Zeitschrift für Analysis und ihre Anwendungen Journal for Analysis and its Applications Volume 19 (2000), No. 4, 1047–1055

On a Local Lipschitz Constant of the Maps Related to LU-Decomposition

Z. Balanov, W. Krawcewicz, A. Kushkuley and P.P. Zabreiko

Abstract. Let M(n, R) be the set of real positive definite symmetric (n×n)-matrices equipped with the Euclidean norm, and let A ∈ M(n, R). Let L(n, R) be the set of all real non-degenerate lower-triangular (n × n)-matrices equipped with the Euclidean norm, and let L : M(n, R) → L(n, R) be a (differentiable) map assigning to a positive definite symmetric matrix its lowertriangular factor in the LU-decomposition. We give an effective upper estimate for ‖L^′(A)‖.

Keywords: Lipschitz constant, LU-decomposition, Schur and Hadamard inequalities

AMS subject classification: Primary 58E05, 58E09, secondary 35J20

1. Introduction

Frequently encountered problems in the field of numerical analysis are related to finding solutions of partial differential equations by solving large systems of linear algebraic equations with symmetric (or Hermitian) matrices. An important computational method for solving such large systems is based on the LU-decomposition of positive definite matrices. More precisely, in order to solve a system Ax = b we can represent the matrix A as product of a lower-triangular matrix L and an upper-triangular matrix U which can be easily inverted, so the original system can be solved.

Accuracy of any numerical method is related to its stability with respect to small perturbations of the data (cf. [2, 3, 6 - 8]). In other words, as unavoidable errors associated for example with rounding or approximation of the data propagate, get amplified, and consequently, contaminate the results, it is important to effectively and accurately estimate the impact of small changes of the data (i.e. the right-hand side vector b of the system of linear equation Ax = b) on the computed solution.

Z. Balanov: Bar Ilan Univ., Dept. Math. & Comp. Sci., 52900 Ramat-Gan, Israel W. Krawcewicz: Univ. of Alberta, Dept. Math. Sci., Edmonton, Alberta T6G 2G1, Canada A. Kushkuley: 6 Carriage Drive, Acton, MA 01720, USA P.P. Zabreiko: Belorusian State Univ., Dept. Math., Pr. F. Skoriny 4, 22050 Minsk, Belarus balanov@macs.biu.ac.il; wieslawk@v-wave.com; kushkul@tiac.net; zabreiko@mmf.bsu.unibel.by

The authors would like to thank the University of Alberta for the support provided to P. P. Zabreiko; the first and second authors are grateful to the Alexander von Humboldt Foundation for their support.

ISSN 0232-2064 / $ 2.50 © Heldermann Verlag Berlin

1048 Z. Balanov et. al.

Another crucial problem related to finding numerical solutions of linear equations, from the more delicate standpoint of numerical performance, is associated with the socalled coefficient stability. In other words, we need to know how perturbations of the entries of the matrix A affect the solution of the corresponding linear system. It is our impression that this fundamental stability problem for the LU-decomposition method has not been given sufficient consideration in the existing literature.

The above stability problem can be studied using various information about the matrix A, for example its spectral properties, that is a standard approach to evaluate stability of a numerical method. However, the information about the spectrum of A is not always available, so it is more natural from the practical point of view to use an evaluation method depending directly on the coefficients of the matrix A.

In this paper we present an estimate for the stability of the LU-decomposition method expressed in terms of the norm of the matrix A and its principal minors. Namely, we present an estimation of the magnitude of the error in the calculated triangular factors of the matrix A as a function of the approximation error of the entrees of A. To be more specific, let us formulate this problem in a purely analytic way.

Let M(n, R) be the set of real positive definite symmetric (n×n)-matrices equipped with the Euclidean norm, and let A = (a_{ij} ) ∈ M(n, R). Consider its LU-decomposition A = L(A) U(A) where L(A) and U(A) are a lower- and upper-triangular matrix, respectively, transposed to L(A)). Recall that the coefficients of L(A) can be computed from the well-known Gauss formulas (cf. [6, 9, 10]) l_{sk} = { 0 for 1 ≤ s ≤ k − 1 A_{sk} √_{Ak−1Ak} for k ≤ s ≤ n (k = 1, . . . , n) (1.1) where A_i is the principal minor of A of order i (i = 1, . . . , n) and A_{sk} is the minor of A obtained by intersecting the rows with the indices 1, 2, . . . , k − 1, s and the columns with the indices 1, 2, . . . , k.

Denote by L(n, R) the set of all real lower-triangular (n×n)-matrices equipped with the Euclidean norm. Let L : M(n, R) → L(n, R) be the map defined by L : A → L(A) where L(A) is the above lower-triangular matrix corresponding to A. In spite of the fact that the map L is given by an explicit formula, its analytic properties were not studied in a rigorous way. It is clear that L is differentiable and positively homogeneous of degree^1_2 , i.e.

