boundary T of class C2. For the sake of
simplicity we further assume that Q) is simply connected and that I' is connected.
In this paper we study the stabilization of Maxwell’s equations with Ohm’s law:

D' —curl(uB)+oD =0 in QX (0,+c), (1.1)
B’ +curl(AD) =0 in QX (0,+), (1.2)
divB=0 in QX (0,+00), (1.3)

D(0) = Dy, B(0) =By in €, (1.4)
Dxv=0, B-v=0 on I'x(0,+c), (1.5)

where D, B are three-dimensional vector-valued functions of t, x = (x1,x2,%3); 4 = p(x),
A =A(x), o = o(x) are scalar functions in C'(Q) such that o(x) > 0 and A and y are uni-
formly bounded from below by a positive constant, that is,

Ax) =10 >0, p(x)=po>0, VxeQ. (1.6)

Dy, By are the initial data in a suitable space and v denotes the outward unit normal vector
to I'. We further assume that o satisfies

0(x)=0y)>0, Vx€w, (1.7)
for some non empty open subset w of Q.
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In that paper we will give sufficient conditions on A, ¢ and w which guarantee the
exponential decay of the energy

1

(0= 5 L} (A [ DG 1) |2+ () | B, )] ) (1.8)

of our system.

The exact boundary controllability and stabilization of Maxwell’s equations have been
studied by many authors [4, 6, 7, 8, 10, 13, 15, 17, 18, 19, 21] and are usually based
on an observability estimate obtained by different methods like the multiplier method,
microlocal analysis, the frequency domain method. A similar strategy leads to the internal
controllability of Maxwell’s equations, see for instance [17, 18, 22, 23].

But to our knowledge the internal stabilization of Maxwell’s equations with Ohm’s law
is only considered for constant coefficients A and g [17]. Therefore our goal is to con-
sider the internal stabilization of Maxwell’s equations with Ohm’s law for space variable
coefficients A and p. We then give sufficient conditions guaranteeing the exponential de-
cay of the energy. Our method actually combines arguments used in the stabilization of
scalar wave equation with locally distributed (internal) damping [24] with the use of an
internal observability estimate for the standard Maxwell equations obtained for constant
coefficients by Phung [17] using microlocal analysis and extended here to some subsets w
of Q) and space variable coefficients. This observability estimate is obtained using a vec-
torial multiplier method (see [11] in the scalar case and [22] for constant coefficients),
a duality argument from [1, 12] and a weakening of norm argument (as in [11] in the
scalar case).

The schedule of the paper is the following one: Well-posedness of the problem is anal-
ysed in Section 2 under appropriate conditions on , A, ¢ and ¢ using semigroup theory.
Section 3 is devoted to the proof of the observability estimate when w is a (small) neigh-
bourhood of the boundary. Finally we conclude in Section 4 by the exponential stability
of our system.

2. Well-posedness of the problem

Introduce the Hilbert spaces

J(Q):={BeL*(Q)*:divB=0inQ; B-v=0onT},

H:=L2(Q)°’ x J(Q), 2.1)

equipped with the inner product

((@ ’ (1;11 ))H B JQ IADD; +uBB, }dx. (2.2)

Now define the operator A as follows:

D(A) = Hy(curl,Q) x (J(Q) n H'(Q)?), (2.3)
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where, as usual,
Hy(curl,Q) = {D € L*(Q)*: curlD € L*(Q)?, Dxv=0onT}. (2.4)

For any (©) in D(A) we take

D\ (curl(uB) - oD
A (B) - ( — curl(AD) ) (2:3)
We then see that formally problem (1.1) to (1.5) is equivalent to

90 _ A,
ot (2.6)

©(0) = @y,
when @ = (9) and @ = (g(‘:)

We will prove that this problem (2.6) has a unique solution using Lumer-Phillips’ the-
orem [16] by showing the following lemma.

LeMMa 2.1. A is a maximal dissipative operator.

