Chapter 11
Global Solutions and Uniform
Boundedness of Nonlinear Evolution
Equations

In this chapter, we present a set of abstract theorems to deal with the ex-
istence, regularity and uniform bounded-ness of global solutions for a class of
nonlinear evolution equations. This theory can be regarded as a correspondence
of acute angle principle of inner product operators to the nonlinear evolution
equations . Applying the abstract results, we have dissussed the global solvibil-
ity, regularity and uniform boundedness for the initial boundary value problems
of a class of nonlinear and fully nonlinear parabolic and hyperbolic equations
(systems), in addition, we have also discussed some nonlinear evolution equa-
tions which are related with physics and mechanics.

2.1. Global Existence of General Nonlinear Evo-
lution Equations of the First Order in Time

2.1.1. Preliminaries

Let X,Y be Banach spaces, H be a Hilbert space. X,Y «— H, and G :
R* x X — Y™ be a mapiing, Rt = [0, 00).
We consider the abstract evolution equations

(2.1.1) {%JrGu_o, t>0

u(0) = ¢
Let |- ];(1 <i < m,m > 1) be the seminorms on X, and

m

Il =30,
=1

87



For p ={p1,---,pm} > 1, we denote by

LP((0,7),X) ={u(t) € X| a.e. 0 <t < T < o0, and

T T m
/ lulfdt = / S [uftdt < oo}
0 0 =1

with the norm
m

Jul =Z[/0Tu

i=1

Pi ]

where p > 1 means that Vi(1 <i <m),p; > 1.

Definition 2.1.1. Let ¢ € H, and p > 1 be some constant. u € L2 ((0,00), H)N

loc

L? ((0,00), X) is called a global solution of (2.1.1), if for any v € Y, u satisfies

loc

t
<u(t),v>g +/ < Gu,v >dt =< ¢,v >g a.e. t>0.
0

Definition 2.1.2. The solutions u(t, ¢) of (2.1.1) are called to be uniformly
bounded in some space Z C H, if for any bounded subset ¥ C Z, there is a
constant ¢ > 0 such that

|u(t,d)||z < ¢, VoeX, andt > 0.

Definition 2.1.3. Let uy,,ug € LP((0,7),X). We say that u, — ug
uniformly in L?((0,T), X), if {u,} is bounded in L>°((0,T"), H), and

U, — ug in LP((0,T),X), and
limnﬂoofOT\ < Up —Ug,v > |- dt =0, Vve H.

(2.1.2) {

Definition 2.1.4. A mapping G : R™ x X — Y* is p-weakly continuous if
Y, — ug uniformly in LP((0,T), X),p = {p1, -, Pm},0 < T < 00, we have

T T
lim <Gun,v>dt:/ < Gug,v >dt, YweY, T < .
0

n—oo 0
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Definition 2.1.5. Let L : X — Y be a linear mapping (as X =Y, L =id)
and
<u,Lv>pg=<u,v>g, .

A mapping G : RT™ x X — Y* is called to be p-coerceivly continuous, if

i) . G takes each bounded subset > C LP((0,7),X) N L*>([0,T),Hy) to a
bounded subset G(>) in L? ((0,T),Y™), ( =1),V0 < T < o0;

ii) . as u, — wp uniformly in LP((0,T), X), {u,} is bounded in L>((0,7T), Hy)

and
t

lim < Guy, — Gug, Ly, — Lug > dt =0
n—oo 0

then we have

t

t
lim <Gun,v>dt:/ < Gug,v >dt, YveY.
0

n—oo 0

In the following, we introduce two lemmas which are useful for the later dis-
cussion.

Lemma 2.1.6([LSUJ). Let u € L?

loc

((—00,00), X)(P > 1). Denote by

1 t+h
up = E/ w(t)dr, 0<|h| <1,
t

Then V0 < T < oo, {up} € WHP((=T,T), X), and

T
li —ul|%dt =0
tin [ =l

}llirr%) llun(t) —u(t)|x =0, a.e. t € (—o0,00).

Lemma 2.1.7. Let Hi, H be Hilbert spaces, and H; <— H be dense and
compact. Then there exists a normal orthogonal base {e;} C H, such that {e;}
is also an orthogonal base of H;.

Proof. Let I : Hy — H be the embeding mapping. By the assumption, 1
is a compact operator. We define a mapping A : H; — H; by

< Au,v >g, =< lu,v >g=<u,v >g, Vv & Hj.
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Obviously, A : H; — H; is a linear compact operator, which is symmetry and
positive definite. Hence there is a sequence of eigenvalues of A

D<A <A< o<, < oee
and a sequence of eigenvectors {e;} C Hy with
€ =NAe;, i=12---.
and {é;} is an orthogonal base of Hy. Thus
<@, ¢; >p=< A, & >m, =<\ '€,¢; >m,=0, i#]

Hence {e;} is an orthogonal sequence in H. Since I : H; — H is a dense
embedding, {€;} is an orthogonal base of H. Let {€;} be normalized

ei = ¢i/|€illu,
then {e;} is a normal orthogonal base of H. The proof is complete.

2.1.2 Upward weakly continuous operators

Let X be a linear space, X7, X5, H are the completion of X respectively
with their norm. X, X, are separable and reflexive Banach spaces, H be a
Hilbert space, X1, Xo — H.

Let G : R* x X; — X3} be a mapping. We make the following assumptions.

(A1) . Thereisa P={Py,---, Py} > 1, such that
t t t
/ < Guu>dt> cl/ lull%,d - 02/ (lullZ + 1)dt
0 0 0

where C7,Cy > 0 are constants.

(A3) . There is a number a(0 < a < 1),V0 < h < 1 and u € C([0, ), X), we
have

t+h
|/ < Gu,v>dt| <ch®, YoeX 0<t<T,
t
where C' > 0 is only dependent on T, ||v||x, and fOT [ul| %, dt.
Theorem 2.1.8. Suppose that G : Rt x X; — X3 is p-weakly continuous

which satisfies (A1) and (Az). Then the problem (2.1.1) has a global solution
u € L?(?C((O’ 00)7 H) N LP ((0> OO), Xl)

loc
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Proof. Because X5, H are separable, and X C X5 — H are dense, there
exists a sequence {e, } C X which is a normal orthogonal base of H, and dense
in X5. Denote by

X, = {Z?: 041'61'| a; € R}
(2.1.3) { X = (50, Bl B e C0,00)).

We proceed the proof by using the Galerkin procedure. Consider the below
ordinary differential equations

(2.1.4) { d£i+<Gun,€i>=0, 1<i<n

zi(0) =< ¢,e; >p

where u,, = Y"1, x;(t)e;. By the theory of ordinary differential equations, the
equations (2.1.4) has local solutions

{xl(t),,l‘n(t)}, OSt<T

By (2.1.4) we have

t
(2.1.5) <un(t),v>H+/ < Gup,v > dt =< ¢,v >, Yve X,
0
o duy, ~
(2.1.6) [< pratl >p 4 < Gup,v >ldt =0, YvelX,
0

Replacing v by w, in (2.1.6), one reads

t
1 1
/ < Gup, U, > dt + 3 < Up(t),un(t) >g= 3 < Op,On >H
0

n
¢nzz<¢aei>H6i

=1
. From (A1) we obtain
t
(2.1.7) lunll? < 1613 +2C / a3t + 205t
0
t t
(2.1.8) Cr [ a5t < 101+ Co [yt + Cat
0 0

By the Gronwell inequality, from (2.1.7) and (2.1.8) it follows

(2.1.9) 7 < 9l Fe*" + 2C5e
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t
(2:1.10) Cu [ uall, de < 013 (1+ €20#) + 02504 .
0

which implies that the solutions of (2.1.4) can be extended to [0,00), and
{un(t)} is bounded in L*=((0,T),H) N L*((0,T),X1),¥0 < T < oco. It re-
mains to verify that the sequence {u,} is uniformly weakly convergent to wg
in LP((0,T), X1). Let

U — ug tn LP((0,7), X1)
Up, —" ug in L>((0,T), H)

Denote by

n
Uy = Zx?(t)ei
i—1

(o]
uy = Z x?(t)ej
j=1

From (2.1.4) and (Asz), one derives
t+h
(2.1.11) |zt (t+ h) — i (t)] < |/ < Gup, e; > dt|
t

<Ch% 0<ha<l t<oo

According to (A3) and (2.1.10), the number C' > 0 in (2.1.11) is independent
of n. Consequently, for each fixed number 7, {«}(¢)} is uniformly bounded and
equicontinuous in [0, 7]. By the Arzera-Ascoli theorem, we have

(2.1.12) lim sup <wu, —up,v>=0, VYveuU,_,X,
n—00 0<¢<T
Because U2, X, is dense in H, the equality (2.1.12) holds true for all v € H,

which implies, by the dominated convergence theorem, that (2.1.2) is fulfilled.
By the p-weak continuity of G : RT x X7 — X3, from (2.1.5) it follow that

t
<u0(t)7v>H+/ < Gug,v > dt =< ¢,v >, YveX,
0

which implies, due to U2, X,, being dense in X», that ug € Lj5.((0,00), H) N
L? ((0,00), X7) is a solution of (2.1.1). The proof is complete.

The upward operators deal with the existence of weak solutions, but if
G : RT x X; — X3 is differentiable, then with some conditions, we can obtain
a regularity result as follows.
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Let there be the space sequence
XCH —-Xo—= X, — H

where X, X1, H are as in Theorem 2.1.8, and X3 is a Banach space, H; is a
Hilbert space, Hy — H is compact.

Theorem 2.1.9. Under the hypotheses of Theorem 2.1.7,if G : RT™ x X; —
X5 is differentiable, which satisfies

(2.1.13) < DG(u)v,v >> —c|v||3;, ¢>0, Vu,veX.
. | < Guyu>| < ol + g(w)
o g: X3 — Rt is a bounded continuous functional

then for any ¢ € X3 the solution v € LS ((0,00), H) N LY ((0,00), X1) of
(2.1.1) is unique which has the regularity v € Wﬁ)’coo((O, 00), H).

Proof. The sequence {u,} which satisfy (2.1.5)-(2.1.10) also fulfile, by
(2.1.4), that

2y, duy,
2.1.1 D =
( 5) /0 [< U TH + < DG(up)—— pratl >|dt =0,

Vv € X,,. Replacing v by & —TL in (2.1.15) it follows

1 du, du, ¢ duy, dug,
- DG (u,) 2. ¢
PP H+/0< Glun) g > ¢

1 dup(0) du,(0)

TS T T a T

According to (2.1.13) we have
(2.1.16) —H )HH < sl=—%= HH C/ =17 dt
On the other hand
(2.1.17) < du;—lfo),v>H+<Gun(O)7v >=0, WeEX,
Putting v = d"gt(o) (2.1.17), from (2.1.14) it follows

duy, (0) 15 du, (0)

12O << g, 2@
1, du,
< 2120 4o,
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Hence from (2.1.16) we get

(2.1.18) —|\d""( )2

duy, |5
13 < 9(dn) +c/ L2

By Lemma 2.1.7, we take the normal orthogonal base {e,} of H is also
an orthogonal base of H;.Because the boundedness of {||¢n| x,} can not be
directly obtained from the space X3, we first take ¢ € Hy. Since ¢,, — ¢ in H;
and H; — X3, we have

(2.1.19) ¢n — ¢ in X3

By the Gronwell inequality, from (2.1.18)(2.1.19) and (2.1.9)(2.1.10) it follows
that
{un} C W>((0,T), H) N LP((0,T), X1)

is bounded V0 < T < oo. Let
W, —* ug in WH((0,T), H)

U — ug tn LP((0,7), X1)

Then, as the proof of Theorem 2.1.8, ug € W,2>°((0,00), H) N L?, ((0,00), X1)
is a solution of (2.1.1). And, from (2.1.18) (2.1.19) and (2.1.10), we can get the

estimate

du
(2.1.20) B0+ /||u0||1’ dt

< C[L+ g(9) + g(9)eC" + [|]|7e“"]

Now we take ¢ € X5. As H; — X3 is dense (as X is their common
dense subspace), there is a sequence {¢,} C H; such that ¢, — ¢ in Xs.
Owing to the estemate (2.1.20), the solutions {u(t,,)} of (2.1.1) are bounded
and weakly (*) convergent to u(t, ¢) in W1>°((0,T), H) N LP((0,T), X2), V0 <
T < oo. In the same fashion as used in Theorem 2.1.8, one can derive that
u(t, @) € WE((0,00), H) N LP. ((0,00), X1) is a solution of (2.1.1).

loc
Next we verify the uniqueness. It is easy to see that

u € WEe((0,00), H) = u € ¢([0,00), H)

Assume that there are two solutions uy,us € ¢([0,00), H), then ug = ug — uy
satisfies

t
d
/ [< %,v >p 4+ < G(uz) — G(ug),v >|dt =0
0
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Vv € X5. Thanks to the mean value theorem
1
< G(uz) — G(uy),v >= / < DG(suz + (1 — s)uy)ug,v > ds
0

Hence we have

t 1
(2.1.21) / [< %,v >p +/ < DG(suz + (1 — s)ur)ug,v > ds]dt =0
0 0

Putting v = ug in (2.1.21), from (2.1.13) one can derive that

1 t
@l < c [ ol
0

which implies that, by the Gronwell inequality, that ug = 0 in HVt > 0. The
proof is complete.

2.1.3 Downward weakly continuous operators

Let there be the embedding space sequence as to write

(2122) XCcXo—=Xi—H

where X is a linear space, and X5, X1, Hy, H are the completion of X respec-
tively with their norm. In addition, X5, X; are separable and reflexive Banach
spaces, Ho, H are Hilbert spaces.

Suppose that Hy — H is compact, and there exists an one to one dense
linear mapping Lo : X — X7 which satisfies

(2.1.24) <, Lov >pg=<u,v >pg,, Yu,veX.
and there is a sequence {e,} C X such that span{e, } is dense in X7, and
(2.1.25) Loen, = Apeny, Ay £0

moreover, {e,} is also a normal orthogonal base of H.
For the mapping G : R x X5 — X7, we have the following global existence
theorem.

Theorem 2.1.10. Let the conditions (2.1.22)-(2.1.25) be fulfilled. If there
isap={p1, --,pm} > 1 such that

t t t
(2.1.26) / < Gu, Lou > dt > c1/ Hu||§(2dt—02/ lul%, + 1)dt
0 0 0
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Vu € X, and G : RT x Xy — X} is p-weakly continuous, then for any ¢ € Hs
the equation (2.1.1) has a global solution

w € L%, ((0,00), Ha) N LE,.((0,50), Xo).

loc

Proof. Take {e,} asin (2.1.25), and define X,, and )~(n as (2.1.3). It is clear
that Ly X,, = X,,. As the proof o f Theorem 2.1.8, there exist u,, € ¢'([0,00), X)
which satisfy (2.1.5) and (2.1.6). Inserting v = Lau,, in (2.1.6), and by (2.1.24)
one derives that

1
=< ¢n7¢n >H2

t
1
/ < Guy, Louy, > dt + 3 < Up (), un () >p,= 5
0

From (2.1.26) and the Gronwell inequality we can get

lunll3, + /wnm<a+w+w@ .

Hence {u,} € L>=((0,T), H2) N LP((0,T), X2) is bounded for any 0 < T < oo.
Let u,, weakly (*) converges to ug in L>°((0,7T), H2) N LP((0,T), X5). Because
Hs — H is compact,

Un(t) — uo(t) in H a.e. t >0

By the dominated convergence theorem, it follows that wu,, — ug uniformly in
LP((0,T),X2),¥0 < T < co. In the same fashion as used in Theorem 2.1.8, we
can derive that ug € L{S.((0,00), Ho) N LY ((0,00), X2) is a solution of (2.1.1).
The proof is complete.

Now, we shall discuss the further regularity of global solutions of (2.1.1). To
this end, it is necessary to augment the space sequences (2.1.22) and (2.1.23)
to the following sequences

(2127) XCH;— Xg— Xog— X1 — H

where X, X5, Xy, Hy and H are as in (2.1.22) and (2.1.23), and X3 is a Banach
space, H3, Hy are Hilbert spaces.

Besides the linear mapping Ly : X — X; which satisfies (2.1.24) and
(2.1.25), we assume that the sequence {e,} in (2.1.25) is also an orthogonal
base of Hs, and there exists a linear mappings

L12H2—>H
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which satisfies

(2.1.29)

<u, 1w >pg=<u,v >, Yu,veX
Lie; = pe;, pi # 0

In addition, we assume that G : Rt x Xy — X7 is differentiable, and Vu,v € X

(2.1.30) < DG(u)v, Lyv >> c1|jvl|f, — collvl|7,

| < Gu,Lyv > | < gllvll, +g(u)
g: X3 — R is a bounded continuous functional

(2.1.31) {

Theorem 2.1.11. Under the hypotheses of Theorem 2.1.10, if the condi-
tions (2.1.27)-(2.1.31) are satisfied, then for any ¢ € X3, the solution of (2.1.1)
is unique, and which has the further regularity

u € L?gc((oa OO)? Hl) N L%oc((ov OO)? H2)'

Proof. We know that the sequence {un} in the proof of Theorem 2.1.10
also satisfies (2.1.15). By (2.1.29), L1 X,, = X,,, and inserting v = L4 S in
(2.1.15) it follows

1, duy o ¢ duy, du,,
D , L
SIGE i + [ < D) G 1 Gt >
dun()
= 51,

Due to (2.1.30) we get

dun

Dz, te / 15 3,

1, duy,(0 duy, 9
< 31220 1, [ 1%

Because u,, satisfies (2.1.17), and by (2.1.31) one can get

@y

[\)

Hence we obtain

du,, duy, c
15 1, + / 150 Byt < et 4 9(00) + g(60)e]
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The remainder proof is similar to that of Theorem 2.1.9. The proof is complete.
2.1.4 Coerceively continuous operators

We take the sequence (2.1.27) and (2.1.28) as the space framewark to discuss
(2.1.1).

