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Abstract

In this paper, we investigate an initial value problem for existence and multiplicity of global classical
periodic solutions for a generalized Benjamin-Bona-Mahony equation. For this, a new topological ap-
proach which uses the abstract theory of the sum of two operators is used for investigations of existence
of at least one and at least two classical solutions.

Introduction

In this paper, we investigate the following periodic initial value problem for generalized Benjamin-Bona-
Mahony equation

Up — Uggt — Vg + () = glu)+h(t,z), t>0, zeR,
u(0,2) = wo(z), z€R, (1)
U(t,l‘+0)) = u(t,x), (t,l‘) € [0,00) X R7

where

(H1) w>0,v eR, f e CL(R),

p
|f’($)| < Zajm‘mjv reR,
Jj=1

aj,mj >0,j€{l,...,p}, pe N*, g € C(R),
q
lg(@)| <> bjlal™, z€R,
j=1

bj,n; >0,5€{l,...,q}, ¢ € N, h € C([0,00) x R),
h(t,z 4+ w) = h(t,z), |h(t,z)| < B, (t,x) € [0,00) x R,
B is a positive constant so that
lv|,a;,b0 < B,je€{l,...,p}, Le{l,...,q},

Uo ECQ(R),
wo(z + w) = up(z), 0 <wup(z) < B, z€R.
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Many mathematicians studied existence, uniqueness and the asymptotic behavior of solutions for such
kind of equations. In [11] the generalized Benjamin-Bona-Mahony equation is studied from the point of
view of dynamical systems. In [10], a spectral method is used to analyze the generalized Benjamin-Bona-
Mahony equations. The existence and uniqueness of global smooth solution of these equations are proved.
The large time error estimation between the spectral approximate solution and the exact solution is also ob-
tained. In [13] a generalized variational principle and abundant exact solutions are obtained for a new fractal
modified Benjamin-Bona-Mahony equation. The case f(u), = vu + uu, which corresponds to Benjamin-
Bona-Mahony-Burgers equation is well studied, see for example [6, 12, 14, 16] and the references therein.

The aim of this paper is to investigate the initial value problem (1) for existence and nonuniqueness of
global classical solutions. To obtain this goal, we use the method of fixed point, see e.g. [1], [3], [5] and
[8]. This basic idea can be used for investigations for existence of global classical solutions for many of
the interesting equations of mathematical physics. So, let X be the space of all continuous functions u on
[0,00) x R such that u(t,z +w) = u(t, ), (t,z) € [0,00) X R, and uy, Uy, Usyy, Uzt €xist and are continuous
on [0,00) x R. The space X will be endowed with the norm

lu]| = max{ sup |u(t, z)], sup lue(t, ), sup |uz (¢, )],
(t,z)€[0,00) xR (t,z)€[0,00) xR (t,z)€[0,00) xR
Sup |u:E:D(t7m)‘7 Sup |u:vzt(t7x)}7
(t,z)€[0,00) xR (t,z)€[0,00) xR

provided it exists. Our main results are as follows.
Theorem 1 Suppose that (H1) holds. Then the problem (1) has at least one solution in X.
Theorem 2 Suppose that (H1) holds. Then the problem (1) has at least two nonnegative solutions in X.

The paper is organized as follows. In the next section, we give some auxiliary results. In Section 3, we
prove Theorem 1. In Section 4, we prove Theorem 2. In Section 5, we give an example to illustrate our main
results.

2 Preliminary Results

Below, assume that F is a real Banach space. Now, we will recall the definitions of compact and completely
continuous operators in Banach spaces.

Definition 1 Let K : M C E — E be a map. We say that K is compact if K(M) is contained in a compact
subset of E. K 1is called a completely continuous map if it is continuous and it maps any bounded set into a
relatively compact set.

To prove our first existence result we will use the following fixed point theorem. For its proof, we refer
the reader to [4] or [7].

Theorem 3 Let FE be a Banach space, Y a closed, convexr subset of E, U be any open subset of Y with
0 € U. Consider two operators T and S, where

Tx=cx, €U,
fore >0 and S:U — E be such that
(i) I—-S:U — Y continuous, compact and
(ii) fzeU:z=XI—-S)z, zcdU}=0,foranyre (0,1).