Proof. We start with the dissipativeness of A, in other words we need to show that
R(AD, D)y <0, VO eD(A). (2.7)
With the above notation we have
(AD, D)y = JQ {A(curl(uB) — oD) - D — pcurl(AD)B} dx. (2.8)
By Green’s formula and the boundary condition D X v = 0 on I', we get

(AD, D)y = —J Ao|D|%dx < 0. (2.9)
Q

Let us now pass to the maximality. For that purpose it suffices to show that for all ({;)
in H, there exists a unique (£) in D(A) such that

aa()- (1) a0

B =g —curl(AD), (2.11)
D+ curl (ucurl(AD)) + 0D = f + curl(ug). (2.12)

Equivalently, we have
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This last problem has a unique solution D in Hy(curl,Q)) because its variational for-
mulation is

J {ucurl(AD) - curl(Aw) +A(1+0)D - w}dx
o (2.13)
= JQ {Af - w+ug - curl(Aw)}dx, Vw € Hy(curl,Q).

This problem has a unique solution by the Lax-Milgram lemma because the bilinear form
defined as the left-hand side is coercive on Hy(curl, Q)) because A(1 +0) = Ao.

It then remains to show that B given by (2.11) belongs to J(Q) N HY(Q)?. Indeed by
(2.11), we see that

curl(uB) = (1+0)D - f, (2.14)

which shows that curl B € L?(Q)°. On the other hand divB = divg = 0 since g belongs to
J(Q). Finally B - » = 0 on T because the boundary condition AD x » = 0 on I implies that
curl(AD) - v =0 onT and because g € J(Q). Altogether we have that B € Hy(curl,div,Q),
where

Hr(curl,div,Q) := {B € L*(Q)® : curl B € L*(Q)?,
2.15
divBe€ L*(Q); B-v=0o0nT}. 2.15)

Since the boundary I is supposed to be smooth we have the continuous embedding
Hr(curl,div,Q) = (H'(Q))? (see, e.g., [5, Section 1.3.4]), which leads to the requested
regularity on B. U

Since it is well-known that D(A) is dense in H (see [9, Section 7] or [10]), by Lumer-
Phillips’ theorem (see, e.g., [16, Theorem 1.4.3]), we conclude that A generates a Cp-
semigroup of contraction T'(¢). Therefore we have the following existence result.

THEOREM 2.2. For all ®y € H, the problem (2.6) has a weak solution ® € C([0,),H)
given by ® = T(t)®Dy. If moreover ®y € D(A), the problem (2.6) has a strong solution ® €
C([0,00),D(A)) N C'([0,),H).

For our further use we also need the next result.

THEOREM 2.3. Fix T > 0. Then for all f € L*(0, T;L*(Q))?), the problem

D' —curl(uB) = f in Qr:=Qx(0,T), (

B’ +curl(AD) =0 in Qr, (
divB=0 in Qr, (2.18)

D(0)=0, B(0)=0 1in Q, (

Dxv=0, B-v=0 on X7:=Tx(0,T), (
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has a unique mild solution () € C([0,T),H) which satisfies the estimate
J [1DGe 0]+ | Bx,0)|*}dxd < CTZJ | Fe) | dxdt, (2.21)
Qr Qr

for some positive constant C depending on A and .

Proof. Denoting by Ay the above operator A corresponding to o = 0, the above problem
(2.16) to (2.20) is equivalent to

9 _ AgD +F,
ot (2.22)

when @ = (D) and F = (é)
As Ay generates a Cy-semigroup of contraction Ty(t), problem (2.22) has a unique
mild solution @ € C([0,0),H) given by (see [16, Section 4.4.2])

O(f) = Lt To(t — $)F(s)ds. (2.23)

This identity implies that

¢ ¢ 1/2
o)l < L IEGs)|l,; ds < L (Jﬂux) | fos)|? dx) ds. (2.24)

We conclude by integrating the square of this estimate in t € (0,T), using Cauchy-
Schwarz’s inequality and taking into account the assumption (1.6). O

We end this section by showing that the energy of our system is decreasing.

LemMa 2.4. Let (Dy,By) be an initial pair in H and let (D, B) be the solution of the system
(1.1), (1.2), (1.3), (1.4), and (1.5). Then the derivative of the energy (defined by (1.8)) is

(0=~ AoiDPdx<0, Viso (2.25)
Proof. Deriving (1.8) we obtain
€ = JQ (AD- D' +uB-B'}dx, (2.26)
then, by (1.1) and (1.2),
¢ = L} {AD - (curlyB — D) — uB - curlAD}dx. (2.27)

We conclude by integrating by parts in the first term of this right-hand side and using the
boundary condition (1.5). O