L(λA) = λ^{12} L(A) for λ > 0. (1.2)

Since L is differentiable, the problem of finding an estimate for the stability of the LU-decomposition method for a fixed matrix A can be reduced to estimating the local Lipschitz constant represented by the norm ‖L^′(A)‖. Consequently, the stability problem for the LU-decomposition method can be reformulated as follows: Given a matrix A what is L^′(A)?

The main result of this paper is an effective upper estimate of ‖L^′(A)‖ presented in Theorem 2.5. We refer to [2, 3, 6 - 10] where several results related to our discussion can be found.

On a Local Lipschitz Constant 1049

The authors are grateful to S. Tsynkov for useful discussions and assistance in preparing the manuscript for publication.

2. Lipschitz constant estimates

The objective of this section is to analyze the Lipschitz continuity of the matrix function L : M(n, R) → R^{n×n} defined by (1.1). Our estimates are based on the following inequality expressing for T ∈ M(n, R) the relation between det T and the Hilbert-Schmidt norm of the matrix T , denoted by ‖T ‖.

Lemma 2.1. Let T ∈ M(n, R). Then |det T | ≤ n^{− n2} ‖T ‖^n. (2.1) Proof. Inequality (2.1) is probably well-known, however we were not able to find any reference to a standard textbook in linear algebra. Therefore, it is appropriate to present its proof. For example, inequality (2.1) is a consequence of the well-known Schur inequality (cf. [1])_n ∑ k=1 |λ_k|^2 ≤ ‖T ‖^2 where λ_1, λ_2, . . . , λ_n are the eigenvalues of the matrix T . Indeed, using the fact that geometric mean is always less or equal than arithmetic mean we obtain

|det T | = n∏ k=1 |λ_k| = ((_n∏ k=1 |λ_k|^2 ) 1_n ) n_2

≤ ( 1 n n∑ k=1 |λ_k|^2 ) n_2 = n^{− 12 n} (_n∑ k=1 |λ_k|^2 ) n_2

≤ n^{− 12 n}‖T ‖^n and the statement is proved

Let us notice that inequality (2.1) also follows from the well-known Hadamard inequality (cf. [1]) |det T | ≤ n∏ j=1 (_n∑ k=1 |a_{jk}|^2 ) 1_2 . Indeed, by similar arguments we have |det T | ≤ ((_n∏ j=1 (_n∑ k=1 |a_{jk}|^2 )) 1_n ) n_2 ≤ ( 1 n n∑ j,k=1 |a_{jk}|^2 ) n_2 = n^{− 12 n}‖T ‖^n. Now, we can use Lemma 2.1 to estimate the partial derivatives of the entries of L^′(A).

1050 Z. Balanov et. al.

Lemma 2.2. The inequalities | | | ∂l^{sk} ∂a_{ij} | | | ≤ γ_k√n (_n ∏ k=1 k^k )_− 3_4 ‖A‖^{34 n2− 14 n− 12} A^{32}_1 · · · A^{32}_{n−1}A^{12}n

(2.2)

hold for s = k, k + 1, . . . , n and k = 1, . . . , n where

γ_1 = 3 2 γ_2 = 7 2 √ 2 γ_k = 1 2 ( 3k^{k4} (k − 1)^{k−1}4 + (k − 1)^{3(k−1)4} (k − 2)^{k−2}2 k^k4 ) (k ≥ 2) .

Proof. First consider the case 2 ≤ k < n. From (1.1) we have (s ≥ k) ∂l_{sk} ∂a_{ij} = 1 A^{12}_{k−1}A^{12}_k ∂A_{sk} ∂a_{ij} − 1 2A^{32}_{k−1}A^{32}_k A_{sk}A_{k−1} ∂A_k ∂a_{ij} − 1 2A^{32}_{k−1}A^{32}_k A_{sk} ∂A_{k−1} ∂a_{ij} A_k. (2.3)

Notice that, by Lemma 2.1, |A_{sk}| ≤ 1 k^k2 ‖A‖^k and | | | ∂A_{sk} ∂a_{ij} | | | ≤ 1 (k − 1)^{k−1}2 ‖A‖^{k−1},

and since A_k = |A_{kk}|, inequality (2.3) implies | | ∂l_{sk} ∂a_{ij} | | ≤ 1 A^{12}_{k−1}A^{12}_k ‖A‖^{k−1} (k − 1)^{k−1}2 + ‖A‖^{3k−2} 2A^{32}_{k−1}A^{32}_k ( 1 (k − 1)^{k−1}k^k2 + 1 (k − 2)^{k−2}2 k^k ) . (2.4)

By applying again inequality (2.1), we have | | ∂l_{sk} ∂a_{ij} | | ≤ ‖A‖^{3k−2} 2A^{32}_{k−1}A^{32}_k ( 3 (k − 1)^{k−1}k^k2 + 1 (k − 2)^{k−2}2 k^k ) . (2.5)