Then there exists * € U such that Tx* + Sx* = z*.
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Definition 2 Let X and Y be real Banach spaces. A map K : X — Y is called expansive if there exists a
constant h > 1 for which one has the following inequality
|Kz— Kylly > bl — yllx, for any z,y € X.

Now, we will recall the definition of a cone in a Banach space.
Definition 3 A closed, convex set P in a Banach space E is said to be cone if

1. ax € P for any a > 0 and for any x € P,

2. x,—x € P implies x = 0.

The next fixed point theorem will allow us to prove existence of at least two nonnegative global classical
solutions of the IVP (1). For its proof, we refer the reader to [2] and [15].

Theorem 4 Let P be a cone of a Banach space E; Q a subset of P and Uy,Us and Us three open bounded
subsets of P such that Uy C Uy C Uz and 0 € Uy. Assume that T : Q — E is an expansive mapping, S : Uz —
E is a completely continuous map and S(Us) C (I—T)(S). Suppose that (Us\U1)NQ # 0, (Us\Uz)NQ # 0,
and there exists ug € P* = P\{0} such that the following conditions hold:

(1) Sz # (I —T)(xz— Aug), for all A > 0 and x € U7 N (2 + Aug),
(ii) there exists € > 0 such that Sx # (I — T)(A\x), for all A\ > 1+ €, x € QU3 and Az € Q,
(iii) Sz # (I = T)(z — Aug), for all A > 0 and x € OU3 N (Q + Auyg).
Then T + S has at least two non-zero fized points x1,x9 € P such that
71 €0U2NQ and z2 € (Uz\Usz)NQ

or

xr1 € (UQ\U1)ﬂQ and x4 € (Ug\ﬁg)ﬁﬂ

3 Proof of Theorem 1

In order to prove Theorem 1, we give firstly an integral representation of solutions to the problem (1). After
that we prove some a priori type estimates to these solutions. We end the proof by using results on fixed
points for the sum of operators. So, for v € X and (¢,2) € [0,00) x R, let us define the operator S; by

(&

1 —7:—w /Ow e’ (“0(5) + ug(t, 5)
+/Ot (Uxxt(T, 8) + Vge (1, 8) — f(u(T, 8))us (7, s) + g(u(r, s)) + h(r, 3)> dr) ds.

Siu(t,z) = wu(t,z)—

Proposition 1 Suppose that (H1) holds. If u € X satisfies the equation
Slu(tvx) =0, (ta x) € [07 OO) X R, (2)

then u is a solution to the problem (1).
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Proof. By (2) and for (t,z) € [0,00) x R, we find

67(*)

ult,z) = / T (Uo(s) ua(t,s)

l1—ew

-/ t (1t vs(728) = 0 Va9 + gu(r,) 4 A7) ) )as. (3

It follows that
ug(t,x) = —u(t,x)+ u.(t,z) + up(x) —|—/O (umt(T,:c) + Vg (T, 2) — [ (u(T,2))us (7, x)
+g(u(r,z)) + h(T,x))dT, (t,z) € [0,00) X R,

whereupon

u(t,z) = uo(x)—i—/o/ (umt(T,33)+uum(7',J:)—f’(u(T,x))uI(T,:r)—&—g(u(ﬂx))—i—h(T,x)) dr, (t,z) € [0,00) xR.

We put ¢t = 0 and we find u(0,z) = up(z), € R. Now, we differentiate the last equation with respect to ¢
and we arrive at the equation

ur(t, @) = Ugar (t, ) + Vs (t, ) — f/(u(t, z))us(t, z) + g(u(t,z)) + h(t,z), (t,x) € [0,00) x R,

i.e., u satisfies the problem (1). This completes the proof. m
Let

2w w 2 - m;+2 e nj+1
B; = max <1+1—6W>B’1—ew B+ B —I—;B- +;B- + B

Lemma 1 Suppose that (H1) holds. If u € X, ||u|| < B, then
|S1u(t, )| < Bi(1+¢), (t,z)€[0,00)x R.
Proof. Suppose that (H1) is satisfied and let v € X, with ||u|| < B. Then, for (¢,z) € [0,00) x R, we have
p q
[t 2)] <Y B™TL g(ult,2)| < Y B,
Jj=1 j=1

and

|S1u(t, z)| =

l—e v

u(tz) — —= /Owes<uo(s)+um(t,s)

