Gauge Transformations on Holomorphic Bundles

Gheorghe Munteanu

Abstract

In holomorphic tangent bundle 7'M we define a generalization of classical
gauge transformation, called complex gauge transformation, and related to it
we shall study the invariant geometric objects: d-gauge tensors, nonlinear gauge
connection, gauge complex derivatives.

The problem of global invariance concerning a complex Lagrangian is treated
in the section related to Einstein-Yang-Mills complex equations. Finally, we shall
discuss a few applications regarding infinitesimal complex gauge transforma-
tions.
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1 Introduction. The holomorphic bundle 7'M

In many physical theories related to relativistic quantum, such as spontaneous
symmetry-breaking, the Higgs theory, etc., the gauge Lagrangians which are used
are complex scalar fields. Consequently, a geometrical approach of such problems
requires to create a complex model for gauge geometric fields and their derivatives.

For the real case the geometric methods of fibre bundles with structural group are
used for a long period of time in gauge theories ([3]). A generalization for the vectorial
bundles of gauge transformation was made in [1], [7].

In a previous paper ([8]) we studied the Lagrange spaces having as base the holo-
morphic tangent bundle 7'M, endowed with a nonlinear complex connection. Follow-
ing such ideas, in the present paper we shall deal with complex gauge transformations
on T'M.

Briefly, we shall introduce the basic results from [8].

Let us consider M a complex manifold, dimc M = n, and (U, (2%)) the complex
coordinates in a local map. The complexification Tg M of the tangent bundle T'M in
each z € U is decomposed in the (1, 0)-vectors and their conjugates of (0, 1)-type ([5],
[6]),

TcM =T'M @ T" M.
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The bundle 7 : T'M — M is holomorphic and dimgT'M = 2n. With
VII'M) = {£ € T'"(T'M)" wr.(§) = 0} is denoted the vertical sub-bundle, which
is also holomorphic, a local basis in V(7' M) being {%}

M) i=tn

A nonlinear complex connection, (nl.c.c.) for short, is a distribution N in T'(T' M),
N :u = (2%, 9') = Hy(T'M) where H,(T'M) is a supplementary sub-bundle of the
vertical bundle in T"(T'M). A local basis in H,(T'M) is denoted by

0 0 i 0
{ 6zt 0zt Onp }m—l,—n ’

where Nij are the (nl.c.c.)-coefficients and satisfying the following rules of transfor-
mation at the change of local map

»62"“ az/i . 62z/i

1.1 e — C— .
(1.1) K Ozi 9281 T Dzidzh
From (1.1) we can easily verify that the adapted basis {%} is changed after the
rule
1j
(12) d 029§

0zt Bzi 620"

Taking the conjugate bundles H(T'M) and V(T'M) with the corresponding local

) 0

bases {F} and {? }, we obtain the following decomposition for the complexified
< n

bundle:

(1.3) TeM = H(T'M) @ V(T'M) ® H({IT'M) & V(T'M),

with the corresponding projectors denoted by h,v, h,T.

Furthermore, we shall use the following abbreviate notations: {d;, 0;, 07, 8;} for the
adapted bases in (1.3) decomposition.

Let us consider D a derivative law on T¢(T'M). For a given (nl.c.c.) N, the
derivative D is called N-linear complex connection, shortly: N — (l.c.c.), if D preserves
the four distributions from (1.3). In the adapted basis {d;,0;,d;, 8;} the N — (.c.c.)D
has the following local expression:

1 1 3 3
D(;kéj ZL;k 61'; Dak(Sj :C;k (5,’; D(;Eéj :L;E 61'; D%JJ :C;E (5,’;

2 2 4 4
D‘;k@j :L;k 6i; Dak 8_7' :Cjz'k 81'; D(;Eaj :L;E 6i; Daiaj :C;E 6i;