From this lemma we directly conclude that the energy is non-increasing.
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CoRrOLLARY 2.5. Let (Dy,By) be an initial pair in H and let (D,B) be the solution of the
system (1.1), (1.2), (1.3), (1.4), and (1.5). Then, for all 0 < S < T < 400, we have

%(S) —&(T) = LT L))LGIDIde > 0. (2.28)

3. An observability estimate

Let us consider the solution (Dy, B) of the standard Maxwell system:

Dy —curl (uBy) =0 in Qx(0,+c0), (3.1)
By, +curl (ADy) =0 in QX (0,+00), (3.2)
divDy, =divB, =0 in QX (0,+00), (3.3)
Dy(0) =Dy, Bp(0)=By, in Q, (3.4)
Dyxv=0, Bp-v=0 on I'x(0,+). (3.5)

For our next purposes, we need that the following internal observability estimate
holds: The subset w of Q is such that there exist a time T >0 and a constant C > 0 such
that

T
%L) (A6) | Do) >+ () | Bo() | ) x < CL J Dy, )| 2dxedt, V(Do,Bo) € Hi,
¢ (3.6)
where
H, = {(D,B) € H:divD = 0in Q). (3.7)

This estimate was proved by Phung [17, Theorem 3.4] using microlocal analysis, when y
and A are constant and w = @ N Q such that @ controls geometrically Q2. We will extend
such an estimate to variable coefficients and some open subsets w using the multiplier
method. For that purpose, we further require that there exist xo € Q) and a positive con-
stant ¢y such that

Alx) = VA(x) - (x = x0) = coMx),

3.8
p(x) = Vu(x) - (x —x0) = cop(x), (3.8)

forall x € Q.
We first reduce the estimate to the estimate of the electric field.

LemMa 3.1. Fix T > 0. Let (Dy,By) be the solution of (3.1), (3.2), (3.3), (3.4), and (3.5)
with initial datum (Do, Bo) € Hy. Then there exists C > 0 such that

T
1J (A(x)|D0(x)|2+[,t(x)|Bo(x)|2>dxsCJ J | D, 8) | dxdt, (Do, Bo) € Hi.
Q 0 JQ

2
(3.9)
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Proof. We adapt step 1 of the proof of [17, Theorem 3.4] to our setting. Recall that the
Hilbert space Hy(curl,div,Q)), defined in (2.15), equipped with its natural norm is com-
pactly embedded into (L?(Q))? [20]. Therefore there exists a unique ¥ € Hr(curl,div, Q)
solution of
curlAcurly) =By, in Q,
divy =0 in Q, (3.10)
y-r=0, curlyxv=0 onT,

in the sense that ¢ € Hy(curl, div, Q) is the unique solution of
J {Acurly - curlw +divy divwldx = J By -wdx, Vwe Hr(curl,div,Q). (3.11)
Q Q

Indeed the above compactness property and the hypotheses on Q and I guarantee that the
left-hand side of (3.11) is coercive on Hr(curl,div, Q). On the other hand since divB;, = 0
in Q) we easily see that the solution ¥ of (3.11) satisfies (3.10) (see [2, Theorem 1.1]).
Setting A = curly, we deduce that

By = curl(AA) in Q, (3.12)
divA=0 1in Q, (3.13)
Axy=0 on I (3.14)

Moreover taking w = y in (3.11) we see that
AOHA”%Z(Q)?) =< ||Bh||L2(Q)3 ||1//||LZ(Q)3 = C||Bh||L2(Q)3 ||A||L2(Q)3> (3.15)

this last estimate following from the compact embedding of Hr(curl,div,Q) into
(L*(©Q)))3. In other words we have

||A||LZ(Q)3 < C||Bh||L2(Q)3- (316)

Using (3.2), (3.3), (3.5) and (3.12) to (3.14), we see that

curl(A(A"+Dy)) =0 in Q, (3.17)
div(A"+Dp) =0 in Q, (3.18)
(A"+Dp)xv=0 on I. (3.19)

The first identity and the fact that Q is simply connected imply that
M(A"+Dy) = Vo, (3.20)

with ¢ € H!(Q). The properties (3.18), (3.19) and the fact that I is connected imply that
¢ is constant and therefore we conclude that