Suppose that Xs — H; is compact, and there is an linear mapping L :
X5 — X7 which is one to one, bounded and dense. Moreover, L satisfies

(2.1.32) <u, Lv >g=<u,v>g,, Vu,veX,
and there exists a sequence {e,,} C X such that span{e, } is dense in X», and
(2.1.33) Le, = A\pen, Ay #0

furthermore, {e,} is a normal orthogonal base of H.
We are now in a position to state and prove the global existence and regu-
larity theorems for the coerceivly continuous operators G : RT x X5 — X7.

Theorem 2.1.12. Let the conditions (2.1.32) and (2.1.33) be fulfilled. If
there is a p = {p1, -+, pm} > 1 such that

t t t
(2.1.34) / <Gu7Lu>dt201/ ||u\|§<2dt—02/ llullZy, + 1de
0 0 0

and G : RT x X5 — X7 is p-coerceivly continuous, then for each ¢ € Hj, the
equation (2.1.1) has a global solution
u e L?(?c((ov OO)) Hl) nL;

loc

((Oa OO)? X2)'

Theorem 2.1.13. Under the hypotheses of Theorem 2.1.12, if G is differ-
entiable, and Yu,v € X

(2.1.30) < DG(u)v, Lv >> c1||v||F, — c2llv[|F,

!/
(2.1.31) g: X3 — RY is a bounded continuous functional

{ | < Gu,Lv > | < 5lJvll, +g(u)

in addition, the sequence {e,} in (2.1.33) is also an orthogonal base of Hs,
then for each ¢ € X3, the solution of (2.1.1) is unique, which has the further
regularity

u € Wp((0,00), Hy) N W,2((0,00), Ha).

loc loc
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The proof of Theorem 2.1.13 is similar to that of Theorem 2.1.11. In the
following, we only need to prove Theorem 2.1.12.

Proof of Theorem 2.1.12. We take the normal orthogonal base {e,} of
H as required by (2.1.33), and due to (2.1.32), {e,} is also an orthogonal base
of Hl .

By using the standard Galerkin procedure as in the proof of Theorem 2.1.8,
there is a sequence {u, },u, € ¢'([0,00), X,,) which satisfies (2.1.5) and (2.1.6).
Putting v = Lu, (By (2.1.33), LX,, = X,,) in (2.1.6), from (2.1.32) and (2.1.34)
it follows that

gl +er [ e < lolt, +eo [ (1, + 1

which implies that the sequence {u,} C L*((0,T),H;) N LP((0,00), X2) is
bounded for any 0 < T' < co. Without loss of generality, let

(2 1 35) Up — U mn Lp<(0,T),X2)
o Up, —* ug in L>=((0,7),Hy), Y0O<T < o0

Now, we need to show that the sequence {u,} is uniformly weakly conver-

gent to ug in LP((0,T), Xa).
According to (2.1.6)(2.1.32) and LX,, = X,,, we have

t
<un(t),v>H1+/ < Gup, Lv > dt =< ¢, v >, YveE X,
0

Hence V0O < h < 1, we have

< Un(t + h) — up(t)

(2.1.36) -

1 t+h
,U>H1:—E/ < Gu, Lv > dr
t

Replacing v by u, (t + h) — u,(t) in (2.1.36), one reads

_ 1 [tth
el e L [ < G, B+ ) — L) >
2 t

1
= —/ < Guy(t+ 7h), Lu, (t + h) — Lu, () > dr
0

Integrating the both sides of above equality for ¢ € (0,T), we get that
(2.1.37)

T _ 1 T
/ ”un(HZ)l u"(t>|§{1dt:/ dr/ < Gun(t +7h), Lun(t) > dt
0 2 0 0
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1 T
—/ dT/ < Gun(t+7h), Lun(t + ) > dt
0 0

Because {u,} C LP((0,T),X2) is bounded, and G takes any bounded subset
in LP((0,T'), X2) to a bounded subset in L? ((0,T), X7)V0 < T < oo, noticing
that L : Xy — X, is bounded, from (2.1.37) we derive that

T
Up(t+ ) — u,(t
(2.1.38) /OH ( h) 2, 4

T+h ., TR )
<[ IGu AT 1Dl

T+h
<e / % dt < o,
0

where a > 0 is a constant independent of n. Letting u,, = >, 2*(t)e;, from
(2.1.38) we can derive that for ach fixed i, there is a constant ¢; > 0 independent
of n, such that )

|27 (¢ + h) — 2 ()] < cih?
which implies, by the Arzera-Ascoli theorem, that

T

(2.1.39) lim | < up —ug,v >p [2dt =0, Yve X,.

n—oo 0

Since U2, X, is dense in H, and {u,} C L*(0,T), H) is bounded, (2.1.39)
holds true for any v € H. Therefore u,, — u uniformly in L?((0,T), X3), V0 <
T < oo.

It remains to verify that

t

(2.1.40) lim < Guy, — Gug, Lug, — Lug > dt =0

n—oo 0

By (2.1.6) we have

t t
(2.1.41) / < Guy, — Gug, Luy, — Lug > dt = / < Gug, Lug — Lu, > dt
0 0

¢ 1 1
_/ < Guin, Lo > dt = 5 < tnyUn >4, +5 < by b0 >,
0
Owing to (2.1.35) and ¢, — ¢ in Hy, we get
t
(2.1.42) lim < Gug, Lug — Lu,, > dt =0

n—oo 0
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(2.1.43) lim < ¢pn,dn >H,=< &, ¢ >H,

On the other hand, by (2.1.38), the function f,(t) = ||un(¢t)||z, satisfy that

T

T
/\h@+m—ﬁﬁwﬁ§/lm#+m—wﬁmmﬁ
0 0

<ah?,. Yo<h<l
and for any subset ¥ C [0,7],

T
iém®WSEWAHw%ﬁPS¢W

Hence, by Theorem 2.21 in [Ad], it follows that {f,(¢)} is a precompact set in
L'((0,T)), and by the compactness of Xy — H; and (2.1.35), for almost all
t € [0,7],

(2.1.44) lm < up(t), un(t) >, =< uo(t), uo(t) >m,

n—oo
In addition, by (2.1.6) we have

t t dU
/ <Gun,Lv>dt:/ < Up,— >pm, db

— < UV >p, + < G v(0) >, YveX,
Passing to the limit n — oo, it follows
t

t
lim <Gun,v>dt:/ < ug,
0

n—oo 0

dv

7 >p, dt

- <u07U>H1 + <¢,U(O) >H1

By the boundedness of {u, } in LP((0,t), X2), {Guy } is bounded in L*' ((0,t), X}),
therefore there exists a w € LP ((0,t), X7 ) such that Gu, — w, namely

t t
lim <Gun,Lv>dt:/ < w,Lv >dt
0

n—oo 0

t

d

:/ <u0,d—: > dt— < ug,v >, + < ¢, v(0) >m,
0

Vv € X,. Since U2, X, is dense in X5, U2, X,, is dense in WP ((0, 1), X2)V0 <
t < 0o. Hence

v

t t
(2.1.45) / <w,Lv>dt= / < ug, — >, dt
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— < wup,v >, + < ¢,v(0) >p,

Yo € WHP((0,t), X5) and 0 < t < oo.
Respectively putting

in (2.1.45) we get

t t
h) —
/<w,Luh>dt:/ <u0’u0(7'+})L uo(7) >p, dr
0 0

— <wg,up >, + < ¢, up(0) >p,
and (naticing u_p(t) = 0,Vt < 0)

t+h t+h - _n
/ <w,Lu_p >dr = / < uy, Uo(7) ZO(T ) >p, dT
0 t

h
+E/ < ug,up >, dT— < Uy, U—p >H,
0

On the other hand
t t+h
h) — — —h
/ <u0,u0(7—+ })L uo(T) - dr—i—/ <u07u0(7) ZO(T ) Sy, dr
0 h

uo(T + h) — up(T)
h

o R ) > ldr
0
= %/o [<uo(T + h),uo(T + h) >, — < uo(T),uo(T) >m,dr

1

t+h 1 h
— < Ug, U0 >H, dr — — < Ug, Uy >H, dr
h Ji h Jo

Consequently we obtain that

t t+h
/ <w,Luh,>dt+/ <w,Lu_p > dt
0 0

t+h
=—<up,up >g, — < Uy, U_p >H, + < ¢,’LL}L(0) >, +E/ < ug, Uy >H, dr
t
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Letting h — 0T, by Lemma 2.1.6, it follows
K 1 1
/ < w, Luy > dt = 3 <, >m, —3 <wug,up >g, aet>0
0

Hence we have

t t
lim < Gy, Lug > dt = / < w, Lug > dt
0

n— oo 0

1 1
=3 < ¢, ¢ >m —3 < Up, U0 >H,, a.e. t>0

Combining with (2.1.41)-(2.1.44), one can derive the equality (2.1.40). The
proof is complete.

Remark 2.1.14. When the spaces in (2.1.27) and (2.1.28) are of X5 =
X1,H, = H, and the mapping L = id : X3 — X;, then the mapping
G : X9 = X; — X7 is the usual horizonal operator, which can be used to
treat the quasilinear problems.

2.1.5 Monotone operators

Here, we still take (2.1.27) and (2.1.28) as the space framework to discuss
(2.1.1), and assume that there is a linear mappings L : Xy — X; which is the
same as in previous subsection.

Similarily, for the monotone operators, we also have the global existence
and regularity results as follows.

Theorem 2.1.15. Let the condition (2.1.32) and (2.1.33) be fulfilled. If
G: LP((0,T),X2) — L? ((0,T), X7) is continuous V0 < T' < oo, and satisfies

(2.1.46) <Gu—Guv,Lu—Lv>>0, Yu,veE Xz

t ¢ t
(2.1.47) / < Gu, Lu > dt > / ca|ull%, dt — 02/ [(lullZ, + 1])dt
0 0 0

then for any ¢ € Hi, the equation (2.1.1) has a global solution v € L7S.((0, 00), H1)N
Lfoc((()’ OO)’ X2)

Theorem 2.1.16. Under the hypotheses of Theorem 2.1.13, if the sequence
{en} in (2.1.33) is also an orthogonal base of Hs, and G is differentiable which
satisfies (2.1.30)’ and (2.1.31)’, then the conclusions of Theorem 2.1.13 hold
true.
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Remark 2.1.17. In the regularity theorems (Theorem 2.1.11, Theorem
2.1.13 and Theorem 2.1.16), the constant ¢; may permit to ¢; > 0. In this
case, the conclusions of regularity should be revised to read

{ we Wh((0,00), Hy) N W22 ((0,00), Hy), as ¢; >0

loc loc

we W, ((0,00), Hy), as ¢; =0

loc

Likewise, we only need to prove Theorem 2.1.15, and the proof of Theorem
2.1.16 is parallel to that of Theorem 2.1.11.

Proof of Theorem 2.1.15. We know that there is a bounded sequence
{un} C L>=((0,T), H )NL?((0,T), X2)¥0 < T < ooj which satisfies (2.1.5)(2.1.6)
and (2.1.35).

According to the monotone condition (2.1.46), from (2.1.6) and (2.1.32),
Yv € )Z'k,n > k, it follows

t
0 < /<GU—GumLU—Lun>dt
0

t t
d
/<Gv,vaLun>dt+/ <%,L07Lun>hrdt
0 0

t
d
= / [< Gu,Lv — Lu, > — < tup, —Lv >g|dt
o dt
1

1
+5 <O bn >Hy 5 < UnyUn >Hy + < Upyv >E = < bn,v(0) >m,

Letting n — oo, by (2.1.35) we get

dv

7 >H1]dt

t
(2.1.48) / [< Gv, Lv — Luy > — < ug,
0

1
+§ < ¢a¢ >H1 + < Up, v >H1 - < ¢7U(O) >H1

1 ~
lim < UpyUp, >, > 0, Vv e X,.

_5—714»00

Because U2, X,, is dense in WLP((0,T), Hy) N LP((0,T), X2)¥0 < T < oo, the
equality (2.1.48) holds for all v € WP((0,T), Hy) N LP((0,T), X>).
Replacing v in (2.1.48) respectively by

1 t+h
up, -+ Aw = E/ uodr + Aw  (w € X3), and
t

IA
u,h—&—)\w:E/ wodr + dw  (w € Xa)
¢

—h
oo uo(t), ast>0
S ast <0
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we obtain
t

/ < G(up + Aw), L(up, — up + Aw) > dr —
0

B /t < up, UO(T + h) — UO(T)
0 h

>p, dr+ < ug(t), up(t) + Aw > g,

=——n—00

1 1
+§ <¢7¢ >H1 - <¢auh(0>+)‘w >H1 _§hm < Up, Un >H120

and (noticing u_p,(t) = 0,Vt < 0)
t+h
/ < G(u_p + dw), L(u—p, — up + Aw) > dr —
0

t+h _ —h 1 h
—/ < ug, uo(7) — uo(7 ) >p, dT — —/ < up, Uy >H, dT
h h h Jo

1
+ <up(t+h),u_p(t+h)+Iw >pg +§ <@, b > — < ¢ Aw >m,

_ih_mnﬁoo < Up, Un >H12 0

In addition,

t B) — t+h _ —h
/ < ’LL()(T), UO<T + ) UO(T) >]—[1 dr +/ < U()(T), UO(T) UO<T ) >}[1 dr
0 h
0

h h
= /t[< uo (1), Uo(r + h;L — uo(7) >, + < uo(T+ h), Uo(7 + hf)L — uo(7) >p, |dr
0

= /0 [<uo(T+ h),ug(T+h) >, — <up(r),uo(r) >m,|dr

S= =

t+h 1 h
/ < U, Uo >H, dT—E/ < Ug, Uy >H, dr
t 0

Hence we have
t
/ < G(Uh + )\w),L(uh —ug + )\w) > dt +
0
t+h
+/ < Gu—p + ), L{u_p —ug + dw > dt+ < ¢, ¢ >p,
0

1 1
_ih—mn—wo < un(t)’un(t) >H, _§h—mn—>oo < un(t+h)aun(t+ h) >H
+ < up(t),up(t) + Aw >, + <wuo(t+h),u_p(t+h) + Aw >p,

t+h
— <y up(0) + Aw >, — < ¢, A\w >, _E/ < ug,up >p, dr >0
t
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Thanks to Lemma 2.1.6 and the continuity of G : LP((0,T), X5) — L¥' ((0,T), X;)¥0 <
T < oo, letting h — 0% it follows

t
(2.1.49) / < Gug 4+ Mw), ALw > dt + A < ug,w >p, —A < d,w >g,
0

> 5 (lim,, ol 77, = [luollF,]

N | =

VA€ R,w € Xy and t > 0, a.e.. Because the functional ||ul|%;, is weakly inferior
semi-continuous, we have

lim,, oo lfunllr, > lluollz,
Hence, from (2.1.49) we get
t
/ < G(ug + \w), Lw > dt+ < ug,w >p, — < ¢, w >, >0
0

VA > 0 and w € Xs. Letting A — 07, and by (2.1.32), one gets
t
/ < Gug, Lv > dt+ < ug, Lv >g — < ¢, Lv > > 0,
0
Vv € X5. Since L : Xo — X, is dense, we have
t
< ug,v >pg +/ < Gug,v > dt =< ¢,v >g,Vv € X
0

The proof is complete.
Remark 2.1.18. If the operator G is relaxed by
G=A+B:R"x Xy — X}
and the condition (2.1.46) is revised as to write
< Au— Av,Lu — Lv >>0, VYu,v e X,

lim, oo [} < Bun, Lu, > dt = [ < Bug, Lug > dt
provided uy,,ug satisfing (2.1.35)

the Theorem 2.1.15 and Theorem 2.1.16 still hold true.

2.1.6 Remarks and example
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In the previous global existence and regularity theorems, Theorem 2.1.8
and Theorem 2.1.9 can be applied treat the initial boundary value problems of
degenerate parabolic equations and the equations with nonnegative character-
istic form; and Theorem 2.1.10-Theorem 2.1.16 can be used to deal with the
initial boundary value problem of a class of fully nonlinear parabolic equations.

In the following, we shall give an example to show how to apply the ba-
sic theorems to partial differential equations. To this end, it is necessary to
introduce two lemmas, which play the role of the compact embedding theorems.

Lemma 2.1.19. If Q C R" is bounded, and {e,,} C L?(f2) is an orthogonal
base, then for any € > 0 there exists N. > 0 such that Yu € WHP(Q)(p >
2n/n+2,n>2)

Ne

[/ lu|?dz]? < e[/ [VulP + |u|Pdx]? P + Z / u-epdr)?)?
Q

k=1

This lemma is Lemma 2.4 of Ch.IT in [LSU].

Lemma 2.1.20. Let {u,} C LP((0,T), W™P?(§2)) be bounded (m > 1),
and u, — uo in LP((0,T), W™P(Q))(p > 2). If

T
(2.1.50) lim [/ (wn, — uo)vdr]?dt =0, Yo € ()
0o Jo

n—oo
then V]a| < m — 1, we have

(2.1.51) D%u,, — D“ug in L*((0,T) x Q).

Proof. Because ¢i°(12) is separable with the L?-norm and dense in L?((2),
by the Gram-Schmidt standard orthogonal procedure, there exists {e,} C
c5°(Q) such that {e,} is an orthogonal base of L?(Q2). By Lemma 2.1.19,
we have

T T n
(2.1.52) / / |D%u,, — D*ug|*dxdt < e/ [/ Z |D; D%uy, — D; D%up [P+
0o Jo 0o Joi

Ne T
+| D%y, — D“u0|pdx]%dt + Z/ [/ (D*u,, — D%ug)epdx)’dt
k=170 J&
Vja| < m — 1. Due to ey, € c§°(2),

/(Daun — D%uyp)epdz = (—1)1¢ /(un — ug)D%pdx
Q

Q
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Thanks to the boundedness of {u,} in LP((0,T), W™P(Q2)) and 2/p < 1, from
(2.1.50) and (2.1.52) one can derive (2.1.51). The proof is complete.