3 3 1 1
Dék (5; ZL%k (517; .D{-),C 5]' ZC]lk (5;; D‘SE(S]_' :L%E (517; Da;(% ZC;—E (5;;
4 4 2 2
D505 =Ly, 0 Da,d;=Cj, 05 Dad;=Li; 05 Dad;=Cip 0y

with DxY = D5 Y. If
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1 2 3 4 | 2 34 -
Lin=Li=Ljs L5 =L5,= L5; Cip=Cj= Cjs (5,=C5,= C,
(and their conjugates coincide too), then the N —[.c.c. D is said to be normal, and
will be denoted by M — (l.c.c).
The components of the torsion and the curvature tensors of one M — (l.c.c.), D
have been calculated in [8]. o
A N — (l.c.c.) is decomposed in : D = D' + D" where D" = D' and their turn
for each of them: D' = D'* + D", D" = D"" + D"", with D'* = Ds,, D" = Ds,,

D" = Ds_, D" = Dp_. A system of functions on T"M, W't (z,m) is called

J1-dqd1ds

a d—complex tensor field of ( 5 ; )—type if at change of local maps on M it well
be modified after the rule:

. . y
wlil...ip'il---ir( ' n’) . oz 02 8zh1 6th
J1Jqd1---ds ’ azln 6ka azljl az/]’q
_63'11 o7 _ oz ozh k1. kpki..fn (2.m)
oz g7k 9z g5'ir  hi-hphy ke

The derivations of the d—tensor w will be expressed by ”|” and by ”||” for h—and

respectively v—covariant derivative D', and by ”|”, ”||” respectively for h—and
v—covariant derivative D".
A metric Hermitian structure G on T (T'M) is defined by a d—complex tensor

9:5(z,m) of ( (1) g )—type, nondegenerate, so that:

(1.6) G =g;dz" @ dZ’ + g50n" @ 077,

where (dz?,dnt, dz?,877) is the dual adapted basis.

2 Gauge complex transformations

Let us consider the holomorphic bundle w7 : T'M — M.

Definition 2.1 A gauge transformation on complex manifold M is a pair of analytic
isomorphisms T = (F°, F') on the manifolds F° : M — M and F' : T'M — T'M,
satisfying the property

(21) 7TTOF1=F007TT.

We can see that a gauge transformation Y preserves the geometric structures of
the manifold and the whole set determine a group structure with respect to the
composition of mappings.
It is useful to obtain a local representation of complex gauge transformation Y.
Supposing that Y = (F°, F') applies the point u = (z%,7%) € 7;*(U,) in @ =
(z%,7%) € m;' (Ug) and by adding the condition (2.1), it results
Proposition 2.1 A gauge complex transformation Y : u — u is locally given by a
system of analytic functions:
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(2.2) Z=X'2), 0 =Y(zm)

) ) iy ax' oY’
with the regularity condition det ( 927 ) - det ( 877j) #0

At the changes of local coordinates at u and u it is necessary to require the
conditions of global existence of the transformation Y. If at u = (2%,7') we consider
a'zvn'

077

the local changes of the coordinates z'' = z'%(z); 7"t

(2.2) we have

77, then according to

(2.3) 7'=X"(2); 0" =Y"(z,m),

and the inverses X" (z) = 2"*(X (2)), Y'i(z,n) = %Yj(z,n). The global existence
of T transformation implies:

(24) X' (2)) = X'(2) 5 Y"(Z'(2),0'(z,m) = Y(2,m),
with the regularity conditions of transformation.
o . . .. ). ) e
Next, it is convenient to denote the following derivatives by X; = — YV = —,
0zi’ "7 o

their inverses by X7, Y/, and the conjugates by f}, etc.
From (2.4) we infer
Proposition 2.2 At the change of local maps, the following derivatives changed by
the rules
0z 02

V], Xi= X7, Yi=_-Y7

Xli 62{”
0z Bzi "k

k™ 5zi

) . 65/1’

Definition 2.2 A d—gauge complex tensor of ( Z ; ) type is a system of functions

wzlzp?? (z,m), which satisfies in addition to (1.5) the following rules of change
1---JgJ1--+Js

— - * * =
il o - xh ... X xk L xhke o
(2 5) wjl...jqjl...js (z, m h1 hp Jioot Ja hi "
- * *
Y@ . YEI . . YES . whl___hpﬁl...ﬁr (Z )
he “Tg0 k1..kgk1...ks 1)

Denote by J the natural almost tangent structure on 7'M, which is defined by
0 0
J (62") = 8_77i’ J (8%,-) = 0, and is globally defined. The kernel of J is just the
0 0

vertical distribution, and if N is a (nl.c.c.) then J (g) = o This means that the
image of the horizontal distribution is the vertical one.