A +D,=0 in Q. (3.21)
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Take ®(t) = t(T — t) and consider
JQ WD) | By, ) | dxdt. (3.22)
Then by (3.12) and Green’s formula we get, owing to (3.14),
JQT WD) | Byl ) | dedt = IQT O curl (4By) - AAdxdt.  (3.23)
Therefore by (3.1) we obtain
JQT WD) | Byl )| dedt = JQTAcD(t)ZD,;  Adxdt. (3.24)
Now by integration by parts in ¢, we get
J WD) | By, )| dedt = J A2 A+ D2A’) - Dydxdt. (3.25)
The identity (3.21) then yields

L B B dxdt——zf AOD'A - thxdt+J 22| Dy | dxdt.
(3.26)

Using Young’s inequality we arrive at
J UE)D(E)? | By, )| dedt < ej AD2 (A 2dxdt
Qr Qr

N éj M@ | Dy |2dxdt+J 202 | Dy | 2dxdt,
Qr Qr
(3.27)

for any € > 0. Using finally the estimate (3.16) we have proved that
2 2 C€ 2 2
p(x)®(t)* | Bu(x,t) | "dxdt < =— | @*u|By| dxdt
Qr Ho Jar

+H )L(CI)’)2|Dh|2dxdt+J 102 | Dy | 2dxdt,
Qr Qr
(3.28)

for any € > 0. Choosing € small enough we arrive at
J u®? | By | 2dxdt < CJ | Dy | dxdt. (3.29)
Qr Qr

Using the conservation of energy (identity (2.28) with ¢ = 0) we may write

2T/3
J (/,t|Bh|2+)L|Dh|2)dxdt=3J J (1B |> +1| Dy dxdr. (3.30)
Qr /3 JQ
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As @(t) > 2T?/9 on [T/3,2T/3] we get

2T/3
j (y|Bh|2+A|Dh|2)dxdts@f
Qr

2 2
2o dxdt+3IQT/\|Dh| dxdt.

(3.31)

T/3

The conclusion follows from (3.29). O

Since it remains to estimate fOT Jo | Dn(x,t)|>dx dt we are looking at Dy, as solution of
the following second order system:

D} +curl (ucurl (ADy)) =0 in QX (0,+00), (3.32)
divD, =0 in QX (0,+0c0), (3.33)
Dy(0) =Dy, D, (0)=D; =curl (uBy) in Q, (3.34)
Dpxv=0, curl(ADy)-v=0 on I'x(0,+c0). (3.35)
Consider the set
Hy (curl, div, Q)
(3.36)

:={D e L*(Q)*: curlD € L*(Q)*, divD € L*(Q); Dxv=0o0nT},

continuously embedded into H!'(Q)? (see, e.g., [5, Section 1.3.4]) and compactly embed-
ded into L2(Q)? [20]. Let us set

¥ :={D e L*(Q)’:divD=0in Q},

V := {D € Hy(curl,div,Q) : divD = 0 in Q}, (3.37)

a(D,Dy) := J pcurl(AD) - curl (AD;)dx, VD,D, €.
Q

The bilinear form a is symmetric and strongly coercive on V', moreover V" is compactly
embedded into € (see [10]). By spectral analysis, the above problem has a unique so-
lution Dy, € C([0,T1,V") n C'([0,T], %) if (Do, D;) belongs to V" x ¥. Obviously Dy, is
the same as the one from problem (3.1), (3.2), (3.3), (3.4), and (3.5) if (Dy,By) € V' x
(J(Q) N H'(Q)?), because then (Do, D; = curl(uBy)) belongs to V" x ¥.

The energy of the solution of that system is given by

1 ,
Ep(t):= 5 JQ (M) | D} (x,8) | * + p(x) | curl (A(x)Dy(x,1)) | ) dix. (3.38)
A simple application of Green’s formula shows that
Ep(t) =0, (3.39)

and therefore the energy Ep is constant.
Using a vectorial multiplier method we first prove the following lemma. An analogous
lemma was proved in [22] in the case of constant coefficients.
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LemMa 3.2. Let Dy, be the solution of the system (3.32), (3.33), (3.34), and (3.35) with
(Do, Dy) €V x ¥, and let g : Q — R a C" vector field. Then for any time T > 0 the following
identity holds:

T

[ Ja 2(Dy, gy curl (/\Dh))dx}

0

= J’OTL [)L(q . v)|D;l|2_‘u(q <) | curl (ADy) |2]drdt

T 3
o] ], [(AIDH”#I curl ADy) |*) divg 24 3 (D}),(D}) ;995 (3.40)

ij=1

—2u i (curl (ADp));(curl (ADh))ja,-qj] dxdt

ij=1

T
- L JQ[|DL|2q - VA+ | curl (ADy) |2q . Vy]dxdt,

where the notation (a,b,c) = a - (b X ¢) means the mixed product of the vectors a, b, c.