Example 2.1.21. We consider the below quasilinear degenerate parabolic
equations of second order

3 — Dilaij(w, 0) Dju + bi(2)u) + c(z,u) = f(x,1),
(2.1.53) u|22 oy, =0 vt >0
u(z,0) = ¢(x)

where a;j,b;,¢ and ) 5,> 5 C 00 are the same as in Theorem 1.6.3, which
satisfy the condition (L;) — (L4) in Subsection 1.6.2.

Take X, X1, X2 as in Theorem 1.6.3, H = L?(Q2), and G : RT x X; — X3
defined by

< Gu,v >= / laij(x,w)DjuDjv + bi(x)uD;v+
Q

+e(zyu)v — f(x, t)v]de — / b- Nu-vds
1
As the proof of Theorem 1.6.3, the condition (A;) in Theorem 2.1.8 is
readily checked, and when wu, — wug uniformly in L”((0,7), X1), by Lemma
2.1.20, one can derive that u, converges to ug on Q x [0, 7] in measure, which

implies that G : RT x X; — X3 is p-weakly continuous. It remains to check
the condition (A3). We see that

t+h t+h
|/ /aij(x,u)DiuDjvd:rdﬂ §c|/ /aij(x,O)DiuDjvdxdﬂ
t Q t Q

IN

t+h L ptth )
c[/ /aij(x,O)DiuDjud:cdt]E[/ /aij(x70)Diijvdxdt]§
t Q t Q

IN

T
c[/ / aij(x,O)DiuDjudxdt]% . [/ |Vv\2dx]% - h?
o Ja Q
< ¢ h*YO<h<1landv c Q)
In the same fashion, we can derive

11

t+h
|/ < Gu,v > dt| < ch®, a =min{-, =}
\ 2%

and the condition (As) is checked.
Hence, by Theorem 2.1.8, for any ¢ € L?(Q),f € L*(Q), the problem
(2.1.53) has a global weak solution

u € Lis,((0,00), L*(€2)) N Lo (0, 00), LF(Q2)) N Lio (0, 00), Hipe(€2))

loc
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In addition, if a;j(x,2) = a;j(z), and the coeficients of (2.1.53) are differen-
tiable, ¢ (z,2) > —c(c > 0), then by Theorem 2.1.19, V¢ € W22(Q) N X; N
L2*(€2), the solution of (2.1.53) is unique and belongs to W,2°((0, c0), L2(Q)).

loc

2.2. Uniform Boundedness of Nonlinear Evolu-

tion Equations with Variational Structure
of the First Order in Time

2.2.1. Weakly continuous horizontal operators

Let the space framework be given by
(221) XCHQ‘—>X2‘—>X1‘—>H1‘—>H

where H, H1, Ho are Hilbert spaces, X1, Xo are Banach spaces, and X; is re-
flexive. Let X; — H be compact.
We continue to consider the nonlinear evolution equations as to read

du | Gy =
(2.2.2) {ﬁo?iﬁ 0

where

G=DF+B:R"xX, - X}
F: X, — Risac" functional (1)
B: R x X; — X7 is a mapping

Suppose that

(2.2.3) lul|x, — 00 < F(u) — oo

1
(2.2.4) | < Bu,v>| < 5“@”%[ + CF(u) +c

We are now in a position to state and prove the uniform boundedness and
regularity of global solutions of (2.2.2).

Theorem 2.2.1. Let G : R™x X7 — X be weakly continuous, and ¢ € X7.
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i) . If G = DF satisfies (2.2.3), then (2.2.2) has a global solution
u € WH2((0,00), H) N L>((0, 00), X1)

and the solutions of (2.2.2) are uniformly bounded in X;

ii) . If G = DF + B satisfies (2.2.3) and (2.2.4), then (2.2.2) has a global
solution
u e W2((0,00), H) N Lis,((0,00), X1).

loc loc

Theorem 2.2.2. Let G = DF : X; — X{ be weakly continuous and
differentiable, which satisfies (2.2.3) and

< DG(u)v,v >> cleH%{l — CQH'U||2H, Yu,v € X,

| < Gu,v>| < 5llvllF + g(w)
g: X2 — Ris a bounded continuous functional

then for any ¢ € Xs, the solution of (2.2.2) is unique, which has the further
regularity

u € WH((0,00), H) N W2((0,00), Hy), as ¢; >0

u € WH*((0,00), H), as ¢c; =0

moreover, for any bounded subset > C X, the solutions of (2.2.2) are uni-
formly bounded for (u:(t,®),u(t,¢)) in H x X; with ¢ € >, i.e. there exists
a constant ¢ > 0 such that for all ¢ € >, the solutions u(t,¢) satisfy the
boundedness

luellm + lullx, <e,  VE=>0.

We only prove Theorem 2.2.1, and the proof of Theorem 2.2.2 is parallel to
that of Theorem 2.1.9.

Proof of Theorem 2.2.1. By Lemma 2.1.7, we take the normal orthogonal
base {e,} of H, which is also an orthogonal base of Hs.

By using the Galerkin procedure, there is a sequence {uy, }, u, € ¢*([0, ), X,,),
which satisfies

t
(2.2.25) < Up,V >H +/ < Gup,v > dt =< ¢y, v >, Yv€E X,
0
o duy, ~
(2.2.6) [< 5V H + < Gup,v >]dt =0, Yve X,
0
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We first verify the claim i). Inserting v = %42 in (2.2.6), we have

dt
¢t du, du du
0 = — = DFu,, — >\dt
/0[< 0 JH T < DFun, — >]
o duy, du, td
= —_— >pg dt — F(u,)dt
/O at > at M +/0 g F'(un)

o duy, duy
Don Dn F _F
| < S T e P (0) = Fon)

Hence we get

t
duy,
(2.2.7) /O H%H%[dtJrF(un) = F(¢n)

Because the boundedness of ||¢,||x, can not be directly obtained from X7, we
first take ¢ € Hy. Due to {e,} being also an orthogonal base of Hy, ¢, — ¢ in
H,, and by Hy — X7, we obtain

(2.2.8) ¢n — ¢ in Xy

Thus, from (2.2.7)(2.2.8) and (2.2.3) one derives that {u,} € W12((0,00), H)N
L>((0,00), X7) is bounded. Let

w, — ug in WH2((0,00), H)

un, —" ug in L>((0,00), X1)

By the weak continuity of G and the dominated convergence theorem, from
(2.2.5) it follows

t
< up,v >pg +/ < Gug,v > dt =< ¢,v >g, Yve X,
0
Because U2, X, is dense in X, we get
duo
< pral > + < Gug,v>=0, a.e. t >0,ve Xy

On the other hand, owing to (2.2.3)(2.2.7) and (2.2.8), for any ¢ € Ha, ||¢]/x, <
R there is a constant ¢ > 0 only dependent on R, such that the solutions u(t, ¢)
of (2.2.2) satisfy

(2.2.9) / el 2 dt + |lullx, <c, VE>0
0
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Now, we take ¢ € X1, ||¢]lx, < R, then there is a sequence {1,,} C Ha with
||¢7LHX1 < R7 and
By the estimate (2.2.9), the solutions {u(¢,%,)} of (2.2.2) are bounded in
W2((0,00), H)NL*>®((0,00), X1). It is easy to see that u(t, 1, ) weakly (*) con-
verges to u(t, ¢) in W2((0,00), H) N L>=((0,00), X1), and u(t, ¢) is a solution
of (2.2.2) which satisfies (2.2.9).

Next we shall verify the chaim ii). Putting v = dst” in (2.2.6) we get

t dun 2 ¢ dun
S 12 a4t + F(un) = F(én) — Buy, 2n 5 gt
NG+ P = P = [ < Bu, >
According to (2.2.4) one gets
1" duy t
(2.1.10) 3 HWHHdt + F(up) < F(¢n) +c¢ | [Fluy)+ 1]dt
0 0

Thanks to the Gronwell inequality, from (2.2.3 and (2.2.10) we can derive that
{u,} € WH2((0,T),H) N L*((0,T), X1) is bounded V0 < T < oo, and the
remainder proof is parallel to that of the claim i). The proof is complete.

2.2.2 Weakly continuous downward operators

Let there be the embedding space sequences

(2.2.11) XCHy;— X4 —>X3—>Xo—X;—H

where X is a linear space, X;(1 < i < 4) and H,H;(1 < j < 3) are the
completion of X respectively with their norm, X;(1 < ¢ < 4) are Banach

spaces, H and H;(1 < j < 3) are Hilbert spaces. Let X3 be reflexive.
Suppose that there are two linear mappings

L12X2—>X1

LQZX—>X1

which are one to one and dense, and satisfy

(2.2.13) <u,[1v>g=<u,v >pm,
(2.2.14) < u, Lov >g=< u,v >p,
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Let there exist a sequence {e,} C X which is respactively a normal orthogonal
base of H and an orthogonal base of Hg, and

Ll@n = /\nena An 7é 0
(2215) { L2€n = Un€n, Hn 7é O

It is clear that span {e,} is dense in X;.
Let us consider the equations (2.2.2) with the mapping

G: X3 — Xik
Assume that there exists a ¢! functional F : Xo — R, such that for all u,v € X

(2.2.16) < Gu, L1v >=< DFu,v >x,,

(2.2.17) lul|x, — 00 < F(u) — oo

and there is a p = {p1, -+, pm} > 1 such that

t t t
(2.2.18) / < Gu, Lou > dt > 61/ [[wll’,dt — 02/ [llullz, + 1])dt
0 0 0

Theorem 2.2.3. Let G : X3 — X7 be weakly continuous and satisfy the
conditions (2.2.16)-(2.2.18). Then for any ¢ € X, (2.2.2) has a global solution

u € L*((0,00), Xo) N LY

loc

((0’ OO)vXEl)
Ut € LQ((()? OO), Hl)a

and the solutions of (2.2.2) are uniformly bounded in Xs.

Theorem 2.2.4. Under the hypotheses of Theorem 2.2.3, if G : X3 — X}
is differentiable, and satisfies

< DG(u)v, Liv >> cl||v\|?{2 — 02||UH%,1, Yu,v € X.

| < Gu, Lyv > | < gloll3, + g(u),
g: X4 — Rt is a bounded continuous functional

then for any ¢ € X4, the solution of (2.2.2) is unique, which has the further
regularity

u € WH((0,00), Hy) N WH2((0,00), Ha), as ¢y > 0

u € WH((0,00), Hy), as c; =0
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moreover, for any bounded subset Y C X4, the solutions u(t, ¢) of (2.2.2) are
uniformly bounded for (u:(t, ¢), u(t, ¢)) in Hy x X5 with ¢ € Y.

We only prove Theorem 2.2.3, and the proof of Theorem 2.2.4 is parallel to
that of Theorem 2.1.11.

Proof of Theorem 2.2.3. We take the sequence {e,} C X as in (2.2.15)
which is respectively a normal orthogonal base of H and an orthogonal base of
Hjs. It is clear that Li(X,,) = X,,(i = 1,2).

It is known that there is a sequence {u,(t)},u, € c'([0,00),X,,) which
satisfies (2.2.5) and (2.2.6). Putting v = 2 L, in (2.2.6), and by (2.2.13) and
(2.2.16) we get

o duy, dup duy,
/O [< W’W >y, + < DFU”’W >X2]dt

- / 18412 4 Pun(t)) — F(ga) = 0

dt
namely
b oduy,
(2.2.19) HWHHldt—FF(un) = F(¢n), ¥t >0
0

Again, inserting v = Lau,, in (2.2.6), and by (2.2.14)(2.2.18) it follows that

1 t
(2.2.20) §||un(t)|\%12 +c1/0 [[wn %, dt

1 t
< 5l10ulf+ o [ uali, + e

By using the Gronwell inequality, from (2.2.19)(2.2.20) and the condition (2.2.17),
one can derive that the sequence {u,} C W12((0,00), Hy) N L>=((0,00), X2) N
LY ((0,00), X3) is bounded provided ¢ € Hs. The remainder proof is parallel

to that of Theorem 2.2.1. The proof is complete.
2.2.3 Operators with monotone structure

In this subsection, we take the sequences (2.1.27) and (2.1.28) as our space
framework to discuss (2.2.2), where X9 — H; is compact.

Let there be an one to one and dense linear bounded mapping L : X5 — X1,
which satisfies (2.1.32) and (2.1.33). Moreover, {e,} is respectively a normal
orthogonal base of H and an orthogonal base of Hs.

We consider the equations (2.2.2) with the operators

G=A+B:R'"x Xy — X;
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Suppose that there exists a ¢! functional F : X5 — R such that

(2.2.21) < Au, Lv >=< DFu,v >x,, Yu,v € Xs
(2.2.22) lul|x, — 00 < F(u) — oo

1
(2.2.23) | < Bu,Lv > | < §||v|\ih + cF(u) + ¢

We say that G : RT x X5 — X7} is coerceivly continuous, if for any u, —* g
in L*((0,00), X3), and
t

lim < Guy — Gug, Luy, — Lug > dt =0, VY0 <t < oo

n—oo 0

then for any v € X;
t t
lim <Gun,v>dt:/ < Gug,v >dt, Y0<t< oo.
0

n—oo 0

Theorem 2.2.5. Let G : RT™ x X5 — X} be coerceivly continuous, and
¢ € Xo.
i). If G = A satisfies (2.2.21) and (2.2.22), then (2.2.2) has a global solution

u € WH2((0,00), Hy) N L°°((0,00), X3)

and the solutions of (2.2.2) are uniformly bounded in Xs.
ii). If G = A + B satisfies (2.2.21)-(2.2.23), then (2.2.2) has a global solution
u e Wi2((0,00), Hy) N Lis,((0,00), Xa).

loc

Theorem 2.2.6. Let G : Rt x X3 — X be bounded continuous ¢ € Xo,
and

(2.2.24) <Au—Av,Lu— Lv >>0, VYu,ve Xy

i). If G = A satisfies (2.2.21)(2.2.22) and (2.2.24), then (2.2.2) has a global
solution
u € WH?((0,00), Hy) N L((0,00), X)
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and the solutions of (2.2.2) are uniformly bounded in X5
ii). If G = A+ B satisfies (2.2.21)-(2.2.24), and for any u,, —* ug in L>°((0,¢), X3), 0 <

t < 00,
t

t
lim < Buy,, Lu, > dt = / < Bug, Lug > dt
0

n—oo 0

t t
lim <Bun,v>dt:/ < Bug,v > dt
0

n—oo 0

then (2.2.2) has a global solution

we WE2((0,00), Hy) N LS. ((0,0), X3).

loc

Theorem 2.2.7. Under the hypotheses of Theorem 2.2.5(or Theorem
2.2.6), if the conditions (2.1.30)" and (2.1.31)". in Theorem 2.1.13 are fulilled,
then for any ¢ € X3 the solution of (2.2.2) is unique, which has the further
regularity

u € WE((0,00), Hy) N L22((0,00), Hy) as ¢ > 0 in (2.1.30)'

loc
(= Wlt;coo((ovoo)le)y as c; = 0.

Moreover, if G = A, then for any bounded subset Y C X3, the solutions of
(2.2.2) are uniformly bounded for (u:(t, @), u(t,¢)) in Hy x Xo with ¢ € >

The proofs of Theorem 2.2.5-2.2.7 are similar to these of Theorem 2.1.12-
2.1.13 and Theorem 2.1.15.

In fact, the proofs of Theorem 2.2.5 and Theorem 2.2.6 are more sim-
ple than these of Theorem 2.1.12 and Theorem 2.1.15, because the approx-
imative sequence {u,} in Theorem 2.2.5 and Theorem 2.2.6 is bounded in
W2((0,00), Hy) N L>((0, 00), X3), thus we can directly obtain the limits

t t
lim < Guy, Lug > dt = — lim <

n—oo [ n—oo [q d

dun

7 , U0 >H, dt

t
duo 1 1
= —/0 < %,uo >, dt:—§ < U, U >H, —3 < ¢, ¢ >m,

and . .
. dun duo
nh~>nclo | <W,U >, dt—/o <E’U >, dt.

Here, we omit the details of the proofs.
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2.3. Abstract Theory for Nonlinear Evolution
Equations of Second Order in Time

2.3.1. Abstract nonlinear hyperbolic equations

Let the space sequences be given by
(2.3.1) XCHy,— X9 X1 —H
Xo—H  — H
Let L : X — X, be an one to one and dense linear mapping, which satisfies

(2.3.2) <u, v >g=<u,v>pg,, Yu,veEJX,

(233) Lei = )\7‘,61’, /\z 35 0

where {e;} C X is respectively a normal orthogonal base and on orthogonal
base of Hs.
We consider the equations as follows

211. U

u(0) =¢, u(0)=1v
where G : Rt x X5 — X7.

Definition 2.3.1. Let (¢,1) € Xox Hi.u € W((0,00), H1)NLZ.((0,00), X2)

loc

is called a global solution of (2.3.4), if for any v € X},

t
<up,v >tk <u,v>g +/ < Gu,v>dt =<,v>g +k < d,v>g
0

Definition 2.3.2. Let Y7,Y3 be Banach spaces. The solution u(t, ¢, ) of
(2.3.4) is called to be uniformly bounded in Y7 x Y3, if for any bounded subset
By x By C Y7 X Y5, there is a bounded open set 21 x Q5 C Y7 X Y5 such that
{u,ur} € Q1 x Qo Vt > 0 provided (¢, 1) € By X Bs.