Definition 2.3 A nonlinear complex gauge connection (shortly (nl.c.g.c)) is a (nl.c.c)
N which is preserved by the tangent map of the transformation, i.e., Y. : T, (T'M) —
Tﬁ(T’ M) preserves the distributions.
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If {% = % - Nfain], Oiﬁ'} is the adapted basis in Té(T’M) then for T, to

preserve the distributions it is necessary that J (ﬁ) = Giﬁ’ For this reason N is a
(nl.c.g.c.) if

) - 0 ;0

2 _xi 2 9 _xi 9
(2.6) =Xl ad go=Xo

this means that the elements of the adapted bases are d—gauge complex tensors.
Proposition 2.3. The coefficients N](z,n) of one (nl.c.g.c.) satisfy in addition to

~. . oY
the condition (1.1) the next transformation law N,iX]’-“ = X,’EN]’-“ e The proof
z
results from the first relation (2.6)
Considering the conjugate N; one of the (nl.c.g.c.) and the corresponding adapted
bases on T"(T'M), we obtain that the extension Y, of the tangent gauge transfor-

mation to the whole complexification T (T M) preserves the four distributions.

3 Complex gauge derivatives

For a given (nl.c.g.c.)N, let us consider the components D" D?, D;, D¥ of one
N — (l.e.c.) D on Te(T'M) with the local coefficients written in formula (1.4), and
which at the change of local maps on M are transformed by the rules

a 6z'j 6Z,k « azlz' 62zli 3 6zlj 6Z,k «a azli
! _rl 13 — . —
B Lj Dzl 8zm M ol Hzhdzm ik Gk Gpm  hm gt i AT 1,2

For the conjugate indices the rules are obtained from (3.1) deriving with respect
to the conjugate basis.

The covariant derivatives D*, D?, D* DU act on one complex d—tensor field w

of ( Z f ) —type, determining the following d—tensor fields

s
i1, pi1..-in . i1, ipi1...ip i1.. . ipi1...1p i1... Ipi1...0p

. Py - 3 . Py - 3 . Py = 7. . Py T
J1--dedr--ds Im J1.dqdre--ds Im Ji.dadieds |m J1---dadi---dsllm

Proposition 3.1 The covariant derivatives D", DV, Dg, D of one complex
d—gauge tensor field are d—complex gauge tensor fields if and only if the local co-
efficients of D derivative satisfy in addition to (3.1) the following rules

[e% * * (SXZ ~O{ * * a
m

(3.2) Li=XhxpxjL,, —-Xhxpr th L=XEXT X O, a=1,2

*

and analogous conditions for the conjugates indices, the X]’: is replaced by its conjugate

1
Proof. For instance, starting with the first relation (1.4) Ds, d; :Lj.k d0;, and consid-
ering (2.6) and their conjugates it results directly the relations (3.2).
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Definition 3.1 A N-—linear complex connection D satisfying the conditions from
Prop.3.1 is named a N—linear complex gauge connection (N — (l.c.g.c.)).
_The corresponding gauge complex derivatives will be specified by D", D,

D", DY, replacing the short, long and conjugate bar of derivation of a d—complex
gauge tensor.
Definition 3.2. A N — (l.c.g.c.), D is said to be metrical if

(3-3) Dhgz:=0; D'gz=0, Dhg==0, D=0,

where g,- defines the Hermitian metric structure (1.6).

If we use [8] we obtain a N —(l.c.c.), denoted by D and called canonical connection,

which is metrical and M —connection, too:
Li. — Llgli %_*_% cz — - Ti agji+6gkj
=29 ok Tz )7 Tk 29 \ ok T oy )

1

2

5oL a (% _ %% i_ 1 (%5 _9%;
ik 2 dzk 62 )7 Ik 2 onk  ont )’

(3.4)

and the conjugates.

