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Abstract

The purpose of this paper is to investigate properties of semi-definite K&hler
manifolds with the second curvature-like tensor H. In paticular, we study a
semi-definite H-recurrent Kéhler manifold.

Mathematics Subject Classification: 53C50, 53C55
Key words: Semi-definite Kahler manifold, curvature-like tensor, Ricci-like tensor,
recurrent curvature tensor, complex space form

1 Introduction

As is well known, there exist some special tensors on the K&hler manifold which
extend the Riemannian curvature tensor on the Riemannian manifold, for example,
the concircular, projective or conformal curvature tensor. In [3], Bochner introduced
three kinds of curvature-like tensors on the Kihler manifold which are closely related
to the projective curvature tensor and the conformal curvature tensor, and calculated
Betti numbers on a compact Kéhler manifold under suitable conditions for these three
curvature-like tensors. We can see detailed calculations with respect to these three
kinds of curvature-like tensors in Yano and Bochner [8]. The first tensor W is called
the Weyl curvature tensor and the third tensor B is known as the Bochner curvature
tensor. In [4], Matsumoto and Tanno treated Kéhler manifolds with parallel Bochner
curvature tensor.

In this note, we investigate properties of semi-definite Kihler manifolds with the
second curvature-like tensor H of the above three curvature-like tensors.

Let (M,g) be an n-dimensional semi-definite K&hler manifold n > 2 with the
Kahler connection V. Let R or S be the Riemannian curvature tensor or the Ricci
tensor with components Kjz;,7 or S;; and let H be the second curvature-like tensor on
M with components Hz;,; defined by

Hyjur = Kijpr — {€(05iSkr + 01Skz) + €k (0kiS;r + 0riS53) }-

1
2(n+1)
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The Riemannian curvature tensor R (resp. the second curvature-like tensor H) is said
to be recurrent, if there exists an 1-form o such that VR = a®R (resp. VH = a® H)
and then M is said to be R-recurrent (resp. H-recurrent). The class of semi-definite H-
recurrent K&hler manifolds contains locally symmetric semi-definite K&hler manifolds,
semi-definite Kahler manifolds with parallel second curvature-like tensor and semi-
definite Kahler manifolds with vanishing second curvature-like tensor. From these
facts it is natural to consider properties of semi-definite R-recurrent or H-recurrent
Kahler manifolds.
The purpose of this paper is to prove the following

Theorem. Let M be an n-dimensional semi-definite Kdhler manifold (n > 2) with
non-null second curvature like tensor H. If it is H-recurrent, then it is R-recurrent.

2 Semi-definite Kahler manifolds

This section is concerned with recalling basic formulas on semi-K&hler manifolds.

Let M be an n-dimensional semi-definite Kéhler manifold (n > 2) with a semi-
definite K#hler metric tensor g and almost complex structure J. From the semi-definite
Kahler structure {g, J}, it follows that J is integrable and the index of g is even, say
25(0 < s < n). In the case where the index 2s is contained in the range 0 < s < n,
the structure {g, J} is said to be indefinite Kahler structure and, in particular, in the
case where s = 0 or n, it is said to be definite Kdhler structure.

In this section, we shall consider M an n-dimensional connected semi-definite
Kéahler manifold (n > 2) of index 2s, 0 < s < n. Then a local unitary frame field
{U;} = {U1, ... , Up} on a neighborhood of M can be chosen. This is a complex
linear frame which is orthonormal with respect to the semi-definite Kahler metric g
of M, that is, g(U;, Uy) = €;0;;, where

€ =—1or1l accordingas 0<j<sors+1<j<n.

Its dual frame field {w;} = {wi, ... , wp} consists of complex valued 1-forms of
(1,0) on M such that w;(Uy) = €6, and wy, ... , Wy, Wi, ... , Wy are linearly
independent. Thus the natural extension g° of the semi-definite Kahler metric g of
M can be expressed as g° = 23, €;w; ® w;. Associated with the frame field {U;},
there exist complex valued forms w;,, where the indices ¢ and k& run over the range
1, ..., n. They are usually called connection forms on M such that they satisfy the
structure equations of M :

dw; + Z €jwi; ANwj =0, wi +wj; =0,
J

(2.1) dwij + Zesz’k A wij = Qyj,
k
Qij = Z ele;jkl-wk Ay,
kil

where €;..; = € ...€ and Q = (Qy;) (resp. Kz;;7) denotes the curvature form (resp.
components of the semi-definite Riemannian curvature tensor R) of M in Kobayashi
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and Nomizu [6]. The second formula of (2.1) means the skew-Hermitian symmetricity
of €;; which is equivalent to the symmetric condition

(2-2) Kijkl‘ = _jz'l/'c.