Proof. By (3.32)

T
0 :J J 2(Dy) + curl (gcurl (ADy,)), g, curl (ADy,) ) dx dt
0 Ja
= [J 2(Dy,g,curl (ADy)) dx] J J 2u(v,curl (ADy,),g X curl (ADy,) ) dT dt

+ L L22[ycurl (ADy) - curl (g x curl (ADy)) — (Dj,,g,curl (AD;,))]dxdt. o

Integrating by parts we obtain

T T
J J -2(Dy,g,curl (AD}) )dxdt = J J 2AD;, - curl (q x Dy,)dxdt
0 Jo 0

T 3
= J J 2/\[D;l - (qdivD;, — D, divq) + Z ):(Dy,) ;9iq;
0 Ja

3
Z (Dy) ql, )-]dxdt

3

T
:J JQ [M > (Dy), (Dy) j0i9; — 21|D;l|2divq—)tq- V(|D,’1|2)]dxdt

0 ij=1
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J J [ZAZ (D}),(D}) 3iq; — 21| D} | *divq + | Dy d1v(/1q)]dxdt

ij=1

T
{ I AMq-»)| D, |*drdt,
0 JI
(3.42)

and then

T
j J —2(D},q,curl (AD}))dxdt
0 JQ
T
—J J/\(q-V)IDLIZdFdf (3.43)

I f [zaz (D}),(D}) 3iq; — | D} | *divg + | D} | %q m]dxdt

i,j=1

Analogously, we can rewrite
T
J J 2ucurl (ADy,) - curl (g x curl (ADy,) ) dx dt
0 Jo
T
= J J Zy{curl (ADy,) - [qdivcurl (ADy) — curl (ADy,) divq]
0 Jo

3
z (curl (ADy,)) (curl(/\Dh))jaiqj

(curl (ADy)) ;qi0i (curl (ADy,) )J}dxdt

i,j=1

-0, Ju ]

~uq - V(| curl(AD,) |2)}dxdt

Mo T

(curl (ADy)),(curl (ADy)) ;9iq; — | curl (AD,) |2divq}

TMe

3

- LTLZ {2[4[ > (curl (ADy)); (curl (ADy)) ;9i; — | curl (\Dy) |2divq}

ij=1

T
+ | curl (ADy,) |2div(yq)}dxdt - Jo Ly(q )| curl (ADy,) |*dr dt,
(3.44)
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and then

T
J J 2ucurl (ADy,) - curl (g x curl (ADy,) ) dx dt
0 Ja
T
= _J J u(q - )| curl (ADy,) |2d1“dt
o Jr

T 3 2
+Jo L) {2.”[ >, (curl (ADy)); (curl (ADy)) ;0:9; — | curl (ADy,) | ddi]

ij=1

+ | curl (ADy) | % - Vy}dxdt.
(3.45)

Putting (3.43) and (3.45) in the first identity, we obtain
T o
0= [J 2(Dy,g,curl (/th))dx] +I J [|D,’1 1’q- VA+ | curl (ADy) |*q - Vy]dxdt
Q o JoJa

+JTJ [2/4(v,curl (ADy), g X curl (ADy)) = Mg - v) | D, |?
0 Jr

—u(q )| curl ADy) |* |dr dt

T 3 3
o] [M S (D)), (D) 9ig; + 21 S, (curl (ADy)), (curl (ADy)) ,9ig;

ij=1 ij=1
- (A |D;,|* +u| curl (ADy) |2) divq] dxdt.
(3.46)
Therefore (3.40) follows observing that the boundary term can be rewritten using
2u(v,curl (ADy), g x curl (ADy,))

=2u(q - v)| curl (ADy,) *

(3.47)
—2u(v-curl (ADy) ) (q - curl (ADy,))
=2u(q - v)| curl (ADy,) |7,
recalling that curl(ADy) - v =0 on I' X (0, 0). O
For any ¢ > 0 let us denote by N'¢(I') the neighborhood of I of radius ¢, that is,
Ne(T) = {er:ianx—yl <£}. (3.48)
yel