Reiterating the calculus in Proposition 3.1 for the canonical connection 5, using
the conditions (2.6) of (nl.c.g.c.), we infer

Theorem 3.2. The canonical connection D is a N — (l.c.g.c.) with the Tj"k and sz:k
vanishing torsions.
The connection (3.4) will be called the Miron canonical complex connection.

4 Complex Einstein-Yang-Mills equations

Let us consider N a (nl.c.g.c.) and Lo : T'M — R a complex Lagrangian, i.e.,

0’L

(4.1) 95 = 5ni8ﬁj
is a nondegenerated d—tensor.

From (4.1) we remark that g;7 is a gauge complex tensor. The (nl.c.g.c.), N can
be determined from L as is shown in [8].

In calculus Ly depends on the point u = (z,7) via the wave functions ®4, A = T, p,
which are gauge fields, and on their derivatives which are supposed to be with respect
to the adapted basis

oA 54 504 994 a<1>A)

4.2 L =L - - - -
( ) 0(2777) ( V5t 57 ) 6’)’]’ ) aﬁl

The Euler equation gives the extremes of action of the Lg Lagrangian. But this action
depends on the local maps. To remove this drawback it is useful to consider the
following modified Lagrangian

(43) ﬁ(zﬂ}) = LO(zan) : |g|2a
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where |g| = [ det(g;5)|-

Then the action I = [ £(z,n)dw does not depend on the local coordinates, and if
® is one of the generic field ®4, then the direct calculus gives the following
Proposition 4.1. The extremum of the action, I(®) = 0, determines the Fuler-
Lagrange complex equation
(4.4)

oL 0 (oL \ 9 ( oL ) 9 ( 0L ) 9 [ oL 1\ _,
os o: \a()) o \o(@)) o \a(z2)) o \a(22)) "

The complex (E — L) equation can be rewritten in an adapted basis {d;, 0;, d;, 8;} in
the equivalent form

B L . o, 0 [y LA
Tl et \o()) e \a(®)) o \a(s))

on'
L ONi oI, 0N, oL
(4.5) _i—i 4 +3iJ 66<I> + —z'J 85@ }=
o \o (%) n o (55)  om 9(5%)
[ca
_ gl 8L dlg)? 8L +6|g|2 8L +6|g|2 8L
T 54 9 (92 = 5 (3% oni —a )
oG o7 () o a(g) O a(g)
. 0P .
with ¢; = —; ¢2 = — taking constant values.
0zt z

The formula (4.5) shows that the (E.L) equation is invariant to the local change
of coordinates.
Next, we shall use the notations

ho AL LooaL v oL )
@ZZ , @ZZ , Z: , @ZZ ,
TaGR) AR Tt a(m) Y oa(m)

in order to abbreviate the written form of (4.5).
Also, for a given N — (I.c.g.c.)D (for instance the (3.4) canonical connection), let
us consider the h—,v—, h—, v—derivations of one vector X = (X?),

Xﬁk:—k+L;kXJ’ Xﬁk:—k'i‘C;-kXJ,

(4.6) 0z on
' S CEN S G
i iy i i yi
XTE = 57 +ijX , X——“k —aﬁk +Cij ,

OL

h.
2
gea T4

(4.7)

li ™

where
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1) alg? o gl 5 dlgl L dlel 5
Ej=— P! j _ _ 3 b —
A |g|2 52t At 5_1 At (977’ At aﬁz A
(4.8) _
ONI\ h - ON7\ " : =
) T i z 1 i T P
Lk+6nl A Lji+aﬁ; -Ci <1> —C @

are gauge scalars if D is a N — (l.c.g.c.).

Let us note that the invariance of the (E — L) equation is assured if the Lagrangian
L is gauge invariant.

We shall analyze the gauge invariance of Lagrangian L in the particular case of
gauge infinitesimal transformations.

Let us consider G a group of transformations, dim G = m, that acts on T'M,

(4.9) u="T(u,a), u = T(u,0),
with u = (2¢,7%) and a = (a',d?,...a™) € G.
At an infinitesimal holomorphic of the group G, we have
. . R . .Y
(4.10) =24 F=n+e et
Accordingly, the gauge fields ®4(u) will be transformed by the rules
(4.11) 34 = ¢4 + (X, 84)e
ho 9

% 0
where X =&} ﬁ+ & i are the generators of the group.
z Ui

As in classical theory, let us consider a p—dimensional complex representation of
the generators X — [X]a- Then the infinitesimal transformation of the gauge fields
becomes

(4.12) 34 = 34 4+ ([X)\]4®P)?