We suppose that

G:A+B:R+XX2—>X{‘
and there is a ¢! functional F' : X5 — R such that

(2.3.5) < Au, Lv >=< DFu,v >x,, VYu,ve€ X
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(2.3.6) lu]|x, — 00 < F(u) — oo

(2.3.7) | < Bu,Lv > | < c¢1F(u) + CQHU”%{l +g1(t)

1
(2.3.8) | < Gu,v > < §Hv||%, + cF(u) + go(¢)

where g1, 92 € L},.(0, 00).
Theorem 2.3.3. Let G : RT™ x X5 — X} be weakly continuous and
(¢,%) € X2 x Hy. Then the below conclusions hold.

i) . If G = A satisfies (2.3.5) and (2.3.6), then the equation (2.3.4) has a global
solution u € W1((0,00), H1) N L>=((0,00), X2), and the solutions of
(2.3.4) are uniformly bounded in X5 x Hj.

ii) . If G = A+ B satisfies (2.3.5)-(2.3.7), then (2.3.4) has a global solution
we Wh((0,00), Hy) N L2, ((0,00), Xy)

loc loc

iii) . In addition, if the condition (2.3.8) is also fulfilled then the solution
we W2((0,00), H).

loc

Proof. Let {e,} C X be the common orthogonal base of H and Hs, which
satisfies (2.3.3). Hence LX,, = X,,.

By means of the Galerkin procedure, there exist u,, € ¢*([0,00), X,,) which
satisfy

<o v >y k< un,v >y + [y < Gug,v > dt
(2.3.9) =< Un,v >p +k < ¢, v > 11, Yo e X,

Unp (0) = (bnv dugt(O) = wn

t 2
d“u,, duy,
(2.3.10) /0 [< gz v >H +k<ﬁ’v >g 4 < Gup,v >|dt =0

Vve)?nand0<t<oo.

We first consider the case of G = A. Inserting v = %Lun in (2.3.10), from
(2.3.2) and (2.3.5) we get

t
du, 1d duy, duy,

- DFuy,. 24n -4 W Sn
0 /0[< Uns g TXe Ty S g Tar

du,, du,

k<« 22 "
+<dt’dt

>H1]dt

118



= Plun) — F(6n) + 5 oo

namely

duy, 9

%3~ 3l + / | L

HHldt

1, duy o b du, 2 1 2
Q311 Fu)+ 515G+ [ 15 e = F(G.) + 50
We first take ¢ € Hy. Because {e,,} is a common orthogonal base of H and
Hs, and by (2.3.2) and (2.3.3), {e,} is also an orthogonal base of H;. Hence
¢n — ¢ in Ho, 1), — ¢ in Hy. And by Hy — Xs, we have

On — ¢ in Xo

(2.3.12) { L

Due to (2.3.6), from (2.3.11) and (2.3.12) it follows that {u,} C W1>°((0, 00), H1)N
L>((0,00), X3) is bounded. Let

Uy, —* ug in WH((0, 00), Hy) N L>((0, 00), X2)

By the weak continuity of G : X5 — X7, from (2.3.9) we can derive that ug is
a solution of (2.3.4). In addition, from (2.3.11) and (2.3.12), one can deduce
that for any R > 0 there is a constant ¢ > 0 such that if

(2.3.13) 0llx, + Y], < R
then the solution u(t, ¢, ¥) of (2.2.4) satisfies
(2.3.14) [ut, &, ¥)|lx, + [lue(t, ¢, )|, <¢, VE=0

Now we take (¢,1) € Xo x Hy which satisfies (2.3.13). Because Hy — X5
is dense, we take ¢, € Hs such that
[¢nllx, + 1Y)l <R

lim ¢, = ¢ in X»

n—oo

By (2.3.14), the solutions {u(t, ¢,, 1)} of (2.3.4) is bounded in W1°°((0, o), H1 )N
L>((0,00), X2). Let

u(t, o, 1) =" win WH((0,00), Hy) N L¥((0,00), X»)

Then it is easy to see that u(t) is a solution of (2.3.4) which satisfies the uniform
boundedness (2.3.14). Thus, the claim i) is verified.

Next, we consider the case of G = A + B. Putting v = < Lu, in (2.3.10)
we get

(2.3.15) Fun) + 5=~ 17 + /H [, dt
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! d 1
= _/ < Buy, —Lu, > dt + F(¢n) + _|‘¢n||%l
A di 2 !

Due to (2.3.7), from (2.3.15) it follows

U gy t Uy
(2.3.16) F(““> 2||ddt i < e fy [F(un) + 511%
fo g1(t)dt + 2||¢HH1 +bupn F(én)

2, 1dt + k(1)

Thanks to the Gronwell inequality, from (2.3.16) one can deduce

(2.3.17) Flu) + 51— L) dun

t
Pl < KO+ [ (o) s

0
The inequality (2.3.17) implies that for any 0 < T < oo, {u,} is a bounded
sequence in W1>°((0,T), H;) N L>=((0,T), Xs). In the same fashion as the

above proof, one can obtain the claim ii).
d’u,,

Finally, if the condition (2.8) is also fulfilled, then inserting v = <= in

(2.3.10) we have

Hdt+ ]{1 >H

/t d2u, d*u, dun duy,
0 dt2 7 dt? dt 7 dt

k duy, t
< Bl 3 [ 1% i+ [ ) + ga(0lt

which means, by (2.3.17), that

dun t cT ! c(T—s
/H 7 IIHdt<k||wHH+c/[g2+k(0)e +/0 1(5)eC =) ds|dr

Thus, for any 0 < T' < oo, {u,} C W22((0,T), H) is bounded. It infers that
the solution of (2.3.4) belongs to W22((0,00), H). The proof is complete.

loc

Remark 2.3.4. In Theorem 2.3.3, the condition (2.3.7) can be relaxed as
that

d t
(2.3.18) I " Bu, &L > di </ cF(u )+c|| 2, + g2l
0

+aF(u) + O.
Vu € ¢'([0,00), X),u(0) = ¢, where 0 < a < 1,0 < 8, and g2 € L}, (0, 00).

Remark 2.3.5. As Hy = H, X = X; and L =id: X — X is a including
mapping, then for the horizonal mapping G : R™ x X; — X}, Theorem 2.3.3
still holds, which is garranteed by Lemma 2.1.7.
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2.3.2. Equations with a strong damping term

In this subsection, the space framework is taken as to read
(2319) XCH3C—>X2‘—>X1 — H
X2 — H2 — H1 — H

where Hy — H; be compact.
Let there be an one to one and dense linear bounded mapping L : X5 — X1,
which satisfies

(2.3.20) <u,Lv >g=<u,v>g,, YuvelX,

(2.3.21) Le, = Mpen, A #£0,

where {e,} is respectively a normal orthogonal base of H and an orthogonal
base of Hs.
We shall deal with the equations given by

u(0) = ¢, u(0) =1
where £ : X5 — X, is a linear bounded operator, and
(2.3.23) < Lu, Lv >g=<u,v >p,, Yu,ve Xs.

Let
G=A+B:R"x Xy — X}

where A satisfies (2.3.5) and (2.3.6), and B satisfies

k
(2.3.24) | < Bu,Lv > | < cF(u)+ 5”’[}”%{2 +g(t)
where g € L}, _(0,00).

loc

Theorem 2.3.6. Let G : R x X5 — X} be coerceivly continuous, and
(ﬁbﬂﬁ) € X2 X H1~

i) . If G = A satisfies (2.3.5) and (2.3.6), then (2.3.22) has a global solution
u € Wl,oo((()’ OO), Hl) n WLQ((Ov OO), HQ) n LOO((Oa OO), X2>

and the solutions of (2.3.22) are uniformly bounded in Xs x Hj.
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ii) . If G = A+ B satisfies (2.3.5)(2.3.6) and (2.3.24), then (2.3.22) has a
global solution

u € Wi2((0,00), Hy) N Wi2((0,00), Ha) N Lis,((0,050), X2).

loc loc

iii) . Furthermore, if (2.3.8) also satisfied, then the solution u € W22((0, 00), H).

loc

Similarily, for the monotone operators, we also have the global existence
and uniform boundedness results.

Theorem 2.3.7. Let G : RT x X5 — X be bounded continuous, (¢,) €
X2 X Hl, and

(2.3.25) < Au—Av,Lu— Lv >> 0, VYu,v € Xs.

i) . If G = A satisfies (2.3.5)(2.3.6) and (2.3.25), then the conclusions in i) of
Theorem 2.3.6 holds.

ii) . If G = A+ B satisfies (2.3.5)(2.3.6)(2.3.24) and (2.3.25), and for any
Up, —* ug in L®((0,T), X2)V0 < T < o0,

T T
lim <Bun,v>dt:/ < Bug,v >dt, Yve L*((0,T),X1)
0

n—oo 0

T T
lim < Buy,, Lu,, > dt = / < Bug, Lug > dt,
0

n—oo 0
then the conclusions in (ii) of Theorem 2.3.6 holds.

iii) Furthermore if (2.3.8) is also satisfied, then the solution of (2.3.22) belongs
to W22((0,00), H).

loc

We here only prove Theorem 2.3.6.

Proof of Theorem 2.3.6. Here, we only verify the claim i) and the proof
of the other claims are similar to these of the previous theorems.

In the same fashian as the proof of Theorem 2.3.3, by (2.3.5)(2.3.6)(2.3.20)
and (2.3.23), we can obtain a sequence {u,, }, u,, € ¢*([0,0), X,,) which satisfies

< %’”—',v >y +k < Lup,v>p -I-f(;s < Guy,,v > dt
(2326) =< Y, v > +k < Lop,v >, Yve X,

Unp, (0) - ¢n7 du;t(()) = ’l/)n

t dPu, d
(2.3.27) /[< d—;,v > +k<££un,v >+ < Gup,v >]dt =0
0
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Yv € )?n, and 0 < t < oo, moreover

(2.3.28) U —* ug in WH((0,00), Hy) N L>((0,00), Xa)
- Uy — g in WH2((0,00), Ha)

If we show that

t
k
(2.3.29) lim [/ < Guy, — Gug, Luy, — Lug > dt + §||un — upllm,] =0
0

n—oo
then by the coerceiv continuity of G, from (2.3.26) and (2.3.28) one obtain
claim i).
According to (2.3.23), we have
t<i£ —iﬁ Luy, — Lug >p dt
/0 Tt et
1 d

t
= = — < Uy — UQ, Uy — Uy >H, dt
2‘/0 dt n 0, Un 0 ~ Hs

1 1
= Sllun®) = w0 (Ol — 36n — ol

Hence, from (2.3.27)(2.3.23) and (2.3.20) it follows

t
k
/ < Gu,, — Gug, Luy, — Lug > dt + §Hu" — || i,
0
¢ d d
= /0 [< Guy,, — Gug, Luy, — Lug > +k < %Eun — Eﬁuo,Lun — Lug >pgldt

k
+§H¢n - ¢||H2

t
d
= / [< Gug, Lug — Luy, > — < Guy, Lug > —k < EﬁumLuo >
0

du,

d
+k < %EUO,LUO —Lu, >g — <

k
+§H¢n - ¢||H2

t
du,,
= /[<G’UJ0,L’UJ0*LUn>7<GUn,LUU>*k<%,UO>H2
0

dug du,, du,
+k < 7 ,Up — Uy, > H, + < L di
duy,

k
- < W?un >, +< '(/Jnv(bn > +§”¢n - ¢HH2

Because X5 «— Hs, and ¢,, — ¢ in X5, we have

>H1]dt

lim 6, — ¢, = 0.
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By (2.3.28), we have

t
lim < Gug, Luy, — Lug > dt =0

n—oo 0
t
. du
nhngo <d—t0,un7uo >, dt =0
- 0

Hence we get

t
k
(2.3.30) lim < Gu,, — Gug, Lu,, — Lug > dt + 5 nlL»H;o lwn, — uol| m,

n—oo 0

¢ du,
= lim [— < Guy, Lug > -k < ——,ug >p, +
du,, du, . duy,
+< 0t di >p, ]dt — nhf;o < TR >p, + <Y, 0>,
From (2.3.27) and (2.3.28) one can deduce
t t duo
(2.3.31) lim < Gy, Lv > dt = —/ k< —,v>m,
dug dv dug
—< %7% >H1]dt— < E,U >y + < ¢,U(O) >Hys

Yo € U, X,,. Because U2, X,, is dense in W2((0,T)), Hy)NLP((0,T), X2)Vp <
oo and T < 0o, the equality (2.3.31) holds true for any v € W,L%((0, 00), Hz) N
LP

loc

((0,00), X32). Hence we have

t t

d
(2.3.32) lim < Gup, Lug > dt = —/ [k < ﬂ,uo >H,
dug duo
dt’ dt
By the compactness of Hy — Hyp, from (2.3.28) it follows

t t
. du,, du, dug dug
1 —_— — dt = —_— — dt
N TR /0<dt’dt>H1

du
>H1}dt— < d—to,uo >p, + < ¢7¢>H1

and by (2.3.28), u,, — ug in Hy a.e. t > 0, hence we get

du dug
—n,un >, =< —,U9 >H,, a.e. 1 >0

i
m < i

n—00 dt
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Obviously
t

. duy, o dug
nlLH;O ; <W,Uo >, dt—/o <W,Uo >p, dt

Consequently, from(2.3.30) and (2.3.32) one can obtain the equality (2.3.29).
The proof is complete.

2.4. Initial Boundary Value Problems of Nonlin-
ear and Fully Nonlinear Parabolic Equations

2.4.1. A lemma

In order to convenience, in the following we introduce a lemma, which is
owed to [LSU] and [Mj].

Lemma 2.4.1 Let 2 C R™ be a bounded domain, 0 < T < oco. Then
for any 0 < k < m there exists a p > p such that L?((0,T), W™P(Q2)) N
L>=((0,T), L?>(R2) can be imbedded into LP*((0,T), WP (Q)), specially

n42

w P((0,T) x §2)

LP((0,T), WhP(Q)) N L>=((0,T), L*()) — L
where p > 2.

Proof. First, when p < n, from Theorem 1 of §1.4.7 in [Mj], we have
[/ | DFultda]t < c[/ |Dk+1u\de]%[/ luf2da] %
Q Q Q

where ¢ = (2k +n + 2)p/(2k + n),0 < k < m. From the inequality we can
obtain that

T T
(2.4.1) [/ /|Dku|qudt]% < c[/ /|D’f+1u|Pd:cdt]%><
0 Q 0 Q

11—z
x max [ [ u?dz]z(~0)
0<t<T" |

T 1 1
< o, |p > 2 =
_c[/o /Q > Dl dudt) +Orgnta§xT[/Q |u|2dz]?

jal<m
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When n < p, by Theorem 2.2 of Ch.IT in [LSU], we have
[/ |DFul9dz]7 < ¢ / |DFufPda) ¥ / | DFu|2dz]2 (=)
Q
1

foru e Wmr(Q),0 <k <m,a=(3— %)(% -5+ )t

On the other hand, by the interpolation inequality

[j/\l?ku¢2d11%<l-a>fé[j/\1>k+4142dx1%<*‘“wjf u?da] 2 (=000
Q Q Q

< [/ D+ ] 3P0~ a)[/ W2d] -0 (1)
- Ja Q
k

where 3 = 77. Hence, we may obtain

242) [ IDbupdsl? < ol [ D rdalt] [ widelH0-D
Q

where

ko1 L1 -\ L (11 !
T \E+1 2k+1)\n 2 p —PTErI\n T2 P

-1
It is easy to check that kLH + m (% + % — %) <1 asn < p. Hence from

(2.4.2) we can obtain (2.4.1).
Specially, as k = 0,m = 1, we have q = "£2

2.4.2. Global existence of fully nonlinear first initial bound-

ary value problems

Hereafter, the domain Q C R" is always assumed to be bounded and

smooth, unless it is specially pointed out.

First, we shall discuss the global existence of strong solutions of the problem

given by
9u — P(z,u, Vu, Au) = g(z,u, Vu, D?u), z€Q
(2.4.3) ulon =0
u(z,0) = ¢(x)
Suppose that
(244) F(iC, Zagay)y 2 Cl|y|p — C2, p 2 2
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(2.4.5) [F(2,2,60) — Fl, 2,6 y2)|ly1 — yol > klyr —w2|?, k>0

|F(z,2,&y)] < cfly[P~t + 1€ +[2]P2 + 1]
(2.4.6) lg(z, 2,§,m)| < el[nfP* + €72 + [2[P* + f] ,
< E2(p—1),p2 < (B2 (p—1),p3<p—1,f € LP(Q).
(247) |g(1’72a§7771)*g(zazfﬂhﬂ§K1‘771*772|
- K? < kK’K?k as in (2.4.5), K as in (1.4.3).

Now, we can give and prove the existence result as follows.

Theorem 2.4.2. Under the hypotheses of (2.4.4)-(2.4.7), V¢ € H () the
problem (2.4.3) has a global strong solution

u € L5 ((0,00), Hy () N Li,,.((0, 00), W27 (2))

u € LY ((0,00), L¥ (Q))

loc

Proof. We shall use Theorem 2.1.12 to prove this theorem. To this end,
the spaces as in (2.1.27) and (2.1.28) are taken as follows

H=L*Q); H =Hj%)
(2.4.8) X, =LP(Q); Xo=W?2P(Q)NWyP(Q)
X = {u € c®(Q)|ulpq = 0}

and the mapping L : X5 — X is defined by
(2.4.9) Lu=—Au

It is well known that for the operator (2.4.9), the conditions (2.1.32)(2.1.33) in
Theorem 2.1.12 are fulfilled.
Define the mapping G : Xy — X{ by

< Gu,v >= / [~ F(x,u, Vu, Au) — g(x,u, Vu, D*u)]vdr
Q

u € XQ,U S X1 = LP(Q)
We need to check the condition (2.1.34). By (2.4.4),

< Gu,Lu> = /[F(a:,u, Vu, Au)Au + g(z,u, Vu, D*u) Aulde
Q

%

/[cﬂAu\p —Cy — %1|Au|p — c|g(m,u,Vu,D2u)\p/]dx
Q
(by (2.4.6))

C—l/ \Au|pdx—c/ Z |DulP3? da: — c3;
2 Jo Q

la]<2

%

127



Since p3 < p— 1, then p3p’ = psp/p —1 < p. Hence, by Lemma 1.3.10, one can
derive

< Gu, Lv >> a/ |AulPdx — 3
Q

for some «, 3 > 0, and the condition (2.1.34) is verified.