Using the previous identity we prove the following lemma:
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LemMa 3.3. Let Dy, be the solution of the system (3.32), (3.33), (3.34), and (3.35) with
(Do,D1) € V' X H. If @ = Nepn(T), for some € >0 and A, p satisfy (1.6), (3.8), then there
exist Ty >0 and C > 0 such that for T > T, we have

T
(T = To) En(0) < cjo J (1D}068) 1>+ [ D) |*) dxai. (3.49)

Proof. From (3.40), using the standard multiplier g(x) = m(x) = x — xy, we obtain for
any T >0

JTJ (m - v)[)L|D;,|2 — u| curl (ADy,) |2]d1“dt
o Jr
T
. [J'QZ(DL,m,curl ()LDh))de - JOT L) [A|D;l|2 +p| curl (ADy,) |2]dxdt

T
+J I [ 1D} 12m- VA+ | curl WD) |m - V] dxd.
0 JQ
(3.50)

Using the assumption (3.8), the above identity implies

T

CoTJQ [A|D1 |2+[,¢| curl (ADy) \z]dx— Z[Jﬂ (Dj,,m,curl (ADh))dx}
0 (3.51)

T
< j J (m - v)[y| curl (ADy) | -A|D, |2]dth.
0 Jr
Note that by (1.6)

- 2 maxg | m|

T
‘ [2 L} (Dy,,m,curl (/\Dh))dx] < \/m

0

[A|D1 |?+u| curl (ADy) |2]dx.
o

(3.52)
So, setting
T: ZmaX§|m|, (3'53)
CO\//\O#O
we obtain
(T - T)J (M Dy |? + 4| curl (ADo) |*)dx
Q (3.54)

< JTJ (m - )| | curlADy)|* = 1| D} |*|dr dt.
0 JI

Now, set wy = N¢4(I') and apply (3.40) using as multiplier g(x) = ¢p(x)m(x) with ¢ €
Cl(Q),0<p(x) <1,

px)=1, xeNg(D), o(x)=0, x€Q\ w. (3.55)
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We obtain

JTI (m - v)[/,t| curl (ADy) | —/\|D;l|2]d1"dt
0 Jr
T
< CL on (10417 + | curl ADy) |?) dxdt (3.56)

+60TJ (A | Dy |*+ | curl (ADy) | 2)dx,
Q
for a suitable constant C > 0. Then, from (3.54) and (3.56),

co(T-2T) J;) <A|D1 |2+y| curl (ADy) |2)dx < CJOTJ <|D,'1|2+ | curl (ADy,) |2)dxdt.
’ (3.57)

Now, let g : Q — R bea C! function with 0 < g(x) <1,and
gx)=1, x€wy gx)=0, x€Q\aw. (3.58)

By (3.32), for any positive time T, by integration by parts, we have

T

T

o:j J [D;l/+curl(,ucurl(/1Dh))]-(gADh)dxdt:[J AgD;.thx]
0 JQ 0

0

T T
—J J )Lg|D;l|2dxdt+J I pcurl (ADy,) - [—ADhXVg+gcurl(/\Dh)]dxdt.
0 Jo 0 Ja
(3.59)

Then,

T T T
J j yg|curl(/1Dh)|2dxdt=J J Ag| D, Pdxd - U AgD,;-thx]
0 JQ 0 JQ Q 0 (360)

T
+2J J g curl (ADy,) - (ADy, X V\/g)dx dkt.
0 Ja

By Young’s inequality we can estimate

’zJTJ uygeurl (ADy) - (ADy  V./g) ddt
0 Je (3.61)

T T
< %J I ug | curl (ADy) |2dxdt+CJ J | Dy, |*dxdt.
0 Jo 0 Ja
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Moreover, using the inequality
j | Dy | 2dx < cj | curl (ADy) | %dx, (3.62)
Q Q

consequence of the compact embedding of Hy (curl,div,Q) into L?(Q)3, we have

T
‘ [J AgD;, - thx]
Q

0

< CI (M D1 * +p| curl (ADy) |*) dx. (3.63)
Q
Therefore, using (3.61) and (3.63) in (3.60), we obtain

