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THE CONDITION FOR GENERALIZING INVERTIBLE
SUBSPACES IN CLIFFORD ALGEBRAS

Nguyen Canh Luong (Hanoi, Vietnam)

Abstract. Let A be a universal Clifford algebra induced by m-dimensional real
linear space with basis {e1,e2...,e,,}. The necessary and sufficient condition for the subs-
paces of form Li=lin{eq,e1,....em,em+1,...,€m4s} to be invertible is m=2 (mod 4), s=1 and
em41=€12...m (see [2]). In this paper we improve this assertion for the subspaces of the form

L=lin{eo,ea, s €A A gy A }, where A;C{1,2,....m} (:=1,2,...,m+s).
1. Introduction

Let V,, be an m—dimensional (m > 1) real linear space with basis
{e1,ea,...,em}. Consider the 2™ —dimensional real space A with basis

E={ep,eqa), - im} €{1,2} s> E{me1m}>- - €{1,2,...,m} }»

where ef;y ==¢; (i =12,...,m).

In the following, for each K = {k1, k2, ... .k} C {1,2,...,m} we write eg =
€kiks.. .k, With ey = eg, and so

E={eo,e1,- -, m, €12, -, €m—1m,---,€12. .m}-
The product of two elements e4,ep € E is given by
(1) eaep = (—1)HANB) LA B)e L pe A BC{1,2,...,m},
where

p(A, B) = '%;BP(A’j)’

p(A,j) =tlie A:i>j},
AN B = (A\B) U(B\A)

and #A denotes the number of elements of A.
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Each element a = > ajses € A is called a Clifford number. The product of
A

two Clifford numbers a = aseq; b= > bpep is defined by the formula
A B

ab = ZZaAbBeAeB~
A B

It is easy to check that in this way A is turned into a linear associative non-
commutative algebra over R. It is called the Clifford algebra over V,.

It follows at once from the multiplication rule (1) that ey is identity element,
which is denoted by ep and in particular

eiej+ejei=0fori#j e=-1 (i,j=12...,m)

and
€kiko. ky = €k €ky -+ - Ckys 1§k1<k2<...<kt§m.

The mvolution for basic vectors is given by

€hiks dy = (—1) 7 2 €hiko. k-

For any @« = Y aseqs € A, we write @ = > asén. For any Clifford number ¢ =
A A

1
S aaea, we write |a| = (3" a%)*.
A A

2. Result and Proof

We use the following definitions.

(i) An element a € A is said to be invertible if there exists an element a=1

such that aa™! = a~la = eg; a~?! is said to be the inverse of a.

(ii) A subspace X C A is said to be invertible if every non-zero element in X
is invertible in A.

(iil) D(uy, tay ..., up) = lin{ul,UZ, .. .un},ui eA (i=12,...,n).
It is well-known (see [1]) that for any special Clifford number of the form

m —
a= a;e; # 0 we have a=! = #. So L(eg,e1,...,em) is invertible, and if m = 2
i=0
m+1
(mod 4) (see [2]), then every a = > a;e; # 0, where eq1 = €12, is invertible
=0
a .. .
and a=! = T S0 L(eg, €1, ..., €m, my1) is invertible.

la
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We shall need the following lemmas.

Lemma 1. (see Lemmal [3]) I L(ea,,€a,,...,¢€4,), where ey, € I e, # en, for
i#£j, 6,7 €{1,2,... k}, Is invertible if and only if L(ea,€4,,€4,€A4,;---,€4,€4,)
is invertible.

By Lemma 1 we shall study subspaces of A4 in the form
Leg,€ay, .-, €4,)-

Lemma 2. (see Lemma 3 [3]) L(eg,ea,,...,€a,), €a, € ,ea, # ea, for i # j,
is invertible if and only if

ea,€a;, +eaen, =0fori£j, 4,j€4{0,1,2,...,m}, whereey, = eo.

Lemma 3. (see Theorem [3]) If L(eo,€a,,€4,,...,€4,), €a, € E,ea, # ea, for
i# 74, i,7€{1,2,....0} is invertible, then

(i I<m+1.
(i) fl=m+ 1, then

eith6T6A126A16A2...6Al_l or €Ay = —€4,€4, - . €A

The purpose of this paper is to prove the following.