Moreover, substitution the third equation of (2.1) into the exterior differential of the
first equation of (2.1), the first Bianchi identity

(23) Zéjﬂi]‘ ANwj = 0

J

is given. It implies further symmetric relations
(2-4) Kijkl‘ = Kika‘ = Kl‘kﬂ = Kz‘jki.

Now, relative to the frame field chosen above, the Ricci tensor S of M can be
expressed as follows :

(2.5) S=e;(Sjws ®@; + Sy@; @ w;),

0,5

where S;; = Z ex K75 = S5: = S3;. The scalar curvature r of M is also given by
k

(2.6) r= 22@6}-3_
J

An n-dimensional semi-definite Kahler manifold M is said to be Finstein, if the Ricci
tensor S is given by

r r
2. = edi S=—g.
(27) Sij = g€idy, 5= -

The components K., and K7 (resp. S;zp, and S;;5) of the covariant deriva-
tive VR (resp. V.S) of the Riemannian curvature tensor R (resp. the Ricci tensor S)

are obtained by

Z em (K jkimwWm + Kijpim@m) = dKzj0—

(2.8) "
=Y em(Kmjri®mi + Kiiiwmi + Kijmiwmk + Kijm@m);
m
and
(2.9) Z €k (Sijkwk + Sﬁ,;a)k) = dSﬁ - z €k (Skjwki + Si]}a)kj)-
k k

By differentiating the third equation in (2.1) exteriorly, we have

(210) Kfjkfm = Kfjmik,

and hence we have
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(2.11) Sijk = Skji = > _ @ Kjum.
l

On the other hand, the exterior differential dr of the scalar curvature r on M is given

by

(2.12) dr = Z €m (TmWm + rm@m)-

m

Putting ¢ = j in (2.11) and summing up with respect to i, we have

Tk
(2'13) Zersw_‘k = ZersKFrkgs = ZCTSKFTSEIC = E

r r,8 r,8

Now, a semi-definite K&hler manifold M of constant holomorphic sectional cur-
vature is called a semi-definite complex space form. An n-dimensional semi-definite
complex space form of constant holomorphic sectional curvature ¢ and of index 2s
0 < s < n, is denoted by M?(c). The standard models of semi-definite complex space
forms are the following three kinds : the semi-definite complex Euclidean space C?’
the semi-definite complex projective space CP% (c) or the semi-definite complex hyper-
bolic space CHY (c¢) according as ¢ =0, ¢ > 0 or ¢ < 0. For any integer s (0 < s < n),
it is seen that they7 are only complete and simply connected semi-definite complex
space forms of dimension n and of index 2s. The Riemannian curvature tensor Ky
of M (c) is given by

C
(2.14) Kijkl_ = iejk(éijékl + (Szk(s]l)

3 The second curvature-like tensor H

This section is concerned with the second curvature-like tensor H on a semi-definite
Kahler manifold M.

Under the notation prepared in §2, the second curvature-like tensor H with com-
ponents Hy;r is defined by

(3.1) Hyjpr = Kqjur — {€j(05iSkr + 01 Sy7) + €k (0kiS;T + 611 S;7) }-

1
2(n+1)

As is easily seen (cf. Yano and Bocher [8] in the definite case), the semi-definite Kéhler
manifold M with vanishing second curvature-like tensor H is of constant holomorphic
sectional curvature.

On the other hand, let Z be a tensor with components Z;;;; such that

r

(3:2) Zignt = Kt — M+ 1)

€k (05i0k1 + 0510ks)-

In the case where the semi-definite Kahler manifold M is Einstein, the tensor Z is
equivalent to the second curvature-like tensor H. It is trivial that the semi-definite
Kahler manifold M with Z = 0 is of constant holomorphic sectional curvature. The
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tensor Z is the formal analogue to the concircular curvature tensor on the Riemannian
manifold [8].
Lemma 3.1([5]). The second curvature-like tensor H with components Hy;r satisfies

(3.3) Hyjir = Hygjr = Hijrr = Higg

1

{27151-3 - reidij}.

where Hij is the components of the Ricci-like tensor of H defined by Hﬁ — Z €
T
H;, ;5. Moreover, Z H; =0.
i

Theorem 3.2. Let M be an n-dimensional semi-(definite) Kihler manifold (n > 2).
If the Ricci tensor S is parallel, then the second fundamental tensor H is parallel to
the curvature tensor R.
Proof. By the definition of H, we have

Hijkl‘m =
(3.5) 1

—m{ej (0i Skim + 9j1Skim) + €x(0k1Sj7m + OkiS;7m) }-

Tklm

Putting 4 = m in (3.5) and summing up with respect to i, we obtain

1
ZCTHF]‘IJT = Sitk — m(45jfk + rjerdp + rreidj) =0,

r

where we have used (2.10), (2.11), (2.13) and the relation

1
Hi]k = 74(n T 1) (2n513k - eiéijrk).

From this it follows that
(3.6) 4nSjl_k = rjekékl + rkejéjl.