+ /Ot <umt(7', 8) + vz, (7, 8) — f(u(r,8))us (7, 8) + g(u(r, s)) + h(r, s)>d7> ds
)+ /Owes<uo(s)+uz(t,s)|

+/O [t (7, 8)| + [V [uae (7, 8)| + | f'(u(7, 9))||ua(T, )]

INA
=
=
~
S

Hg(ulr, )] + |h(r, s)|)d7) s

IN

p q
w 2 m;+2 n;+1
B—|—1 <B+B+t<B+B—I—E B™ —|—E B —|—B>)

e*(.u
j=1 j=1

IA
=
+
=
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This completes the proof. m
Let g1 € C([0,00) x R) be a function such that g1 > 0 on (0,00) x (R\{z = 0}) with

91(0,z) = ¢1(t,0)=0, te€[0,0), z€R,
and such that

A1+t +22) (14 |z + 2?) /t dt; <A, (t,z)€[0,00) xR, (4)
0

/ g1(t1,8)ds
0

for some positive constant A. In the last section, we will give an example of such function g;. For v € X,
define the operator

t T
Sgu(t,x):/ / (t — 1) (@ — $)2g1 (t1, 8)Svut, s)dsdtr, (£, 7) € [0,00) x R. (5)
0 Jo
Lemma 2 Suppose that (H1) holds. If u € X and ||u|| < B, then
|Soul| < AB;.

Proof. Suppose that (H1) is satisfied and let v € X, with ||u|| < B.
(i) The estimation of |Sau(t, x)|, (t,z) € [0,00) x R :

t x
[Sou(t,x)] = ‘ / / (t —t1)(x — 5)%g1(t1, 8)S1u(ty, s)dsdt,
0 Jo

t x
< B1/ /(t—tl)(l—|—t1)(x—s)291(t1,s)ds dt,
o lJo
t x
< 4B1(1+t+t2)|$|2/ /gl(tl,s)dsdtl
o |Jo
< ABj.

(ii) The estimation of |%Sgu(t,ac)|7 (t,x) € 10,00

0
‘atSQu(t, x)

IN

) xR
t x
/ / (x —5)%g1 (t1,5)S1u(ty, s)dsdty
0
/ (x— S)le(tl, $)|S1u(ty, s)|ds|dty

0
t
!

t
B [
0

t
4B (1 +t)|x|2/

0
< AB.

IN

dtq

/093(1 +t1)(x — 8)2g1(t1, 8)ds
/x a1(t1, s)ds
0

IN

dty

(iii) The estimation of |a%.5'2u(t,x)|, (t,z) € [0,00)
t T
sy
o Jo
t T
<2
0

/ (t— )] — slgs (tr, 8)|Srults, 5)|ds
0

x R:

’;Szu(t, x) (t —t1)(z — s)g1(t1,8)S1u(ty, s)dsdty
x

dty

t T
S 231/ /(tftl)(l+t1)|$75\gl(t1,s)ds dtl
0 0
t T
< 4Bl(l+t+t2)|x|/ /gl(tl,s)ds dty
0 0
< AB.
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(iv) The estimation of |§—;Sgu(t,x)|, (t,z) € [0,00) x R :

2 t T
9 Sout,z)| = |2 / / (t = t1)g1 (11, 8)Syu(ty, s)dsdty
Ox? o Jo
t x
< 2/ / (t = t)g1 (11, )| Svulty, 5)|ds|dts
o |Jo
t T
< 231/ / (t—tl)(1+t1)gl(t1,s)ds dtl
o |Jo
t T
S 231(1 +t+t2)/ / gl(tl,s)ds dtl
o |Jo
< AB;.
(v) The estimation of \af—;atsgu(t,xﬂ, (t,z) € [0,00) x R :
83 t x
’MSQU(t,IE) = ‘2/0 /0 g1(t1,8)S1u(ty, s)dsdty
t x
< 2/ / 1ty )| St 5)|ds|dts
o |Jo
t T
< 231/ / (1 + tl)g1(t1,s)ds dtl
o |Jo
t x
S 231(1 + t)/ / a1 (tl, s)ds dtl
o |Jo
< AB;.
This completes the proof. m
Lemma 3 Suppose that (H1) holds. If uw € X satisfies the equation
Sou(t,z) =C, (t,x) € [0,00) x R, (6)

where C is a constant, then u is a solution to the problem (1).