Theorem. L(eg,ea,,...,€4,,,€A,41 €A, ) 18 invertible if and only if the
following conditions simultaneously hold:

(1) eaen, +eaea, =0 fori£j 4,5€{0,1,2,...m}, where e4, = eq,

(2) m=2 (mod 4),
(3) s =1,
(4) Bither e4,,,, =¢€a,€a,...€4,, or €Ay = —€AL€A, - €A, -

Proof. First we prove the sufficiency. From e4,€4; +e4,€4, =0for i £ 5, 1,5 €
{0,1,...m} we have

éA,éAj +éAjéA, = 0 and ea,+€ea, =0 for 275_], 1, € {1,777,}

We shall prove that e4,€4,,,, +€4,.4, €4, =0for k€ {0,1,...m}. For k =0, by
ab=ba and by m =2 (mod 4), we get that

eOéAm+1 +6Am+1éo = €4,€4,-.-€4, T €A,€4,...€4,,

= €4, €A, _, €A, T €A €A, ... CA,

= (_1)m€AmeAm_1 ...eq, T eq€4, .04
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m(m—1)

_(_1)m(_ ) 2 €A €Ay - CA, T €A €A, ... €4

= —€4,€4,...€4, T €4,€4,...€4, = 0.

For k € {1,2,...,m} we have

€A EAmay T €A1 €A, = €A€EA,, - €Ay - €A, T €A, ... €Ay ... €A, €Ay
+ +

= (—1)m_kéAm...6AkéAk ... €4, —|—(—1)m keAl...eAkéAk...eAm

= (—1)m_k[(—1)m_16Am...eAk_HeAk_l co.€A; FeA; €A €A, ...eAm]

= ()" [

6A1~~~6Ak_1€Ak+1 €4,

+ea, c €A €A, ...eAm] =0.

m+1
Take 0 # a = apeo + Y a;ea; € L{€o,€a,,..-€4,,,€4,41 )
i=1
1 m+1
Let a1 = ? apeo + E aiéa, |. Then
a
i=1
1 m+1 m+1
a-a”t= — apeo + a4, aopeo + Gj€4;
|a|? 2 : § : j
i=1 i=1
1 m+1 m+1 m+1
2 ~ 2
= W ageo + do g a;es; + g ajeq; | + g a;€A,€4,
i=1 j=1 i=1
1 m+1
. ~ 2
+ E ajaj(ea,€a; +ea,€4,) :W E a; | eo = eo.
1< =0

Similarly, one can check the equality a=! - a = eo.

Now we prove the necessity. By Lemma 2 we have e4,€4; +¢ea,64, = 0 for
i#j; 1,7€4{0,1,...,m} and by Lemma 3 we get that s = 1 and
either e4,,,, =e€a,€4,...€4, O €A, = —€A,€4,...CA,,.

We shall prove that m = 2 (mod 4). From ey, é4, + €464, = 0 for i #
J; i,7€{0,1,... ,m} one gets
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ea, +¢ea, =0, i €{1,2,...,m}. Hence either $4; = 4p, +1 or H$4; = 4p; +
2 (ppeN),ie{l,2,...,m}.So eq,e4, =—€0 (i=1,2,...,m).

Let m = 0 (mod 4) or m = 3 (mod 4). Choosing a = ¢y + e4,,,, and
we find

b=ey—e€a,,_,

ab =04 €Apis — CApyr — CAmpr CAmgpr = €0 — €Ay - €A €Ay - -CA,,

m(m—1) m(m41)

=0 — [(_1)m(_1) z 60] :60_(_1)T60:60—60:0,

Hence the non-zero numbers « and b are not invertible.

Let m =1 (mod 4). Choosing a =e4, +¢€4,,, and b=es, —ea,,, we get
ab= (eAl + CApt1 )(eAl - eAm+1)

= €4,€4;, —€A,€A,, 4, + €CAmg1€A; — €A1 €A

m(m+1)
2

= —€0— €4,€4,€45---€4, FEA €A, €4, €4, —(—1) €o

m—1
=€4,...€4,, —|—(—1) €A A CAy - CA, = CA,...CA_ —€A,...c4, =0

Hence a and b are not invertible. So m =2 (mod 4). The theorem is proved.
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