We are now in a position to check the p-coerceiv continuity of G : X5 —
X7. Tt is clear, by (2.4.6) and Lemma 2.4.1, that G takes a bounded subset
S LP((0,T), W2P(Q)) N L>®((0,T), H}(Q)) to a bounded subset G(3) in
Lp,((O,T) x ). Let u, — up uniformly in LP((0,7), X2), Xo = W2P(Q) N
WyP(€), and {u,} € L=((0,T), H}(Q)) be bounded, furthermore

T
(2.4.10) 0= lim < Guy, — Gug, Lu, — Lug > dt

n—oo 0

n—oo

T
= lim / /{[F(:v,un,Vun,Aun) — F(z,u0, Vug, Aug)] X
0o Jo

x[Auy, — D) + [g(, s Vi, D*uy) — g(,ug, Vug, D*ug)] x
X [Auy, — Aug) pdadt

Make the decomposition

T
(2.4.11) / / [F(x, upn, Vg, Auy,) — F(x,ug, Vug, Aug)|[Du, — Dup|dadt
0 Jo

T
= / / [F(z, Un, Vg, Auy) — F(z, Uy, Vg, Aug)][Duy, — Augldzdt
0o Jo

T
+/ / [F(x,upn, Vg, Aug) — F(x, up, Vug, Aug)|[Auy, — Augldadt
0 Jo
and

T
(2.4.12) / /[g(a:,un, YV, D*uy,) — g(w, ug, Vg, Aug)]| [Duy, — Augldzdt
o Ja

T
= / /[g(:v,un, Vun,DQUn) — g(x, up, Vi, D2u0)] [Au, — Aup|dzdt
0o Jo

T
+/ / [9(x, tp, Vg, DQUO) — g(z,ug, Vuyg, DQUO)][Aun — Augldzdt
o Jo

Due to Lemma 2.1.20 and Lemma 2.4.1, for any bounded sequence {u,} C
L>((0,T), HY(Q)) with w, — ug uniformly in LP((0,7), X2) we have

Vu, — Vug in L2((0,T) x Q), V0<T < oo,
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(2.4.13) un — up in L2((0,T) x Q), V0<T < 0.

n-+2 n+2,
@< —p, @<(—)p
n n

According to Lemma 1.4.3 and (2.4.13), from (2.4.6) we get

T
lim / / [F(z,Un, VU, Aug) — F(x, ug, Vug, Aug)|[Auy, — Augldadt =0

n— oo 0

T
lim / /[g(x, U, Vi, D*ug) — g(x, uo, Vug, D*ug)|[Auy, — Augldrdt = 0
Q

n—00 0

Consequently, from (2.4.10)-(2.4.12) we obtain

(2.4.14) lim / / (@, Uny Vg, Atup) — F (2, U, Vg, Dug)) (D, — Dug)

n—oo

+(9(2, Un, Vg, D*up) — g(x, U, Vi, D*ug)) (A, — Aug)]dzdt = 0
On the other hand, by (2.4.5) and (2.4.7) we have

/ / (T, Up, Vg, Dty) — F (2, Un, Vg, Aug))(Auy, — Aug)

+(g(@, U, Vi, D*up) — g(2, U, Vg, D?*ug)) (A, — Nug)]dodt

> / /[lc|Aun = Aol — K| Dy — Dug|| Dy — Aug|Jdadt
0 Q
T 2
k K
> / /[_|Aun - AUO‘Q - _1|D2un — DQUo‘Q]dIdt
0o Ja 2 2k

K2 - K2 T
- 1 | D?u,, — D*ug|*dxdt
2k o Ja

Hence from (2.4.14) we get

T
lim / / |D?*u,, — D*ug|*dxdt =0
Q

n—oo 0

Therefore, from Lemma 1.4.4 and condition (2.4.6) it follows

lim < Gup,v >=< Gup,v >, Yve Xy =LP(Q).

n—oo

ie. G: X9 — X{ is p-coerceivly continuous. Thus, by Theorem 2.1.12, the
problem (2.4.3) has a global solution

u € Li.((0,00), Hg () N L. ((0,00), WP(Q))
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Finally we show that the solution of (2.4.3) belongs to Wllo’cp' ((0, 00), L¥' ().
It is known that u satisfies

/ u(z, t)vde —/ / z,u, Vu, Au)vdzdr
/(;5 vda:+/ / x,u, Vu, D*u)vdzdr,

Vo € LP(Q) and 0 < ¢ < co. Then for any h > 0 we have

B t+h
(2.4.15) / ult + hf)L u(t / / x, u, Vu, Au)vdzdr
Q
1 [tth
+E/ /g(x,u,Vu,D2u)vda:dT
¢ Q

o |u(t +h) —u(t) |p/_2(u(t +h)— u(t))
h h
n (2.4.15) one reads

t+h
/\ t+h )\pd< / /|F:CuVuAu)

u(t +h) —u(t
h

Inserting

+g(z,u, Vu, D*u)|| ( )|ﬁdxd7'

t+h
_2/\ t+h )\pda:—&—Qp 1—/ /|F+g|pd$d7

/‘ t+h )pdx<2p//quVu Au(t + sh))

+g(x,u, Vu, D*u(t + sh))|P' dzds
Due to Lemma 2.4.1 and (2.4.6) one gets

//| ”h )|pdzdt<c/ //|F:vuVuAu(t+sh))|p+

+lg(z, u, Vu, D*u(t + sh)) [ |dzdsdt

t+h o
< c/ /HDQu\p + |Vul = P+ |u
0 Q

namely

+2
(7177,

’r 4 1]dxdt

130



Hence we obtain that u; € Lp,((O7 T) x Q)V0 < T < oo. The proof is complete.
Next, let us investigate the problem given by

% — F(x,u,Vu, D*u) = g(z,u,Vu), x€Q
(2.4.16) oo =0
u(x,0) = o(x)

The following conditions are imposed.
(2.4.17) / F(x,u, Vu, D*u)Audx > ¢; / |AulPdz — ¢ — 2,
Q Q
Yu € C(Q) N Hy(Q).
(2.4.18) / [F(x,u, Vuy, D*uy) — F(z,u2, Vug, D*ug)] x
Q

x[Auy — Auglde >0, Vug,ug € ¢() N Hg(Q).

|F(x,2,&,m)| < cf|z[P> + €] + [n[P~" +1]
(2.4.19) l9(x, 2, )\ < cflz|P? + [¢]Pr + 1]
p<Z2(p—1), py<(Z2)2(p-1)

Theorem 2.4.3. Under the assumptions (2.4.17)-(2.4.19), for any ¢ €
H}(Q) the problem (2.4.16) has a global solution

u € L5 ((0,00), Hy () N Li,,.((0, 00), W7 (2))

u € L ((0,00), L¥ (Q)).

loc

The proof of Theorem 2.4.3 is parallel to that of Theorem 2.4.2 by using
Theorem 2.1.15 and Remark 2.1.18 instead of Theorem 2.1.12. Here we omit
the details of proof.

2.4.3. Global existence and regularity of fully nonlinear
second initial boundary value problems

In the following, we shall investigate the global existence of H3-strong so-
lutions for the second initial boundary value problem given by

3 — f(z,u, Vu, Au) g(x,u, Vu) = 0 mod(a(t), o € [0, 00))
(2.4.20) Lloq =0, fQ uw(z, t)dt =0, Vt>0
ulz,0) = ¢()
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We shall apply Theorem 2.1.10 and Theorem 2.1.11 to discuss the problem
(2.4.20). The spaces as in (2.1.27) and (2.1.28) is taken as to write

X={uec*@ |% oa=0,m=1,2-; [,udr=0}

X1 =LP(Q)/R;

Xo=the completion of X with the norm

lullx, = | / IV Audal? + ullwes;

Xs={ue W3’2S(Q) N W2,25’(P*1)(Q)| %‘39 =0, fQ udx = 0};
H=1L*Q)/R; H;=H(Q)/R;

Hy={u€ H*Q)| %%loa =0, [,udz=0};

Hy = {ue H™(Q)| jpq=-. = —BA;;— “loo =0, [qudx =0}
with the inner product

< UV >H,= / A"y - A"Mvd.
Q

By Lemma 1.3.10, the norm of Hj is equivalent to the H?™-norm, hence there
is a m > 2 such that Hz — X3.
The linear mappings L; : Ho — H and Ly : X — X are defined by

(2.4.21) { Lyu=—Lu

Lou = A%y — Au
It is known that the eigenvalue problem

{ —Au = lu
g—Z‘QQZO, fQudx:O

has an infinite eigenvalue sequence 0 < A\; < Ay < -+, and the eigenfunctions
{e;} C X consist of normal orthogonal base of H (Cf.[Sm]). Moreover, it is
easy to see that {e;} is also an orthogonal base of H3. Hence the conditions
(2.1.24)(2.1.25) and (2.1.29) are satisfied.

Suppose that g € ¢! (2 x R x R"), f € ¢'(Q2 x R x R" x R), and

fl($7z7£7y) >a>0
2.4.22 Yy
( ) { f(a?,z,f,y)yZCﬂy\p—cQ, PZQ

|f(, 2, & y)| < elle[P~1 + €771 + [y[P~t + 1]

|Dz f| < cl[2P + [€]P* + [yl +1], p1<§,p>2

|D:f + |De f| < cllz]P + [§7> + [yl + 1], p2<5—-1p>2
andp1 =1, pa=0asp=2

(2.4.23)
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+ [Dag| < |2 + P +1]
9.4.24 9]
(24.24) { ID.g| + [Deg| < cll2l?* + [€P* + 1]

Theorem 2.4.4. Let the conditions (2.4.22)-(2.4.23) be satisfied. Then for
any ¢ € H%(Q)/R) with g—ibg = 0, the problem (2.4.20) has a global strong
solution

u € Li5,((0,00), H*()) N L, ((0, 00), W*P(Q)) N L, ((0, 00), Hipo (2))

up € LV ((0,00), L¥ (2)).

In addition, in the conditions (2.4.23) and (2.4.24), if we make the below revi-
sions

(2.4.25) [D=f|+|Def| + [D2gl + | Degl < ¢

then for any ¢ € X3, the solution of (2.4.20) is unique, which has the further
regularity
up € Lise((0,00), H(2)) N L, ((0, 00), H?(%2)).

Proof. Define the mapping G : Xy — X7 by
< Gu,v >= / [—f(z,u, Vu, Au) — g(x, u, Vu)|vdz
Q
By Lemma 2.1.20 and Lemma 1.4.4, from (2.4.23) and (2.4.24) it follows that

G : Xy — X7 is p-weakly continuous.
By (2.4.22)-(2.4.24) and Lemma 1.3.10 we can obtain

< Gu,Lou> = /[Vf(x,u, Vu, Au)VAu + Vg(x,u, Vu)VAu
Q
+f(z,u, Vu, Au)Au + g(x, u, Vu) Au)dx
a1V 80 + sl SuP = ca gl ul - 1D,V Sl
Q

\Y

—|D. fI|VAu||Du| = | De fI| D*ul [V Au| — | Dy g| |V Aul
—|D.g||Dul|V Au| — | Deg|| D*ul |V Aulldx
> /vam A7) dx—c/ S D+
|B]<2

for some constants A > 0,¢ > 0 and ¢ < p, which implies that the condition
(2.1.26) in Theorem 2.1.10 is checked. Consequently by Theorem 2.1.10, the
problem (2.4.20) has a global solution

u € Li5,((0,00), H*()) N L, ((0, 00), WP (Q)) N L, ((0, 00), Hipo ()
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which satisfies
t
/ u - vdr = / / [f (z,u, Vu, Au) + g(x, u, Vu)|vdzdt
Q o Ja

+/¢'Udl’; Yo e LP(Q)/R, 0<t< oo.
Q

Then for any h > 0 we have

(2.4.26) /Q wvdx

1 [tth
= E/ /[f(a:,mVu, Au) + g(x, u, Vu)|vdz
0 Q

Puttin
e ult + ) = ult) oy ut+ 1) — u)
=N Wl o WD 2,
B u(t +h) —u(t) o ult+h)—u(t)
e e

in (2.4.26), and notecing that

/M.bdx:(), Vit >0
Q h

one can deduce, in the same fashion as the proof of Theorem 2.4.2; that u; €
LY ((0,T) x Q),¥0 < T < oo.

In the following, we shall use Theorem 2.1.11 to prove the second conclu-
sions. We see that

< DG(u)v, L1iv> = /[fl’/(x, w, Vu, Au)Av + D, f(x,u, Vu, Au)v
Q

+D¢ f(z,u, Vu, Au)Dv + D, g(x,u, Vu)v
+Deg(z, u, Vu) Dv|Avdx

a /Q Ao /Q D= |[0]|Av] — [De f]Vo]| Ao

~Dagllol| 0] — | Degl |Vl Av])dz

> %/ |AU|2dx—c/[|w2+\v\2]dx, (by (2.4.25)).
Q Q

\Y]

which implies that the condition (2.1.30) in Theorem 2.1.11 is satisfied. Finally
we conclude the proof by verifying the condition (2.1.31). For any u,v € X,
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we have

| < Gu,Liv>| = |/ V(f(z,u, Vu, Au) + g(x, u, Vu)] - Vodz|
Q
1 1
< §/|V1)|2d$—|—§/ IV f(z,u, Vu, Au) + Vg(z,u, Vu)|*dr
Q Q
1
< 5 [IVePdo s [ (£ PIVAR + DR + DoAPIVul
Q Q
+De fP|D*ul® + | Digl? + |D2gl*| Vul® + |Deg|?| D?ul*]da
<

1 7
—/ |Vo|?dx + c/ |D3u|?* + | D?u)?s P~ 4
2 Ja 0

+ )7 DY + 1]da
la|<1

Thus, the condition (2.1.31) is checked. The proof is complete.
2.4.4. Uniform boundedness of fully nonlinear problems

In this subsection, we shall apply Theorem 2.2.3 and Theorem 2.2.6 to
discuss the uniform boundedness of global solutions for the fully nonlinear
parabolic initial boundary value problem.

First we use Theorem 2.2.6 to investigate the problem given by

9u — f(z,Au)=g(z), z€QCR"

(2.4.27) u|aQ =0
u(z,0) = ¢(x)
Denote by
y
(2.4.98) Fla,y) = / (@, 5)ds
0
Suppose that
(2.4.29) F(z,y) > 1|y’ —ca, p>2
(2.4.30) (flzy1) = f(@,92)) (1 —y2) 2 0
(2.4.31) ()] < cllyP~ +1]

The spaces as in (2.1.27) and (2.1.28) are taken by

X ={u € Q)] Aku|ag2:0,k:0,l,---,}
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(2.4.32) X, =LP(Q); Xo=W2P(Q)NW,P(Q);
H=1*Q); H, =H;Q); and
H3:{u€H2m(Q)‘ ’LL|aQ:0,"',Am71’LL|aQ:0}
with the inner product

< U,V >H,= / A"y - A"vdx
Q

where m > 1 is taken such that Hz — Xs.
The linear mapping L : Xo — X7 is taken as in (2.4.9).

Theorem 2.4.5. Under the conditions (2.4.29)-(2.4.31), for any ¢ €
W2P(Q) N W, P(Q) and g € L¥' (Q), the problem (2.4.27) has a global strong
solution

u € L¥((0,00), W(Q))

ur € L?((0, 00), Hy ()

moreover, the solutions of (2.4.27) are uniformly bounded in W27 ().

Proof. Define the mapping G : Xy — X7 by
(2.4.33) < Gu,v >= / [—f(z, Au) — g(x)]vde, we Xy, veXy
Q

According to the condition (2.4.31), G : X5 — X7 is bounded and continuous.
It is easy to see that for the ¢! functional F; : X5 — R defined by

Fu(u) = /Q [F(z, A + g(z)Auldz
we have
< Gu,Lu> = /Q[f(x7 Au) + g(z)|Avdz

= < DFu,v >x,

Thus, by (2.4.29), the conditions (2.2.21) and (2.2.22) in Theorem 2.2.6 are
fulfilled.
Due to (2.4.30) we see that

< Gu—Gv,Lu— Lv >= /Q[f(x,u) — f(z,v)][Au — Av]dx

>0, Vu,ve Xo=W2P(Q) N W, P(Q).
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Hence, by Theorem 2.2.6, this theorem is proved.

Next, we apply Theorem 2.2.3 to consider the uniform boundedness for the
problem given by

% — f(z,pu) =g(z), z€Q
(2.4.34) uloa =0, Aulsgg =0

We define F'(z,y) as in (2.4.28), and assume that f € Q2 x R), f(-,y) €
AQ)Vy € R, f(z,0) =0, and

(2.4.35) fo(z,y) > a>0
F(iC,y) Z Cl|y|p —C2,p 2 2
2.4.36
( ) { f(@,9)y — DpF(z,y) > calylP —ca
(2.4.37) (@, )| < cllylP~ +1]
where P F(x.y) 2 F (2.y)
_grwy o oWy

Theorem 2.4.6. Let the conditions (2.4.35)-(2.4.37) are fulfilled. Then
for any ¢ € W2P(Q) N Wy P(Q) and g € Wy*(Q) the problem (2.4.34) has an
unique global strong solution

u € L((0,00), W*P()) N Li,((0, 00), H*(Q2))

Ut € L2((0a OO), I{(:)L (Q))

moreover, the solutions of (2.4.34) are uniformly bounded in W27 ().