T T
J J | curl (ADy) | *dxdt < J I g| curl (ADy,) | dxdt
0 wo 0 @

T (3.64)
< cj (A1D} 1% + 4] curl (ADy) 12)dx+c'f j (1Du]*+ Dy 1) dxdt,
Q 0 Ja
for suitable positive constants C,C’. Finally, by (3.57) and (3.64) we have
_ T 2 2
(T = 27)Ep(0) < CJ J (1D}1%+ | Dy ] ) dxdt + CEp(0), (3.65)
0 Jo

for some constant C > 0. So, we can deduce the existence of a time Ty such that for T > T

(T—TO)ED(O)SJTL (1D, 1%+ | Dy |*) dxdt. (3.66)
0 Jao 0

In a second step using a duality argument as in [1] (see also [12, Lemma 10]) we prove
the following estimate.

LEmMA 3.4. Let Dy, be the solution of the system (3.32), (3.33), (3.34), and (3.35) with
(Do,D1) € VX H. If o = Ne(T) and @ = Ny (D), for some € >0, then there exists C >0
such that for any n >0 we have

T 5 C T ) T
j J | Du(x,8)| dxdts—J J D}, 1) | dxdt+rlj En(H)dt+CEp(0).  (3.67)
0 Ja nJoJo 0
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Proof. Fix § € B(R?) such that f = 1 on @ with a support included into w.
Consider z € Hy(curl, div, Q) the unique solution of

J peurl(Az) - curl(Aw)dx+J divzdivwdx =J BADN( 1) - wx)dx,  (3.68)
Q Q Q

for all w € Hy(curl,div,Q). This solution z satisfies (due to the compact embedding of
Hy(curl,div, Q) in L>(Q)? and to the properties of Q and T)

1zl 120 < C||ﬁDh||L2(Q)3’ (3.69)

for some C > 0.
Multiplying (3.32) by Az and integrating in Qr we get

0= | A(D, +curl(ucurl(ADy))) - zdxdkt. (3.70)
Qr

Applying Green’s formula (in space and time) and taking into account the boundary
condition z X v = 0 on I' we obtain

T
0= —J AD,Z dxdt + U )LD;,zdx] +j weurl (ADy) - cul(Az)dxdt.  (3.71)
Qr Q 0 Qr

Now taking into account (3.33) and using (3.68) with w = Dj, we arrive at

T
oz_J AD,;z’dde[J AD,;zdx] +J B | Dy | dxdt. (3.72)
ar 0 o Jar

By Cauchy-Schwarz’s inequality and the fact that = 1 on @, we get

T T
j JA|Dh|2dxdtsf /5)L|Dh|2dxdt=J AD,;z'dxdt—U )LD;,zdx}
0 Ja Qr Qr Q

0

12 12
< (J A| Dy, |2dxdt) <I /\Iz'lzdxdt) (3.73)
Qr Qr

1/2

172
+<JQ/HDL(x,t)|2dx) (f&lz(x’t)'”x) o
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Using the estimates (3.69), (3.62) and the definition of the energy we get

172

T 1/2
J JA|Dh|2dxdtsC<J A|D,;|2dxdt> (J /3|D;,|2dxdt) 1 CEp(0)
0 Ja Qr Qr

T 1/2 T 1/2
sC(L ED(t)dt) <LJ ;D,;|2dxdt) + CEn(0).

(3.74)

We conclude by Young’s inequality. O

CoROLLARY 3.5. Let Dy, be the solution of the system (3.32), (3.33), (3.34), and (3.35) with
(Do, Dy) € V' X K. If w = Ne(T), for some € >0 and A, y satisfy (1.6), (3.8), then there exist
Ty >0 and C > 0 such that for T > T, we have

T
(T = T1)En(0) < cjo J D} (x,) | dxdt. (3.75)

Proof. By (3.49) and (3.67) we may write

T
(T = Ty) En(0) < cjo j D} (e, ) | dxdt
(3.76)
C T 9 T
+5J J 1D}, 0) | dxdt+C11J Ep(t)dt + CEp(0),
0 w 0

for any # > 0. By the conservation of energy, this yields

T T
(T = Ty) En(0) < CL L D} (x,1) | *dxdt + % L L D} (x,1) | *dxdi + C(y T+ 1)E (0).
(3.77)

The conclusion follows by choosing # small enough. O
We now finish by adapting a weakening of norm argument from [11, Section VII.2.4].