Proof. We differentiate two times with respect to ¢t and three times with respect to x, the equation (6) and
we find

g1(t,x)S1u(t,z) =0, (t,z) € [0,00) X R,

whereupon
Sju(t,x) =0, (t,z) € (0,00) x (R\{z =0}).

Since Syu(-,-) € C([0,00) x R), then for (¢,x) € [0,00) x R, we get

0 = }ilr%)Slu(t,m)
S1u(0, z)
iii%Slu(t,x)
= Siu(t,0)

0.

Thus,
Siu(t,z) =0, (¢, z) € [0,00) x R.
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In virtue of Proposition 1, we conclude that u is a solution to the problem (1). This completes the proof. m

Let Y denote the set of all equi-continuous families in X with respect to the norm | - ||. Set Y =¥ and
U = {ueY:|u||< B}
For u € U, (t,z) € [0,00) x R and € > 0, define the operators T and S as follows

Tu(t,z) = eu(t,x),
Su(t,z) = u(t,z)— eu(t,x) — eSau(t, x).

where the operator Sy is given by formula (5). For u € U, we have

(L = S)ull

|lew + eSaul]
ellull + €l Saull

<
< eB + GABl.

Thus, S : U — X is continuous and (I — S)(U) resides in a compact subset of Y. Now, suppose that there
exists u € OU such that
u=AI—-9Su

or equivalently
u = e (u+ Sau), (7)

for some A € (0, %) Then, using that Syu(0,x) = 0, we get
u(0,z) = Aeu(0,z), =z €R,
whereupon Ae = 1, which is a contradiction. Consequently,
{lueU:u=M{I-S)u, uedU}=10

for any A\; € (0, %) Then, from Theorem 3, it follows that the operator T'+ S has a fixed point u* € Y.
Therefore
uw*(t,x) = Tu*(t,z)+ Su*(t,x)
= eu(t,z) +u*(t,x)
—eu*(t, ) — eSau™(t,x), (¢ z) € [0,00) x R,
whereupon
Sou*(t,z) =0, (t,z) € [0,00) x R.

Then, in virtue of Lemma 3, it follows that u* is a solution to the equation (1). This completes the proof of
Theorem 1.

4 Proof of Theorem 2

Let X be the space used in the previous section and r, L, Ry be positive constants that satisfy the following
conditions

L
r<L< R <B, ABl<g.

Here, B and A are the constants which appear in condition (H1) and formula (4), respectively and By is
the constant of Lemma 1. Set

P={ueX:u>0 on [0,00)xR}.
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With P we will denote the set of all equi-continuous families in P. For v € X and (¢,z) € [0, 00) x R, define
the operators T and Ss as follows

Tyw(t,z) = (1+mev(tz)— 61£O7
L
Ssv(t,x) = —eSqu(t,z) — mev(t,x) — e—

10’
where € is a positive constant, m > 0 is large enough and the operator Ss is given by formula (5). Note that

any fixed point v € X of the operator 77 + Ss is a solution to the IVP (1). Now, let us define the following
sets:

Q=P, U1=P,={veP:|v]|<r}, Us=Pr={veP:|v]| <L}, andUs =Pr, ={veP:|v|| <R}
1. For v, vy € §2, we have
[T1v1 — Thvs|| = (1 4 me) vy — va|,
whereupon 77 : 2 — X is an expansive operator with a constant h = 1 4+ me > 1.

2. For v € Pg,, we get

L
el Szv]| + mellv]| + g5

L
E(ABl +mRy + 10>

IS0

IN

IN

Therefore S3(Pg,) is uniformly bounded. Since S5 : Pr, — X is continuous, we have that S3(Pg,) is
equi-continuous. Consequently Sz : Pr, — X is completely continuous.