Putting k£ = [ in (3.6) and summing up with respect to k, we have (n —1)r; = 0. Since
n > 2, we get r; = 0. It means that the scalar curvature r is constant, and hence by
the above equation (3.6), we have S5, = 0, from which together with (3.5) we have
H;j1tm = Kijgim- Thus we obtain VH = VR.

It completes the proof. O

In [5], the authors of the present paper proved the following :

Let M be an n-dimensional semi-definite K&hler manifold (n > 2). Then its second
curvature-like tensor H is parallel if and only if its Riemannian curvature tensor R is
parallel.
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4 Semi-definite H-recurrent Kahler manifolds

Now, we assume that the curvature-like tensor H is recurrent, namely, there exists
an 1-form « such that VH = a ® H. Then M is said to be H-recurrent. In terms of
components, we assume that

(4.1) H; = amHyj-

ijkim

Substituting (3.1) and (3.5) into (4.1), we get

K?jkl‘m = amKijkz‘
1
(4.2) +m[€j{6ji(skl_m — amSki) + 05t (Skim — amSk7)}

+er {0k (Sjim — @mSs3) + 0ki(Sjim — amS;0) }-

Putting k = [ in (4.2) and summing up with respect to k, we have

1
(4.3) Sjim = amSji = 5
where we have used (2.5) and (2.11).
Theorem 4.1. Let M be an n(> 2)-dimensional semi-definite Kidhler manifold. Put
M ={xe M|< H, H>=0, H#0 at 2}, and assume that the subset M — M’ is
dense in M. If it is H-recurrent, then it is R-recurrent.
Proof. If H = 0 on an open subset U in M, then the holomorphic sectional curvature
is constant and hence VH = VR = 0 on U. So it is sufficient to consider on an open
set V = {& € M|(H, H) # 0 at z}. The assumption VH = a ® H implies that
Qmp = 0pm On V. Thus

{(rm — ram)e;djit,

(4.4) Hijkim;s = (amﬁ + amdp)Hijki = Hijkl’ﬁm-
It follows from d* Hp,,,, = 0 combined with (4.6) that

(4.5) > er(=KgjriHrimp + Kijir Hypmp + Kijmr Hirp — KijrpHgims) = 0.

T

Putting 4 = j in (4.5) and summing up with respect to 4, we have

(4-6) Z GT(_Srkalmﬁ + SlFHl_crmﬁ + SmT_‘Hl_clrﬁ - Srz‘)Hl_clmF) =0.
I

Moreover, differentiating (4.5) covariantly, we get
(47) Z CT(_ngrl_chFlmﬁ + Kflequ_crmﬁ + Kiijqu_clr;E - KijrﬁqHElmF) =0,
T
where the equality is derived from (4.1) and (4.5).
Differentiating (4,6) covariantly and then, from (4.1) and (4.8), we get

(48) z GT(_SrEqHT_‘lmﬁ + SquHErmﬁ + SquHElrﬁ - STﬁqHElmF) =0.

T
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Subtraction a4 times (4.6) from (4.8), we have

Z 6T{_(SrEq - aqu]})HFlmﬁ + (Squ - aqSlF)HErmﬁ+
(4.9) r
+(Smrq — aquF)HElrr) — (Srpg — agSrp) Hypmr } = 0.

Substituting (4.2) into (4.7), we have

> eril—{0i(S kg — aS,E) + i1 (Srig — @ Sy7) Y Hrtmp+

+{0i(Sirq — g Sir) + 8j+(Siq — @4Si) M Hprmpt
+{0ji(Smrq — @qSmz) + 8jr (Smmig — @ Sma) }Hrirp—
—{0;i(Srpg — g Srp) + p(Srig — ¢ S:3) M pymr |+

+ ) e[~ {0rr(Sjig — @Sj) + 6ri(Sirg — gS;E) } Hrtmp+

+ei{01r ((Sjig — agSj3) + 01i(Sjrg — g Sjr) Y pmp+
+6m{5mr(5ﬁq - aqsﬁ) + 5mi(Squ - aquf)}Hl_clr;—)_
_er{(sw(sﬁq - aq‘sﬁ) + 5ri(sj;5q - aqui))}Hl_clmF ] =0.