Proof. The spaces as in (2.2.11) and (2.2.12) are taken by (2.4.32) and

L 3 2, _ B
(2.4.38) { Xz ={uc H¥QNW>P(Q)| ulog =0, Aulog = 0}

Hy = H?(Q) N H(Q)
and m > 2 in (2.4.32) is taken such that Hs — X3.

The linear mappings Ly : Xo — X7 and Lo : X — X5 are define as (2.4.21).
The mapping G : X3 — X7 is defined as (2.4.33) for u € X5,v € X; = LP(2).
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Let the functional F : X5 — R be defined by
F(u) = / [F(z, Au) + g(x)Au]dz
Q
By the condition (2.4.37), it is clear that G : X3 — X7 is weakly continuous
and F': X9 — Ris 2.
By the condition (2.4.36) it is easy to see that the condition (2.2.16) and
(2.2.17) in Theorem 2.2.3 are fulfilled. We are now in a position to check the

condition (2.2.18).
Because f(x,0) =0and g € Wl’Q(Q),Vu € X, we have

(2.4.39) / < Gu, Loyu > dt = / / (z, Au) — g][A%*u — Au]dxdt
0

= / / [f;(x,u)\VAuP + f(z, Au) Au+
0 Ja
+Vof(z, Au)Au+ Vg - VAu+ g- Auldzdt
On the other hand, Vu € X

/V Flz, M) vmdx_/zafaiy M“|y Aud

= /Q[divG(x) — AzF(z, Au)ldx

where

G(x) = {Gl(x>7 T Gn(x)}v

Aul) 9f(x, 2)
Gi(l“):/o ~on dz

Because Aulpa = 0,G|aq = 0, we have
/QDIf($, Au)VAudz = — /Q ANy F(z, Au)dx
Consequently, from (2.4.39) it follows
/t < Gu, Lyu > di = /t/[f;(x,Au)WAuF +
+0f (x, Au)Au — Ay F(x, Au) + Vg - VAu + g - Auldzdt

/ / [5IVAu? + CJ\AU\” |V9|2*C|g|p/ — ca]ddt

Y]

Y

01/ / (VAU + | AulP]dzdt — co
0 Jo
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which implies, by Lemma 1.3.10 and Lemma 1.4.1, that the condition (2.2.23)
is satisfied. By Theorem 2.2.6, it remains to verify the uniqueness, and which
can be derived from (2.4.34) and (2.4.35) in the some fashion as the proof of
Theorem 2.1.9. The proof is complete.

2.4.5. Further regularity and uniform boundedness

Let us continue to discuss the further regularity and uniform boundedness
of fully nonlinear parabolic initial boundary value problems.
We first consider the regularity of global solutions of the problem given by

9u — f(z, L) = g(z,u, Vu), z€9Q

(2.4.40) U‘@Q =0
u(z,0) = ¢(x)
Let F(z,y) be defined as (2.4.28). Assume that f € ¢*(Q x R),g € ¢'(Q x
R x R™), f(x,0) =0, and
(2.4.41) g(z,u, Vu)|oa =0, Yu € H}(Q)
[l > a >0
2.4.42 L4
( ) { F(z,y) > alylP —cay, p>2

)| < cllyP= + 1]
(2:4.43) { Do f(2,9)] < cllyl® +1]

lg| + [Dag| < cf|2|® +[€|% + 1]
2.4.44
(2.4.44) { D.g]+ Deg| < =3~ + [¢]3" + 1

Theorem 2.4.7. Let the conditions (2.4.41)-(2.4.44) hold. Then for any
¢ € W2P(Q) N W) P(), the problem (2.4.40) has a global solution

u € Li5.((0,00), W2P(Q)) N L, ((0, 00), H*(12))

u € LZQOC((O’ OO), H(% (Q))
Furthermore, if the condition (2.4.44) is strenthened by

Dyg| < cflz| + €] + 1]
9 4.44) |g‘+| p)
( ) { |D.g| +[Degl < c
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then for any ¢ € W325(Q) N W22 -2 Q)N HY{Q) (1 <s< o) (as
p=2, ¢ H3Q)NHN)), the solution of (2.4.40) is unique which has the
further regularity

ur € Lig((0,00), Hy () N Li((0, 00), H* ().

Proof. We shall use Theorem 2.2.6 and Theorem 2.2.7 to prove this the-
orem. To this end, the spaces as in (2.1.27) and (2.1.28) are taken as (2.4.32)
and

Hy = H(Q) N H Q)
X3 = {ue W325(Q) N W22 0-2)(Q)|  ulsg =0, Aulsq = 0}
asp=2,X3={uec H3Q)| ulspa=0,Aulsq =0}

The linear mapping L : Xo — X; is defined as (2.4.9) and the mapping G =
A+ B: Xy — X{ is defined by

< Au,v >= / —f(z, Au)vdx
Q

< Bu,v >= / —g(z, u, Vu)vdz.
We define the functional Fj : X9 — ; by
Fi(u) = /QF(:E, Au)dz
where F(z,y) is as in (2.4.28).
By (2.4.42), the conditions (2.2.21)(2.2.22) and (2.2.24) is readily checked.

And by (2.4.44) it is east to see that B : Xy — X is a compact mapping,
hence for any u, —* ug in L°°((0,T), W?P(Q)) we have

T T
lim/ /g(x,un,Vun)Aundx:/ /g(x,uo,Vuo)Auodx
lim / / X, Up, Vg )vde —/ / x, ug, Vug)vde

n—oo

Vo € LP(§2). We now need to check the condition (2.2.23). By (2.4.41) we get

| < Bu,Lv > | = |/ Vg(z,u, Vu)Vodz|
Q

IN

1
5 | IVePdotc [ (Dol + D.gPIVu + DegPID%ufda

IN

1
sl +c [ 1D7updo e
Q
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which implies, by (2.4.42), that the condition (2.2.23) is satisfied. Thus, by
Theorem 2.2.6, the problem (2.4.40) has a global solution
u € L. ((0,00), WP ()
u € LZQOC((O’ OO), H(% (Q))
which satisfies
(2.4.45) —f(z, M) = g(z,u, Vu) — &, ae(t,z) € [0,00) x Q
ulag =0

In the following, we show that u € L ((0,00), H3(Q2)). Let |h| > 0 be small
enough, and denote by

Dlhu _ u(w—i— hei;') - U(Qf), e; = {51‘1, . .’&,n}

where §;; is the Kronecker symbal. From (2.4.45) we get

OD!M
ot

(2.4.46) —fn(x, Au)AD!My = Dl g(z,u, V) + fI'(x, Au) —

Va € Q, here Q cC Q and dist(Q, Q) > h, and

1
fulz, Au) = /0 fo(@, sAu(x + he;) + (1 — s)Au(x))ds

f(z+ he;, Au) — f(x, Au)

h
Multiplying the both side of (2.4.46) by —AD!u, and integrating it on (0,7 x
Q, from (2.4.41) it follows

T T h
a/ /~|ADfu|2dxdt§/ /N[\mHADfM—F

+|Dlg||ADIM) + | fI'] - | ADu||dxdt

h
/ /|ADhu| da:dt—i—c/ / 8D

+DP gl + | f] (@, Au) P)dadt
According to (2.4.43)(2.4.44), we have

h <
/ /|AD u|*dadt c/ / 8258:1:1

+|Dagl® + |D2g|*| Dul? + | Degl?| D*ul® + | Dy f|?] dadt

0 Ou 4 o ip
//'ata 2+ > [DYufP + 1]dadt

|| <2

fix, D) =

IN

IA
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where the constant ¢ > 0 is independent of Q and h. Thus we obtain

/ / IV Aul?dzdt < c/ / Vu|2+ Z |DulP + 1]dxdt

al<2

From Lemma 1.4.1, we derive the first one conclusion.

The proof of the second conclusions is parallel to that of Theorem 2.4.4 by
using Theorem 2.2.7 instead of Theorem 2.1.11, here we omit the details. The
proof is complete.

By using the same method, for the below problem, which is a special form
of (2.4.20)

3 — f(z, Au) = g(z,u, Vu), mod(a(t))
(2.4.47) Y |6Q = O fQ udx =0
(l“ 0) = ¢( )

we can also obtain the further regularity theorem.

Theorem 2.4.8. Under the conditions (2.4.42)-(2.4.44), for any ¢ € X5 =
{u e W2P(Q)|  Zyq = 0, [udr = 0}, the solution of (2.4.27) has the
further regularity
u € Li5,((0,00), W2P(Q))

ur € Lioe((0,00), H'(2)).

Next, we shall discuss the H3-uniform boundedness of global solutions of
(2.4.34). We make the further assumptions as follows

{ [fy (e, y)l < cllylP~ 2+ 1]

(2.4.48) Do f(z,y)| < ellyl® +1]

Denote by

X, — {v e W325(Q) NW225=2)(Q)|  v|sg = Av|ga = 0}, as p > 2,
Y7 {ve H3(Q)| vlag = Avlsg =0}, as p=2.

Theorem 2.4.9. Under the hypotheses of Theorem 2.4.6, if (2.4.48) is also
satisfied, then for any ¢ € X4 and g € Wol’Q(Q), the solution of (2.4.34) has

the further regularity
w e L=((0,00), H3(9))
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ur € L((0,00), Hy(€2)) N L*((0, 00), H*(2))
moreover, for any bounded subset > C Xy, the solutions of (2.4.34) are uni-

formly bounded for (u;,u) in H}(Q) x [H3(Q) N W2P(Q)] provided ¢ € 3.

Proof. By the conditions (2.4.35) and (2.4.48), it is easy to see that the
conditions of Theorem 2.2.4 are satisfied. Hence, by Theorem 2.2.4, the solu-
tions of (2.4.34) have the regularity

ur € L¥((0,00), Hg (€2)) N L*((0, 00), H*(Q2))
and (u;,u) are uniformly bounded in H}(Q) x W2P(Q). Then, in the same

manner as the proof of Theorem 2.4.7, from the following equation

—flx, Au) = g(z) — %, a.e(t,z) € [0,00) X

one can obtain the uniform boundedness of u in H3(£2). The proof is complete.

Similarly, for the below second initial boundary value problem

5t — f(Lu) = g(x), mod(a(t))
ulopg =0, [qudr=0
u(z,0) = ¢
under the conditions (2.4.35)-(2.4.37) and (2.4.48) one can also derive the uni-
form boundedness of (ug,u) in HY(Q) x [W2P(Q) N H3(Q)] provided ¢ € 3° C
Xy, where H3(Q) is the completion of the space

N = {ue BHQ) %;Q:QK¥Mx:M

with the norm
[/QVAMWHAm%mﬁ
Q
and Xy = {u € W32(Q) n W22 0=2(Q)|  8%|s6 =0, [, udz = 0}.

2.4.6. Uniform boundedness and regularity of quasilinear
equations

Let us consider the quasilinear problem given by

%_1; — DiAi(x,u, Vu) + Ao(x,u, Vu) = g(x),
(2.4.49) uloo =0
u(z,0) = ¢(z)
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Suppose that there is a ¢! function F(z,z,£) such that

SRCA — Ai(w,2,€)
(2.4.50) OF (,2,6)
5z - AO($7 Z, 6)

and
(2.4.51) F(z,2,§) > cf¢]P —c2, p>2

In addition, we assume that

(2.4.52) [Ai(z,2,61) — Ai(x, 2,&2)] [0 — &i2] = & — &
Ai(w,2,8)| < clé]P~ + pa(l2])
2.4.53 |Ai(@, 2,
( ) { [Ao(@, 2,8)| < cl§[P* + pa(]2])
where
<p+E-1, asp<n
b1 = <D, sap=mn
=p, as p>n.
n(p—1)
c[|z\‘“ T 1] q1 < n_p > aSP <n
pa(lz]) = q1 < 00, asp=mn
w1 € c|0, 00), asp>n
g
e+ { BSE Tt r <
pa(|2]) = 2 < 00, asp=n
pe € cl0, 00), as p>n.

We shall apply Theorem 2.2.5 to discuss the uniform boundedness of global
weak solutions of (2.4.49). The spaces as in (2.1.27) and (2.1.28) are taken as
follows

X ={uec®@)] uloa =0},

X1 = Xo = WyP(Q)

H=H, =L*Q)

Hs = H™(Q)NHYQ), m>1 such that Hy — W, ()
The linear operator L = id : Xo — X is an identity mapping, and by Lemma
2.1.7, H3 and L?(Q2) have a common orthogonal base.

We say u € LP ((0,00), Wy "(Q)) is a global weak solution of (2.4.49), if
for any v € W, *(2), u satisfies

t
/ u - vdr + / / [A;(x,u, Vu)Dv + Ag(z, uVu)v]dzdt
Q 0o Jo
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t
:/ /g(m)~vdm+/¢-vdm, V0 <t < oo.
0 Ja Q

Theorem 2.4.10. Under the conditions (2.4.50)-(2.4.53), for any ¢ €
WP (€) and g € LP (Q), the problem (2.4.49) has a global weak solution

u € L2((0,00), Wy (2))
uy € L*((0,00) x Q)

moreover, the solutions of (2.4.49) are uniform bounded in W, 7 (Q).

Proof. Define the mapping G : X; — X} by
< Gu,v >= / [Ai(z,u, Vu)Du + Aoz, u, Vu)v — g - v]dz
Q
The conditions (2.4.50) and (2.4.51) implies that (2.2.21) and (2.2.22) are sat-

isfied. It remains to verify that G : X; — X7 is coerceivly continuous. Let
Up — Up IN Loo((()’ OO), W()Lp(Q))a and

n—oo

t
lim / /[(Ai(at,un, Vu,) — Ai(x, ug, Vug))(Dijun, — Diug)
0o Ja

(2.4.54) +(Ao(z, un, Vuy,) — Ag(x, ug, Vug)) (un — ug)]dzdt = 0

By the compact embedding theorems, VO < T < o0, u, converges to ug in
measure on {2 x (0,7"), which means

L0, T) xQ), q<;%, n>p
2.4.55 Uy — Ug 1N L1((0,T) x Q <00, n=
( ; . q ; p

c(Q), ae. t>0, asp>n

Due to (2.4.53), as p < n, we have

t
|/ /Ao(x,un,Vun)(unfuo)dxdt\
o Jao

t
(2.4.56) S/ /c[|Vun|p1+u2(|un|)]|un7uo|dxdt
0 Jo

t t 1
< C[/ / [t = o[ dwdt] ¥ [/ / |V, P51 dadt] 2
0 JQ 0 JQ
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t t , 1
+C[/ / [t — ud”dmdt]i[/ /[|un|52q2 + 1])dzdt] 2
0 Jo 0 Ja

where sop; = p and shge = np/n—p (shq2 < 0o asn = p), hence s1, s < £ p

Because {u, } € L>((0,00), Wy () is bounded, from (2.4.55) and (2.4.56) it
follows

t
lim / / Ao (z, U, V) (uy — uo)dzdt =0, as p < n.
Q

n—oo 0

As p > n, we have

t
|/ /Ao(x7un,Vun)(un—u0)dxdt|
0

t
< ¢ sup /|Vun x,7)|Pdx - / sup |uy (2, 7) — up(z, 7)|dr

0<7<t

+c sup p(|unl) / /|un7u0|dzdt

Qx10,t]
By (2.4.55) and the boundedness below
lunlleo < erllunllwre <e, VE>0

and
sup |u, —ug| > 0, n—o0, a.e t>0
Q

it follows that

¢
lim / / Ao(zy U, V) (un — ug)dxdt =0, asp > n.
Q

n—oo

In the same way, we can derive

t
lim / / Aoz, uo, Vug) (uy — ug)dadt = 0.
Q

n— oo 0

Thus from (2.4.54) we obtain

(2.4.57) lim / / (2, un, V) — Ai(x, ug, Vuo)|[Dite, — Diugldadt = 0

n—oo

By Lemma 1.4.3, from (2.4.53) and (2.4.55) it follows

Ai(x, up, Vug) — Ai(z,ug, Vug) in Lp’((O,T) x Q)
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Consequently, we have
n—oo

¢
lim / / [Ai(z, un, Vug) — Ai(z, ug, Vug)|[Diun, — Dijugldzdt =0
0o Ja

From (2.4.57) we get

n—oo

t
lim / / [Ai(z, wpn, Vuy,) — Ai (2, upn, Vug)][Diju, — Dijugldzdt =0
0 Ja

By (2.4.52) we derive

t
lim / / |V, — Vug|*dzdt =0

namely, Vu, converges to Vug in measure on (0,t) x QV0 < ¢t < oo. Thus, from
(2.4.53) and (2.4.55), one can infer that G : X; — X7 is coerceivly continuous.
The proof is complete.

If the further assumptions are imposed that the function F'(z, z,£) = F(z,£) €
(R x R"), and

92 F(z, n
Sesetning > Almf?,  A>0, Ve R",
2
(2.4.58) DI 5 ¢y

z
8%°F(z,
| Bz%z €)| <c
then by virtue of Theorem 2.2.7 we can obtain the below regularity theorem.

Theorem 2.4.11. Under the hypotheses of Theorem 2.4.10, if (2.4.58) are
satisfied, then for any ¢ € W225(Q) N W2 ®P=2)(Q) (as p = 2,¢ € H3(Q) N
HL(Q)), the solution of (2.4.49) is unique, which has the regularity

u € Lig.((0,00), Hp(2))
up € L%((0,00), L*(2)) N L, ((0, 00), H'(Q))

and the solutions (u;,u) are uniformly bounded in L2(€2) x W, (Q) provided
¢ in a bounded subset 3> C W225(Q) n Wy P2 (q).