3. Let v1 € Pg,. Set

1 L
vy =01 + —Sov; + —.
m om
Note that Savy + £ > 0 on [0, 00[xR. We have vy > 0 on [0, c0[xR. Therefore vy € Q and
g L
—emug = —emuy — —e— —e—
€MV € 1 €02V 610 610
or equivalently,
L
(I — Tl)vz = —emv + €—

10
= 53’()1.

Consequently S3(Pr,) C (I —T1)().
4. Assume that for any vy € P* there exist A > 0 and v € 9P, N (2 + Avg) or v € IPg, N (L + Avg) such

that
Sg’U = (I - Tl)(’U - )\’Uo).
Then I I
—€eSov — mev — €0 = —me(v — Avg) + 0

or equivalently,
L
—Sov = Amuy + 5
Hence,
L
3

L
||SQUH = H/\’ITLUO + 5H 2

This is a contradiction.
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5. Let ¢; = % Suppose that there exist a v1 € 9P, and Ay > 1 + €7 such that
Sg’l)l = (I — Tl)()\lvl). (8)

Moreover,

L
—652’01 — Mev] — EE = —>\1m6’01 + ETO,

or equivalently,

L
Sovy + g = ()\1 - 1)mv1.
From here,

L
2— >
|

L
52’01 + 5H = ()\1 — 1)m||v1H = ()\1 — l)mL

and
2
— 4+ 1> A,
5m

which is a contradiction.

Therefore all conditions of Theorem 4 hold. Hence, the problem (1) has at least two solutions u; and s
so that

luall = L < Juell < R

or
r < |lui|| < L < |Juz|| < Ry.

5 An Example

Below, we will illustrate our main results. Let B = 1 and

9 3 2 1
LTI 5 "5 108,
1 4 3 L b L
= =V = = = = — = — an-’
p q w ) my ) ni ) aj 2) 1 20
Then 5
e
B =
LT
and I
r<L< R <B, AB1<3.
Take 1,/9 22 11,/9
1+s 24+ s S 2
hl(S) = log m, l(S) = arctan @, s € R, S # +1.
Then
221/2510(1 — 522 11v/2510(1 + 522
R (s) = = > ( 11) 5o and U'(s) = ( m ), seR, s#=£l
(1 — s114/2 4 522)(1 + s11y/2 + 522) 1+s
Therefore

—00< lim (1+s+5%)3h(s) <oo, and —oo< lim (1+s+s?)3(s) < c0.

s—too s—+oo
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Hence, there exists a positive constant C; such that

i 1 1 11 2 22 1 11 2
(I1+s+ 52)5 (44\@ log : + Sllgi 522 + NG arctan 15\8/2;> < (; for s e R.
— S S -

Note that hr:II:lll(S) = 7 and by [9, pp. 707, Integral 79], we have

= 0 + arctan .
1+24 42 gl—zﬂ+z2 2v/2 1—22

/ dz 11 1422+ 22 1 22

Let

810

(1+s*) (14 s+ s2)?’
Then there exists a constant C' > 0 such that

Qs) =

seR, and goft,z) =Q()Q(x), te€0,00), z€R.

t
4(1 4t +t2) (1+|1:|+1:2)/
0

/1’ g2(7, 2)dz

0

dr <C, (t,z) €[0,00) x R.

Let 4
gl(t7x) = 692@71‘)7 (t,ZII) € [Oa OO) x R.

/ 91 (Ta Z)dz
0

Then

t
4(1+t+t2)(1+|m\+m2)/
0

dr <A, (t,z)€[0,00) xR,

Therefore for the problem

Ut — Uggt — Ugy + %(U‘B)L = %US + W: (t,ﬂ?) S (07 OO) X Ra
u(O, x) = 1+(cos(2ﬂz))‘11+(sin(27rm))2 z €R,
U(t, '1:) = u(tv T+ 1)7 (t7 1‘) S [07 OO) X R,

all conditions of Theorem 1 and Theorem 2 are satisied.
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