The gauge infinitesimal invariance condition of the Lagrangian L is that of van-

ishing its variation,
54 8B4\ L [0%A
) <I>Z é - Y 6 — | =0.
(63’) <5n’)+ 4 (8ﬁ’>

oL pA

—— 604 qﬂ § . ol
534°% ( 57 ) +

We propose now to discuss only the global invariance, meaning that * are constants,

and hence the results

A B A B

>

Nl

82t B gzt On' B ani’
A 5 o8B %4 o8B

5 : 504 = MX,\ A — 5( ) X, 1A )
(57) 57027 =& X5 o s 55

Replacing these variations in the invariance condition of the Lagrangian, it results
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88 - 50P 0%B ol
5 + @ = +<I>Aal + B, 5 }[Xx]g:o.

oL
(4.13) {M)A@B + &%

Now, combining the formulae (4.7) and (4.13) we obtain the global invariance law
of complex Lagrangian L at the gauge infinitesimal transformation (4.11)

B B B B B
Ead +<1>A|l<1> +<1> i ? +‘I’A||,‘1> +<1>24W<1> +
(4.14)

hospA BospA v o gpA T gpA
+ & —— 5 + i, (5_‘+(I)A az+<1>A o7 [X\]4 =0.

Using the complex currents

h h v v
Tim - ® IOleY, Ji= - 2 [Glhe”,
(4.15) - _ _ _
h h v_ v
Tim - % 0197, T - 8 (X347,

the global conservative law (4.13) is written in the form

h h v v
i i i i A

5 Applications

Let us consider a metric Hermitian d—tensor 7,5(z) on M, and ® : T'M — C one
scalar field (A = 1). For a nonlinear complex connection N}(z,7) we can consider the

one determined by the Christoffel symbols I of the metric Viz» 1e. N E N kn (see

[8])-
In the adapted basis {d;, 0;, 07, 8;} we shall consider a generalization of the classical
exact symmetry Lagrangian ([4]) for the complex gauge field @ : T'M — C,

PRI LY S R ST
(5.1) L=7i() S5 —m* 8- &= 1f - (- D),

where m? > 0 is the mass and f > 0 is the coupling constant.
The Lagrangian L is invariant to the change of local maps on 7'M and is also
gauge invariant with respect to the phase transformation of U; group,

(5.2) L J &)(z,n) =e 9 P(z,n) ; B B(z,n) =9 DB(2,n),
determined by the infinitesimal variations
(5.3) 628 = —ige, On' =ige.
The U; group has one parameter ' = &; the variations of gauge field are 6® =

0 0
—ige®, and the generator of the group is X = — ig (% — (9_n’> .
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In classical theories, in order to study the gauge invariance, there are considered
two gauge fields: ®! = & and ®2 = &. This doubles the dimension of the representa-
tion, in comparison to the present approach, where we consider only one generator.

5, 0D 59 — 1, —
The energy of the system, £ = ~% (Z)Fg +m?® - + Zf - (® - ®)? is min-
Z
E E —
imal if g—q) = 2_3 = 0; it results that ® = & = 0, and hence the vacuum state is

nondegenerate, preserving the exact symmetry.
Another generalization of classical case is that of the spontaneously broken sym-
metry, where it is considered the complex Lagrangian
7, 0P 6D — 1, ~
5.4 Li=99(2)=—+m’®- & — —f - (®-®)°
(54) =) S B f (B 2P,
which is also gauge invariant at (5.2) infinitesimal transformation.
= 0® 6P — 1, ~
The energy of the system, E; = 7% (z)F(S_ﬂ —m?®- P+ Zf -(®-®)? is minimal
Z' 0z
if |®| = \/5ﬂ and hence, the vacuum states are degenerated, i.e., we have in the

holomorphic bundle a spontaneously broken symmetry.
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