Proof. By (2.4.58), the conditions (2.1.30) and (2.1.31)’ in Theorem 2.2.7
are easily checked. Hence u; € L>((0,00), L*(Q)) N L? .((0,00), H'(R2)), and
uy is uniformly bounded in L?(£2). By the H2-interior regularity of equasilinear

elliptic equations, from the equation

—DiAi(u, V) + Ao (u, V) = g(z) — 2
uloo =0
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with g € L*(Q), % € L?(Q)V0 < t < oo, one can derive the regularity of u €

Lf® ((0,00), HE,.(£2)) provided the conditions (2.4.58). The proof is complete.

2.5. Nonlinear and Fully Nonlinear Hyperbolic
Equations

2.5.1. Nonlinear wave equations with gradient terms

In this subsection, we investigate the global existence of strong solution for
the nonlinear wave equations with gradient terms.

Let us begine with the Neumann boundary condition of the below nonlinear
wave equations

% + kl% — Au+ kou+ f(z,u, Vu) =0,
(2.5.1) G| = 0
U(Z,O) = ¢7 Ut(l’,o) = dj

where k1 > 0,ky >0 are constants.
Suppose that f € ¢! (Q x R x R™), and

Vo f (@2, 6)] + | F@ 2. 6)] < cllz] + €] + 1]
(25.2) { 1D (2, 2,6)| + [Vef (2, 2,6)| < ¢

Applying Theorem 2.3.3, for the problem (2.5.1) we can obtain the global
existence theorem as follows

Theorem 2.5.1. Let the condition (2.5.2) hold. Then for any (¢,v) €
H?(Q)x H'(Q) with 9|50 = 0, the problem (2.5.2) has a global strong solution

w € Wig (0, 00), L3(2)) N Wyg ((0,00), H' (@) 1 L5, (0, 00), H(2).

loc loc loc

Proof. The spaces as in (2.3.1) are taken as to read

oy OA™Y
X ={u € () o

H=X,=IL*0),H =H(Q)

\QQ:O,m=0,1,~-,}.

0
HQZXQZ{UEHQ(Q)‘ a_Z‘GQ:O}
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with the inner product
(2.5.3) < UV >p,= / (—Au+ au)(—Av + av)dz;  a > 0.
Q

It is known that the norm of Hy defined by the inner product (2.5.3) is equiv-
alent to the H2-norm.
The linear mapping L : X — X; is defined by

(2.5.4) Lu=—-Au+au

where a > 0 is the constant as in (2.5.3). It is well known that for the operator
(2.5.4), the conditions (2.3.2) and (2.3.3) in Theorem 2.3.3 are satisfied.
We define the mapping G = A+ B : Xy — X7 as follows

< Au,v >= /[fAu + kauvdx
Q

< Bu,v >= /Qf(x,u,Vu)vda:
Vu € Xs,v € X;. Denote F': Xo — R by
F(u) = %/QHA’LLF + (kg + a)|Vul? + akou?]da
It is easy to see that

< Au, Lv >

/ [—Au + kou][—Av + av]dx
Q

/ [Au- Av+ (k2 + a)Vu - Vo + akou - v]dx
Q
= < DFu,v>x,, VuvelX.

and
lu]|x, — 00 < F(u) — .

Therefore the conditions (2.3.5) and (2.3.6) are checked.

By virtue of the compact embedding theorems and the condition (2.5.2), it
is easy to see that G = A+ B : X5 — X§ is weakly continuous. It remains to
check the conditions (2.3.7) and (2.3.8).

By (2.3.2) we have

| < Bu,Lv> | = |/ (@, 1, Va) (= Ao + av)dal
Q

= / [Vof(z,u, Vu)Vv + D, f(z,u, Vv)Vv - Vo
Q
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+D¢, f(x,u, Vu)DijuD;v + a f(x,u, Vu)v]dz|

< o [ID*f? + VuP + [P+ ¢ [ [0 + folda + ¢
< [P+ o], +1]
and
| < Gu,o>| = |/Q(—Au+ kou + f(z,u, Vu))vdz|

1 1

< —/|U|2da:+—/|—Au+k’2u+f(x7u,Vu)|2da:
2 Ja 2 Ja
1

< §||UH%I+CF(U)+C

Thus the conditions (2.3.7) and (2.3.8) are verified. Hence by Theorem 2.3.3,
this theorem is proved.

Next, we consider the nonlinear wave equations with the Dirichlet boundary
condition

%—i—k%—? — Au+ f(z,u,Vu) =0,
U(Z,O) = ¢7 Ut(iU,O) = dj

where k > 0 is a constant.

Theorem 2.5.2. Under the condition (2.5.2), for any (¢,%) € [H?(2) N
HY(Q)] x HL(Q), the problem (2.5.5) has a global strong solution
u € LE5.((0,00), HP(Q)
up € Lige((0,00), Hy (2))
Ut € Ll20c((03 OO), L2(Q)

Proof. The spaces as in (2.3.1) are taken as follows

X={uec®@Q) ATulpg=0,m=0,1,---,}

X, = L*(Q), Xy = H*(Q) N H}(Q)

H = L*(Q), Hy = Hy(Q),

Hy = {uc H*(Q)| ul|oq = 0}, with the inner product

< U,V >H,= / Au - Avdx
Q
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And the linear operator L : X — X7 is as (2.5.4).
The mapping G = A+ B : Xy — X7 is defined by

Au=—-Au
Bu = f(x,u, Vu)

and the functional F': X9 — R is defined by
1
(2.5.6) F(u) = 3 / [[Aul? + a|Vul*)dx
Q

The main difference between the both proofs of Theorem 2.5.1 and Theorem
2.5.2 is that the integral by part cann’t work anymore for the sase

/ f(z,u, Vu)Avdz,  u,v € H*(Q) N H(Q)
Q
Hence we shall check the relaxed condition (2.3.18) in Remark 2.3.4 instead of

(2.3.7).
We see that for any u € ¢ ([0, 00), X), u(0) = ¢,

t t
|/ < Bu, iLu > dt| = \/ / flz,u, Vu)(—Auy + aug)dadt|
0 dt o Jo

IN

| /Q £ (@ u(t), Vut)) Au(t)da] + | /Q f(,6, V) Addal
—l—/o /Qa|f(x,u,Vu)Hut|da:dt+

t 8f
D. f(z,u, [ v | Ievirowud IFAN
+ [ [ 10-few Vollulldul +15H15 ZE 1su]

IN

1 [18uP + 4lf @0, VPl + [ 17,6, 9¢)|A0lda
t
A 2 2 2 dxd
[ cldu® + [Fuf + uf?)dadt

t
+c/ /[|Vut\2+|ut|2]dxdt+c
0o Ja

By the condition (2.5.2), as the constant @ > 0 in (2.5.4) is taken large enough,
then from (2.5.6) we can see that

1 1

l / [ Auf? + 41 (2, u, Vi) Pz < 2+ Fu)
1/, 2
Therefore we get

! d 1
—L dt| < - F
|/0 <Bu,dt v > \72 (u) + e+
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+ [ TP+ el Gl +clat

Thus the condition (2.3.18) is checked. The proof is complete.
Example 2.5.3. We give the below example

8t2 — Au+ku+ lJ‘rWulg =g(z), geL*Q)
(2'5'7) |aQ =0 (OT u|aQ = 0)

(ax 0)=¢, u(z,0)=1

It is easy to see that the condition (2.5.2) is satisfied. Hence the problem (2.5.7)
has a global strong solution

€ Wi52((0,00), L*(€2)) N W2 ((0, 00), H' (2)) N L5, ((0, 00), H*(S2)).

loc loc

2.5.2. Uniform boundedness of nonlinear vibration re-
lating to thin plates

Let us consider the uniform boundedness of global weak solutions of the
below nonlinear biharmonic virbration equations, which are related with the
virbration of beams and thin plates.

St + N’u— fz,Au) = g(z), z€Q
(2.5.8) u|ag = O, Au|ag =0
u(z,0) = ¢, w(z,0)=1v

Let F(x,y) be defined as in (2.4.28). Suppose that

(2.5.9) F(z,y) > arlyl” —

(2.5.10) |f@,y)] < cllyP~ +1]

We shall use Theorem 2.3.3 to discuss (2.5.8). The spaces as in (2.3.1) are
taken as follows

= {u € c>(Q)| Aku\ag =0,k=0,1,---,},
X1 Ho () NLP(Q)
Xy ={uec H*(Q)NW?P(Q)| wulog =0, Aulsg = 0}
H=1I*Q), H =HQ)
HQ:{UGH2W(Q)| U‘[)Q :03"'7Am_1u‘3§2:0}
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with the inner product
< U, v >H,= / A"y - A"vdx
Q

where m > 2 is taken such that Hy — Xs.
We say that u € W,22((0,00), L2()) N L

loc loc

of (2.5.8), if Yo € HE(Q) N LP (),

((0,0), X5) is a weak solution

t
—-vda::/ /[VAU-VU—I—f(x,Au)U—i—gv]da:
0o Jo

—/¢-de, V0 <t < o0.
Q

Theorem 2.5.4. Under the conditions (2.5.9) and (2.5.10), for any g €
LP (Q) and (¢, 1) € Xox H}(Q), the problem (2.5.8) has a global weak solution

u € WH((0,00), HH(Q)) N L¥((0, 00), Xs)

and the solutions of (2.5.8) are uniformly bounded in [H3(Q) N W?2P(Q2)] x
Hy ().

Proof. Let the linear mapping L : X — X be defined by
Lu=—-Au
and G : X2 — X7 be defined by
< Gu,v >= — /Q[VAu Vo + f(x, Au)v + g - v]dx
It is easy to see that for the functional F} : Xo — R defined by
Fi(u) = /Q [%\vmﬁ + (e, Au) + g(@)Aulda

we have
< Gu,Lv >=< DFu,v >x,, Yu,v € Xo

By (2.5.9), F satisfies the condition (2.3.6), and from (2.5.10) we can see that
G : X9 — X7 is weakly continuous. Therefore the theorem follows from Theo-
rem 2.4. The proof is complete.
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Remark 2.5.5. More generally, by using Theorem 2.3.3 we can discuss the
uniform boundedness of global weak solutions for the below nonlinear equations

Gu 4 (—1)" A+ (1) f(x, AFu) = g(2),
(2.5.11) ulog = 0,-~-,Am_1u|ag =0
w(z,0) = ¢,  w(z,0) =1

where 0 < k& < m. Under the conditions (2.5.9) and (2.5.10), the problem
(2.5.11) has a global weak solution

w € W ((0,00), HF (€)1 L ((0,00), H™ () nW(Q)

and the solutions are uniformly bounded in H*(Q) x [H™Tk(Q) n W2kP(Q)].

2.5.3. Fully nonlinear and quasilinear equations with a
strong damping term

First, let us consider the problem given by

ok — k28" — f(x, Au) = g(x,u, Vu, D*u)
(2.5.12) ulgg =0
u(x,O):¢, Ut(l‘ao):w

Let F(x,y) be the function as in (2.4.28). Suppose that

(2.5.13) { Flz,y) > calylP —ca, p>2|f(z,y) <yl +1]
(2.5.14) [f (@, 91) = f(@92))lyr — v2) > alyr —2l?, @>0
(2.5.15) (e, 2. &, m)| < ell2® +[€]% + [n]% + 1]
(2.5.16) { |9(25U,Z,% 7712) - g(xvztf,mﬂ < Ki|lm — 772'|

K{ <o?K?*, «aasin (2.5.14), K asin (1.4.3)

We shall apply Theorem 2.3.6 to discuss the global existence of strong so-
lutions of (2.5.12). The spaces as in (2.3.19) are taken as to write

X ={uec®@Q)] Afulpo=0k=01,---,}
X, =LP(Q); Xo=W>P(Q)NW,P(Q)
H=1L*Q); H = H(Q)

Hy = H*(Q) N HY(Q), with < u,v >H2:/Au-Avdat
Q
H3 = {U S H2m(Q)| ’UJ‘BQ = ... = Amilubg = O},
< u,v >H3:/Amu-Amvdx
Q
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The linear mapping L : Xo — X; and £ : X5 — X; are as follows
Lu = Lu = —Au.
It is clear that the conditions (2.3.20)(2.3.21) and (2.3.23) are satisfies.

Theorem 2.5.6. Under the conditions (2.5.13)-(2.5.16), for any (¢,) €
[W2P(Q) "Wy P (Q)] x HE (S, the problem (2.5.12) has a global strong solution

u € Li5.((0,00), W2P(Q) N Wy P(Q))
s € Lige((0,00), Hy(2)) N Li,e((0,00), H*(R)), and
ue € L ((0,T) x ), Y0<T < 0.

Proof. Define the mapping G = A+ B : Xy — XJ by

< Auyv >= —/ f(z, Au)vdz
o)

< Bu,v >= —/ g(x, u, Vu, D*u)vdx
Q

In the same fashion as in the proof of Theorem 2.4.2; one can check, from the
conditions (2.5.13)-(2.5.16), that G : X3 — X7 is coerceivly continuous.
Denote by

Fi(u) = /QF(%Au)da:

It is easy to see that the conditions (2.3.5) and (2.3.6) are fulfilled. We are now
in a position to check the condition (2.3.24). We see that

| < Bu,Lv>| < / lg(z, u, Vu, D*u)||Av|dz
Q

IN

k 2
—/ |Av|?dx + —/ lg(x, u, Vu, D?u)|*dx
2 Jq k Jq
k
< §|Iv||%{2 +c/ﬂ[|D2u|p+\vu\P+|u|p+1]dx
k
< §||v||%r2 +cFy(u) +c.
Thus, by Theorem 2.3.6, the problem (2.5.12) has a solution

ue L2((0,T), WP(Q) NnWyP(Q)), Y0<T < oo,
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ug € L((0,7), Hy(Q)) N L*((0,T), H*(Q)), VY0<T < o0

which satisfies

t
(2.5.17) /%’L)dl’*k/ﬁﬂ'vdl’*/ /f(x,Au)Uda:dt
// (z,u, Vu, D*u) vd:cdt—i—/w vdxr — k /Aw vdx

In the same manner as in the proof of Theorem 2.4.2, from (2.5.17) we can
obtain the regularity

uge € L ((0,T) x ), YO<T < 0.

The proof is complete.

Next, we investigate the problem given by

G4 — k22 f(x, A%u) = g(x,u, Vu, D>u, D?u)
(2.5.18) ulpo =0, Aulgg =0
U(I,O):¢, ut(x,O):¢

Besides the condition (2.5.13), we assume that g € ¢}(Q x RY), and

(2.5.19) (f(zyy) = f(@,92))(y1 — y2) > 0
g(z,u, Vu, D?u, D3u)|s0 = 0
(2.5.20) { Yu € ¢ (Q) with ulgg =0, Aulag =0

9(2, )| + [Dag(a, O] < e[X20<3 |§<3|% +1]
(2.5.21) Z\a|§3 |De, g(z, &) < 0[2\5\33 |fﬁ|571 +1]
£:{£a|a:{a17"'7an}7 |Oé|§3}

The spaces as in (2.3.19) are takes as that X, X; and H are the same as in
Theorem 2.5.6, and

Xo={uecW*(Q)| ulsq =0, Au|sq = 0}

H, = H*(Q) N HLNQ), with < u,v >g,= /QAU - Avdx
Hy ={uc H*(Q)| uloq =0, Aulpq = 0}

< U,V >H,= / VA - VAvdx

Hs ={ue H42(Q)| ulog = 0,-- -, A tulgn = 0}

< U,V >pH,= /QAQ"‘u - A2
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and the linear mapping £ : X9 — X7 and L : Xy — X, are respectively as
follows

Lu=—Au
Lu= A2y

By Lemma 1.4.1 and the Poincare inequality, we get that Hy — H; is compact.
It is known that the eigenvalue problem

A%y = du
U|QQ = 0, Au‘ag =0

has an infinite eigenvalue sequence, and the eigenfunctions {e,} consist of a
normal orthogonal base of L?(€2). By the definition of Hs, it is clear that {e,}
is also an orthogonal base of Hs. Hence the conditions (2.3.20)(2.3.21) and
(2.3.23) are fulfilled.

Theorem 2.5.7. Let the conditions (2.5.13) and (2.5.19)-(2.5.21) be sat-
isfied. Then for any (¢,v) € Xo N[H2(2) N H}(Q)], the problem (2.5.18) has
a global strong solution

u € L. ((0,00), WHP(€))
ur € Li5.((0,00), H*(2)) N Li,((0, 00), H*(2))
u € L ((0,T) x ), Y0<T < 0.

Proof. We use Theorem 2.3.7 to verify this theorem. Obviously, the map-
ping B : X9 — X7 defined by

< Bu,v >= —/ g(x, u, Vu, D*u, D3u)vdx
Q

is a compact operator. Hence the conditions in claim ii) of Theorem 2.3.7 are
satisfied.

It suffices to check the condition (2.3.24), and the proof is similar to that
of Theorem 2.5.6.

By (2.5.20), we have

| < Bu,Lv>| = |/ Vy(z,u, Vu, D*u, D3u) - VAvdz|
Q
k 2 2 2. 1332
< — [ [VAv)*dz + = [ |Vg(z,u, Vu, D*u, D°u)|“dz
2 Ja kJa
k n
< Glolk+e [ 1D:gP + 3" Y IDe.ofDiD"uflda

i=1|o|<3
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k: «
< §Ilv\|?{2 +c/ > IDulP + 1)da, (by (2.5.21)).

|| <4

Thus, the condition (2.3.24) is checked. The proof is complete.