Combining (4.9) with the above equation, we can obtain

Z eTj{_(sjk(Sﬁq - aPSﬁ)HT_‘lmI_’ + 6jT (Sﬁq - aqSlf)Hl?:rmﬁ-i_

+6j (Smiq - aquE)HElrﬁ - (sj (Sﬁq - aqSTE)HElmF}_

—(Sjkg — 2%S;i) Haump — (Sipg — @¢Sjp) Hyymi+

+ Y er{@dii(Sirg — @4 Sir) Hipmp + €mOmi(Sirg — 2 Sjz)Hpynp} = 0.

T

(4.10)

Putting j = k in (4.10) and summing up with respect to j, we have
(n+1)> e (3 — gS,3) Hrtmp — (Sizg — 4 Si) Hmp—
T

_(Smgq - aquE)Hlﬁ + (rq - Iraq)H;lmﬁ + Zr 67‘(‘9773‘1 - aqST‘ﬁ)Hﬂmg_
- Z 67‘3{51(5” (Sr.?q - aqug)HFsmﬁ + €mOmi (Sr§q - aqSTE)HFslﬁ} =0.

r,s
Taking account of (4.3), the last equation turns out to be

(411) (’I‘q - T‘Oéq){(Q’l’L + I)Hilmﬁ — 2€m6miHlT) — 261(5”Hm13} =0.
Putting m = p in (4.11) and summing up with respect to the index p, we have

3n(rq —raqg)H; =0
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for any indices ¢, ! and i. Hence (4.11) implies that
(4.12) (rq —rog)Hzmy =0

for any indices ¢, i, I, m and p.

Since H # 0 on V, (4.12) implies that Vr = ra on V. So, from (4.5), we obtain
that VS =a® S.

Moreover, it follows from (4.4) that VR = a ® R.

It completes the proof. O
Remark 4.1. In the last section, an example of an n(> 2)-dimensional indefinite
H-recurrent Kdhler manifolds which satisfies H # 0 and ||H|| = 0 is given.

In particular, we consider the case that M is positive definite. Then the condition
[|H|| = 0 is equivalent to H = 0. Thus we have the following
Corollary 4.2. Let M be an n(> 2)-dimensional Kihler manifold. If it is H-recurrent,
then it is R-recurrent.

5 Examples

This section is devoted to some examples of H-recurrent indefinite K&hler manifold.
For any integer p(> 3) an indefinite complex hypersurface M (p,c) of a (2n + 1)-
dimensional indefinite complex Euclidean space C2"*! of index 2n defined as follows
([1]; [6]) :
Let o
A=, 2 2y = (L, 2

be a complex coordinate of C2"*! and let ¢ be a complex number such that |¢| = 1.
Then M (p,c) is an indefinite complete complex hypersurface of index 2n defined by

g2+l — Zhj(zj + czj*)’ *=n+j, hj(Z) = 2P,
J

Then the components h4p and the components h 4 ¢ of the second fundamental form
and its covariant derivatives of M we have

hij = p(p — 1)8:j27 =2, hi=j = p(p — 1)cdij27 72, hjr j» = p(p — 1)¢* 8352772,

hijk =P — 1)(p — 2)0;0i 2?2, hi=ji = p(p — 1)(p — 2)cds; 022,

hiwjor = p(p — 1)(p — 2)c*0ij0i 2?72, hysjore = p(p — 1) (p — 2)c*8;50ip 2P 3.
Thus under the assumption of p the second fundamental form is not parallel.

Let K 55cp (resp. K spcpr) the components of the Riemannian curvature tensor
R (resp. the covariant derivative VR ) of the indefinite complex hypersurface M (p, c¢).

In the theory of indefinite complex hypersurfaces in the indefinite complex space form
the components are given by

K zpcp = —hschap,

K ipcpe = —hsorhap,
which yield that R # 0 and VR # 0. Namely, M is not flat and not locally symmetric.
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Now, by the property of the second fundamental form, they give to us

dap(p— 2)KABCD‘
z

Kipcope = —

Thus we see that M is R-recurrent. Furthermore, in the theory of indefinite subman-
ifolds of an indefinite complex space form, we have

Sij = - Z hirﬁrj + Z R Br*j =
= p2(p - 1)2(—1 + |c|2)(5,-jz2(p_2) =0.

Similarly we have
Sag=-— Z harhe B + ZhAr* hyg =0,

and from this we see that the Ricci tensor S is flat and hence the scalar curvature r
vanishes. Hence this implies

Hzpep = Kapcp-

Furthermore it is easily seen that

> erKiporKirar = — Y KiporKprost+
R T

+ ZGTKABCF*KEFGF* =0,
.

and hence we obtain
|HI| = ||R[| = 0.
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