LEMMA 3.6. Fix T > Ty. Let (Dp,By,) be the solution of (3.1), (3.2), (3.3), (3.4), and (3.5)
with initial datum (Do, Bo) € Hy. If w = N¢(T), for some € > 0, then there exists C > 0 (de-
pending on T) such that

T 2 T 2
L JQ | Dy, 1) | 2dxdt < CL L | Dy, 1) | bt (3.78)
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Proof. We only need to prove (3.78) for (Dy,By) € V' x (J(Q) N H'(Q)?) since this space
is dense in H; ([9, 10]).
Consider y € Hy(curl,div,Q) the unique solution of (with D; = curl(uBj))

curl (ucurl(Ay)) =D; in Q,
divy=0 in Q, (3.79)
x*xv=0, curl(dy)-»=0 on T,

in the sense that y € Hy/(curl,div, Q) is the unique solution of
J {ucurl(ly) - curl(Aw) + divydivw}dx = J AD; - wdx, Vw € Hy(curl,div,Q).
Q Q
(3.80)
Set
t
w(t) = J Dy(s)ds + . (3.81)
0

Then from (3.32), (3.33), (3.34), and (3.35) and (3.79), we see that w satisfies (3.32),
(3.33), (3.35) and the initial conditions

w(0)=xe¥, w' (0) = Dy € K. (3.82)

Therefore by Corollary 3.5 we have

_ T T
-1 J J (16) [/ (6,0) |+ 40) | curl (Uw(x, 1)) | vt < cj J W (e, ) | dx .
2T Jo Ja 0 Jo
(3.83)
This estimate directly leads to the conclusion as w’ = Dy,. O

By Lemmas 3.1 and 3.6 we directly conclude the following theorem.
TueoREM 3.7. If w = N¢(T), for some € >0, and A, y satisfy (1.6), (3.8), then (3.6) holds
for T large enough.
4. The stability result
Based on the stability estimate of the previous section, we deduce our main result.

THEOREM 4.1. Let w be a subset of Q) such that (3.6) holds. Assume that o satisfies (1.7).
Then there exist C = 1 and y > 0 such that

é(t) < Ce ""€(0), (4.1)

for every solution (D, B) of the system (1.1), (1.2), (1.3), (1.4), and (1.5) with initial datum
n H].



S. Nicaise and C. Pignotti 809

Proof. As in [24, Theorem 1.1], we split up (D, B), solution of (1.1), (1.2), (1.3), (1.4),
and (1.5) as follows:

(D,B) = (Dhth) + (Dnthnh)’ (42)

where (Dy, By) is solution of (3.1), (3.2), (3.3), (3.4), and (3.5) and (D, B,;,) is the re-
mainder which then satisfies

D}, —curl (uBup) = —oD in Q% (0,+c0),
B, +curl (ADy;) =0 in Q% (0,+00),
divB,, =0 in QX (0,+00), (4.3)
D,,(0)=0, B,(0)=0 1in Q,
Dyyxv=0, Buy-v=0 on I'x(0,+c0).

Equivalently (Dy, B,y) satisfies (2.16), (2.17), (2.18), (2.19), and (2.20) with f = —¢D.
Therefore by Theorem 2.3, it holds

J {1 Dun (e, |+ | Bun(x,8) |}t < CTZJ |6D(x, )| dxdt,  (4.4)
Qr Qr
and since ¢ is bounded we get

J {1 D60 12+ | Bl 8) *Ldxdt < CT? rna_xa(x)J o|Dx,t) |2dxdt.  (4.5)

Qr X€Q Qr
On the other hand by (3.6) we have
1 2 2
D) =6(0) = 3 | (1) Do)+ ) o) |*)

T 2
st J | Dy, 1) | 2dedt
0 Jo

T (4.6)
scj J {10660 + | Dl 8)| vt
0 Jow
c (T 2 T 2
S—J J0|D(x,t)| dxdt+CJ j | Dn(x, £) | 2dcdt.
00 Jo Jw 0 Jw
By (4.5) we conclude that
%(T)SCJ 0| D(x,t)|?dxdt, (4.7)
Qr

which leads to the conclusion due to (2.25), using a standard argument (see, e.g., [3,
Theoremm 3.3] or [14, Section 3]). O
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