Finally, we conclude section 2.5 by considering the following problem

?;g kaAu+Z|a\< ( l)la‘DaAa(xvua"'vau)
(2.5.22) = g(z,u,, D)
u‘aQ:07"'7Dm u|dQ:O
U($70) =9, ut(:c,O) =1
where m >'1
We say that u € W,52((0,00), L2(Q)) N L2,
weak solution of (2.5.22), if Yv € ¢§°(Q2),

/ T vde + k/ VuVudzr + / / u, -+, D™ u) D*vdzdt

|a\<m

/ / )vdmdt—&—/@l)vdm—&—k/vw Vudz

Suppose that there is a function F(z,£),£ = {&| a={ai, -, a.},|a| <
m}, which satisfies

((0,00), Wy (£2)) is a global

_ O0F(z,¢)
(2.5.23) An(z,6) = 2.,
Moreover, we assume that
(2.5.24) Fa,9)>e S 6P —coy p>2

|B|=m

Z|a‘:m[Aa(m7n7T1) — Aa(m,n, 72)][T10 — T20]
Z/\|T1—T2|2, A>0

(2:5.25) r={1al a=(an- an), |a]=m},
772{77[1\ ﬂ:(ﬂla"'vﬂn)’ \ﬁ|§m—l}
A )] < Sy €57 +1]
(25:20) { 002, E)] < e[S g1 IE61% + 1]

By applying Theorem 2.3.6, we can obtain the below result.
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Theorem 2.5.8. Let the conditions (2.5.23)-(2.5.26) be satisfied. Then for
any (¢,7) € W"P(Q2) x L*(Q2), the problem (2.5.22) has a global weak solution

u € Lig.((0,00), W™ (Q))
up € Lige((0,00), L*(2)) N Lio((0, 00), Hy (2)).

loc

Proof. Let the spaces be taken as follows
X = CSC(Q), Xo=X; = Wgnp(ﬂ)

H=H, =L*Q); Hy=H}Q)

and the linear operator L : Xo — X be the identity mapping L = id. Define
G=A+B:Xy;— X; by

< Au,v >= / Z An(z,uy -+, D™ u) D%dx

2 laj<m

< Bu,v >= —/ g(z,u, -, D™u)vdx
Q

From the conditions (2.5.23) and (2.5.24), one can derive the condition (2.3.5)
and (2.3.6). As the proof of Theorem 2.4.10, from (2.5.25) and (2.5.26) we
can refer that G = A+ B : Xo — X7 is coerceivly continuous. Finally, from
(2.5.26) we can derive that the condition (2.3.24) is satisfied. Therefore, by
Theorem 2.3.6, this theorem is proved.

2.6. Systems of Nonlinear Parabolic Equations
2.6.1. Global weak existence of quasilinear systems

We shall apply the abstract theorems on the upward weakly continuous
and horizontal coerceivly continuous operators to investigate the global weak
existence of quasilinear systems.

First, we consider the quasilinear parabolic systems given by

%Ltk — D, [aé‘f}(m, w)Dju + bf’(m, u)] + hfl(x, uw) Dy
(2.6.1) ulon = 0,
u(z,0) = ¢(x)
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where u = {uy, -, um}. Suppose that

(2 6 2) /\‘§|2 < a é-k?lfl]7 V(xvz) € x Rmvf e rmn
o A>0a const(mt
/ [bi—“(x, u)Djuy, + hfl(x, w)upDiuy + ck(:v, u) - ugldz
Q
(2.6.3) > / o ug |[PEda — a[/ lul?dx +1];  Yu € cg°(Q, R™)
Q Q

where p > 2, aF, a > 0 are constants.

| (z, 2)], hi' (2, 2)] < B*|2k|2 + 3
(2.6.4) | (@, 2)], [bi(2, 2)| < B*|2x|™ + 3

0 < g < max{p/2, %2};0 < G < max{py, 252}
We use Theorem 2.1.8 to discuss the problem (2.6.1). Let

X =cP(Q,R™),H =L*Q,R™), X5 = c}(Q, R™)

X1 = the completion of X under the norm
m

lullx, = / v dmz / g [P+ dz] e

We say uw € L7 ((0,00), X1)(p = {2,p1, -+, Pm}), LP((0,00), X1) is difinede as
in Subsection 2.1.1, is a global weak solution of (2.6.1) if for any v € X5, u

satisfies that

/u vdx—i—/ / kl (x,u)DjwD; vk—l—b (z, u)vk+h (:E,u)Diulvk

+cF(z, u)or — fF(x, t)o]de = / ¢ - vdx
Q

Theorem 2.6.1. Under the conditions (2.6.2)-(2.6.4), if f € L% .((0,00), L*(Q, R™))
and ¢ € L?(Q), R™), then the problem (2.6.1) has a global weak solution

u € L5 ((0,00), L2(Q, R™)) N LY ((0,00), X1)

where p = {2,p1, -, pm }, p(1 <k < m) defined as in (2.6.3).
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Proof. We define the mapping G : RT x X; — X by

v]

< Gu,v >= / [a¥! (2, w) Dju Dyvg, + b (@, u)vy,
Q

—l—hfl(x,u)Diulvk + ck(amu)vk — fk(a:,t)vk]da:

We need to check the conditions (A4;) and (A4s) in Theorem 2.1.8; and show
that G : Rt x X; — X3 is p-weakly continuous.

The hypotheses (2.6.2) and (2.6.3) means the condition (A;) is satisfies,
and parallel to the proof as used in Example 2.1.21, from (2.6.4) one can derive
the condition (As).

Let u, — up uniformly in LP((0,7), X1)V0 < T < oo, i.e.

up — ug tn LP((0,7),X1), and

n—oo

T

lim [/ (un, — uo)vdr]?dt =0, Yve X
0o Ja

By Lemma 2.1.20, we have

u, — ug in L2((0,T) x Q, R™)

Thus, in the same method as used in Theorem 1.5.1, from Lemma 2.4.1 we can
get
T T
lim <Gun,v>dt:/ < Gug,v >dt, Yve Xy, T < o0.
0

n—oo 0

By Theorem 2.1.8 we obtain this theorem. The proof is complete.

Next, we consider the quasilinear parabolic system as follows

“ — D A¥(z,u, Vu) + B*(z,u,Vu) = f¥(z,t), 1<k<m
(2.6.5) ‘ =20
u(z,0) = ¢(z)

Suppose that

(266) /\‘§|p S A?(xvzvg)gkiv V(.’L‘,Z) EQ X Rm7§€Rmn
e A>0,p> 1 are cnstants
(2.6.7) / B* (2, u, Vu)updz > —a[/ lul?dz +1], a>0
Q Q

[Af(xvzag) - ($ z ﬁ)][sz nki}
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(2.6.8) >ME=n* (0 >0) Y(z,2) €Qx R™ &neR™

| B (z, 2,&)| < B[22 + €[> + 1]
where
n+2
p<——>@-1)
n

Dy = <EE2(p_1)+22p n>p

2 < 2y p>n
s = <"T+1p—l, n>p

3 < p, n<p

Theorem 2.6.2. Under the hypotheses (2.6.6)-(2.6.9), if f € Lf;c(((), 00), L (Q, R™)), ¢ €
L?(©Q, R™), then the problem (2.6.5) has a global weak solution

u € L5.((0,00), L*(Q, R™)) N Lj,

loc((oa OO), W()l)p(Q7Rm))
Proof. We use Theorem 2.1.12 to prove this theorem. Let
X = CSO(Q,Rm),H =H, = LQ(QaRm)a
Xy =X, = WyP(QR™),L=1id: Xo — X3
Define the mapping G : Rt x X; — X7 by

< Gu,v >= / [A¥ (z,u, Vu)Djvy, + B* (2, u, Vu)vy — fFop)dx
Q

Obviously, the conditions (2.1.32)-(2.1.34) in Theorem 2.1.12 are fulfiled. And
the proof that G : Rt x X; — X is p-coerceivly continuous is parallel to that
of Theorem 2.4.2, we omit it here. This proof is complete.

2.6.2. Regularity and uniqueness

Let us consider the W?2P-strong solutions of the semilinear parabolic sys-
tems given by

% — Di(aff(x)Djul) + b () Dyuy + cF(z,u) = fF(z, )
(2.6.10) ulog =0
u(z,0) = ¢(x)
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where ajf, b} € ¢! (), and

(2.6.11) MEP < aff (2)érilyy, Vo € Q,6 € R™

We also assume that

(2.6.12) F(,2) 2, > |z Pk — a2 — o
- pr > 2,08 >0,a>0
0
(2.6.13) L > ey, 20
Zj
|c¥(z,2)| < BF|z1|® + B
2.6.14
( : { Oéqk<max{pk,@}

Let X, X1, X5 and H be as in Theorem 2.6.1, and

2(n+2)

rr = max{ps, b, sk =min{2, 7y - q/Il}

= 1 < .
s 1gllclgnm{sk}’ (1<s<2)

Theorem 2.6.3. Let the conditions (2.6.11)-(2.6.14) be valid. If f €
L2 .((0,00), L3(Q, R™)), ¢ € W22(Q, R™)NH(Q, R™)NLI(Q, R™), ¢ > maxi<p<m{2qx },
then the system (2.6.10) has an unique strong solution

u € L?oc((()’ OO)’X1> m L?OC((O’ OO)’ W27S(Qv Rm))
uy € L§2.((0,00), L* (92, R™))
where p = {2,p1, -, pr}-

Proof. We apply Theorem 2.1.9 to prove this theorem. Let
< Gu,v >= / [af’}DjulDivk + bleiulvk + cFoy, — fkvk]dx
Q
By (2.6.11) and (2.6.13), we have

< DG(wv,v > = / [aijjleivk + bi—“lDivlvk +
Q

+=—cF(z,u)vjvy)da

82]‘
> /mw? — e[Vl - o] = clo[2)da
Q
> —cl/ |U\2dx; c1 > 0,Vu,ve X
Q
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and
< Guo>|< c/ (V202 + |Val? + [u]? + | f2]da+
Q

1
+§/Q lv|2dx

Let X3 be the space defined as follows
X5 = {u e L2(Q, R™)| / (V2] + [Vl + Jul9)de < oo}
Q

Thus, the conditions (2.1.13) and (2.1.14) in Theorem 2.1.9 are satisfied. There-
fore, V¢ € X3, the solution u € L} ((0,00), X1) of (2.6.10) is unique which has
the regularity

(2.6.15) ur € Lige((0,00), L*(©2, R™))

By the LP-estimates of elliptic systems, from (2.6.10) and (2.6.15) we obtain

[ullwze < cllluellzz + 1 £z + lle(z, w) L]

It means that

T
/ a3y, dt
0

IN

T
¢ / (sl + 1P + lele, w)|*)duedt
0

IN

T
¢ / /Q arl? + 1£2 + B unl™ + Bldudt

Because u € LT ((0,00), X7), this theorem is proven.

We also consider the semilinear systems as follows

% — Di(af}(x)Djui) + B¥(z,u, Vu) = f*(z,1)

(2.6.16) u‘ag =0

u(z,0) = ¢(x)
af} € c'(Q) satisfy (2.6.11), and
(2.6.17) / B*(2,u, Vu)updz > —c/ lul?dz —c, ¢>0

Q Q

OB*(z,u, Vu) OB*(z,u, Vu)
— v + - Djvvg]dz
/Q[ 9z - 9€i; o]
(2.6.18) > —c/ lv[2dz,  Vu,v € P (Q, R™)
Q
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(2..19) |B*(z,2,8)| < [P + €] + 1]

where
_ ) <1+ ("+1), n>2
p1 <4, n <2

[ <142 n>2
27 <2, n<2

By using Theorem 2.1.13, we can obtain the follow theorem

Theorem 2.6.4. Under the conditions (2.6.17)-(2.6.19), if f € L2, ((0,00), L?(Q2, R™)), ¢ €
W22(Q, R™) N H (2, R™), then the system (2.6.16) has an unique strong so-
lution

u € L2,((0,00), HH(Q, R™) (1 Lo (0, 00), W24(, B™))

Ut € L?gc((o OO)’LQ(QaRm))

2) —
where s = minj <<, {2, "+ pit}

The proof is the same as that of Theorem 2.6.3, we omit the details.
Finally, we consider the regularity of the following quasilinear systems pos-
sessing some variational structure

auk — D A¥(z,u, Vu) + Al (2, u, Vu) = B¥(x,u, Vu)

(2.6.20) uln = 0
u<x7 0) =9
Suppose that there exists a ¢? function F(z,z,)onz € Q C R", 2z = {21, -+, Zm }

and & = {&;|1 <k <m,1 < j <n}, such that

Ak _ OF (z,2,€)
(2621) Z(x’ 2, f) aFa(ik; £
Aj(z,2,8) = ==
and
(2.6.22) F(z,2,§) > MNP —¢, Xe>0,p>2
(2.6.23) [AF(x,2,6) — Af (2, 2,0)][éri — mril = clé = nl*s ¢ >0,
| A} (2,2, )] < elé]P™! + pa(z)
(2.6.24) | A (2, 2,€)| < clg|” + pa(2)
|B*(z,2,8)| < c[|¢] + |2]2 +1]
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where

<p—-2LF p<n

n

p1 = <Dp, p=n
=D p>n
n(p—1)
alz|tt 4ol TS T PN
lu“l(z): q1 < 09, bp=n

w1 € ¢(R™) a positive function, asp >n

_np
al2|® + a p<;5-1L p<n
q2 < 00, p=n
to € ¢(R™) a positive function, as p > n.

p2(z) =

In addition, we also assume that B*(z, z,¢) are ¢!, and

OPF 2P PP
8€ki8£lj77kz77lg szazlykyl agkiazlnkzyl

oB* OBk
(2.6.25) _%nljyk - 3—zlykyk > c1|n)? — calyl?

V(z,2,£) € 2 X R™ x R™ and (y,7n) € R™ x R™", where ¢; > 0,c3 > 0.

Theorem 2.6.5. Under the conditions (2.6.21)-(2.6.24), for any ¢ €
WP (€, R™), the problem (2.6.20) has a global weak solution

u € Li5,((0,00), Wy P (€2, R™))

ut € L, ((0,00), L2 (9, R™))
Moreover, if the condition (2.6.25) is also satisfied, then for ¢ € W2P(Q, R™)N
H}(Q, R™), the solution of (2.6.20) is unique, which has the regularity

u e L2 ((07 OO), leoc(Q7 Rm>>

loc
ut € Line((0,00), Hy (2, B™)) N L5 ((0,00), L*(2, R™))

This theorem can be proven by using Theorem 2.2.5 and Theorem 2.2.7 in
the same methods as used in Theorem 2.4.7 and Theorem 2.4.10, and we omit
the proof here.

2.6.3. Uniform boundedness in W?P-norms
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We conclude this section by considering the uniform bundedness of global
strong solutions in the W2P-norms for the following semilinear parabolic sys-
tems

e — Auy, + fF(z,u) = gF(z), 1<k<m

(2.6.26) u|aQ =0
u(z,0) = ¢
Suppose that there is a ¢® function Fy(z, 21, - -, 2y,) such that
OF(z,2)
2.6.27 k =22
2627) Filwz) = 2
(2.6.28) Fi(z,2) > cF|zp|P —¢, pr>1or =0
0?Fy(x, 2) 9
2.6.29 _ > —
( ) 021021 Yryr > —cly|
|f(, 2)| < B¥|21|% + 8
(2.6.30) { qr = max{py, — 1, 243

We have the following result.

Theorem 2.6.6. Under the conditions (2.6.27)-(2.6.30) if g € L?(Q, R™),
then for any ¢ € Xa, Xo = H2(Q, R™)NH(Q, R™)NL*(Q, R™), ¢ = max{qx },
the system (2.6.26) has an unique global strong solution

u € L>=((0,00), W*P(Q, R™) N X;)

ug € L((0,00), L*(Q, R™)) N L*((0,00), H} (22, R™))

where p = 1+¢~ 1, X1 = H}(Q, R™)NLIT(Q, R™). Moreover, the solutions of
(2.6.26) are uniformly bounded for (us,u) in L*(Q, R™) x [W2P(Q, R™) N X1],
i.e. for any bounded subset Y C Xs, there is a constant ¢ > 0 such that

llutlliz + Jullwes + lullx, <e, Vo€ Z andt >0

Proof. We use Theorem 2.2.1 and Theorem 2.2.2 to prove this theorem.
Let G : X1 — X7 be defined by

< Gu,v >= /[Vu Vo A+ (@, u)vg — g~ - og)de
Q
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and the functional F': X; — R defined by
Fu) = /Q[%‘VU\Q + Fi(z,u) = (@) - wde
Obviously, G = DF : X; — X7 is weakly continuous, and by (2.6.28) we have
Plu) > /Q[%wu\? + Mg — SJuPlda

1
el - o / lg[2dz

where € > 0 is an arbitrary number. Hence the condition (2.2.3) in Theorem
2.2.1 is satisfied. On the other hand, by the hypothese (2.6.29) we have

0?Fy(z,u)
— 2 1Ly
< DG(u)v,v > = /[|Vv\ + —Zk 7

/|Vv|2dx—c/|v|2dx
Q Q

/ (18] + | f s w)] + |gl]lolde
Q

1
—/ |v\2dx+c/[|V2u\2+|u|2q+1}dfc
2 Ja Q

vpvy]dx

\Y

and

IN

| < Gu,v > |

IN

Hence, by Theorem 2.2.1 and Theorem 2.2.2, there exists an unique solution
of (2.6.26)
u € L*((0,00), X7)

ug € L=((0,00), L*(Q, R™)) N L*((0,00), H} (2, R™))
and the solutions (u¢, u) of (2.6.26) are uniformly bounded in L?(2, R™) x X;:

(2.6.31) lullze + llullx, <e, VE>0,6€> C X

By the LP-estemates of elliptic equations, from (2.6.30) and (2.6.31) one can
deduce that the solutions of (2.6.26) have the regularity u € W2P(Q, R™), and
satisfy

< cllluelle + |1 (@ w)| e + lgllze + llullze]
< (byl<p<2andp-gq=q+1)
< dflluellze + llglle> + ullpoer +1]

llul[vy2.»

This theorem follows from (2.6.31). The proof is complete.
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