In a similar way we can consider the case k = n. Since l_{nn} = √ A_n/A_{n−1} we obtain ∂l_{nn} ∂a_{ij} = 1 2A^{32}_{n−1}A^{12}_n ∂A_n ∂a_{ij} A_{n−1} − 1 2A^{32}_{n−1}A^{12}_n A_n ∂A_{n−1} ∂a_{ij} (2.6)

and by applying (2.1) we get | | | ∂l_{nn} ∂a_{ij} | | | ≤ ‖A‖^{2n−2} 2A^{32}_{n−1}A^{12}_n ( 1 (n − 1)^{n−1} + 1 (n − 2)^{n−2}2 n^n2 ) . (2.7)

On a Local Lipschitz Constant 1051

Using (2.1) in the case k < n we obtain the estimate A^{32}_1 · · · A^{32}_{k−2}A^{32}_{k+1} · · · A^{32}_{n−1}A^{12}_n = A^{32}_1 · · · A^{32}_{k−2}A^{32}_{k−1}A^{32}_k A^{32}_{k+1} · · · A^{32}_{n−1}A^{12}n A^{32}_{k−1}A^{32}_k ≤ ‖A‖^{32} · · · ‖A‖^{32 (n−1)}‖A‖^{12 n} ( ∏_{n−1} k=1 k^k ) 3_4

n^14

(k − 1)^{34 (k−1)}k^{34 k} ‖A‖^32^{(k−1)}‖A‖^32^k = ‖A‖^{32 (1+2+...n−1)+ 12 n}n^{12} ( ∏_n k=1 k^k ) 3_4

(k − 1)^{34 (k−1)}k^{34 k} ‖A‖^{3k− 3}2 = ‖A‖^{34 n2− 14 n} √ n (_n∏ k=1 k^k )_− 3_4

(k − 1)^{34 (k−1)}k^{34 k} ‖A‖^{3k− 3}2 .

(2.8)

Combining (2.8) with (2.5) yields (2.2). Similarly, in the case where k = n we have

A^{32}_1 · · · A^{32}_{n−2} ≤ ‖A‖^{34 (n−1)(n−2)} (1^1 · 2^2 · · · (n − 2)^{n−2})^34

, (2.9)

thus (2.2) follows from (2.7) and (2.9). The proof in the case where k ≤ 2 is similar with some evident simplifications

Lemma 2.3. Let

γ_k = 1 2 ( 3k^{k4} (k − 1)^{k−1}4 + (k − 1)^{3(k−1)4} (k − 2)^{k−2}2 k^k4 ) . Then the inequality γ_k ≤ 2e^{14} k^{14} (2.10) holds.

Proof. It is clear that 3k^{k4} (k − 1)^{k−1}4 ≤ 3 ( 1 + 1 k − 1 ) k_4 k^{14} ≤ 3e^{14} k^{k4} and (k − 1)^{3(k−1)4} (k − 2)^{k−2}2 k^k4

= (k − 1)^{14}

(k − 1)^{k−22} (k − 2)^{k−2}2

(k − 1)^{k4}

k^14

= (k − 1)^{14} ( 1 + 1 k − 2 ) k−2_2 ( 1 − 1 k ) k_4

= (k − 1)^{14} ( 1 + 1 k − 2 ) k−2_2 ( 1 − 1 k^2

) k_4 1

(1 +^1_k )^{k+1}4

( k + 1 k ) 1_4

≤ e^{14} ( k2 − 1 k ) 1_4

≤ e^{14} k^{14} , so inequality (2.10) follows

1052 Z. Balanov et. al.

Notice that for a fixed k an entry l_{sk} of the matrix L(A) depends only on k^2 variables. Furthermore, for a fixed k there are only n + 1 − k non-zero entries l_{sk} of the matrix L(A), thus for a fixed k there can only be (n + 1 − k)k^2 non-zero partial derivatives ∂l_{sk} ∂a_{ij} . Lemma 2.4. The inequality 4 63 n^{92} ≤ n∑ k=1 (n + 1 − k)k^{52} ≤

4n^{92} 63 ( 1 + 1 n ) 7_2 ( 1 + 11 2n )

holds.

Proof. The proof is straightforward and we omit it

The estimates presented in Lemma 2.4 can be illustrated by the following graph.

We can summarize the estimates derived in Lemmas 2.2 - 2.4 in the following result.

Theorem 2.5. Let A be a positive definite symmetric (n × n)-matrix. Then the estimate

‖L^′(A)‖ ≤ 4e^{14} n^{114} √ 63 ( 1 + 1 n ) 7_4 ( 1 + 11 2n ) 1_2 (^n∏ k=1 k^k )_− 3_4 ‖A‖^3_4 n^2−^1_4 n−^1_2

A^{32}_1 · · · A^{32}_{n−1}A^{12}n

(2.11)

holds.

Remark 2.6. Notice that the estimate standing on the right-hand side of inequality (2.11) is a homogeneous expression of order −^1_2 with respect to A, as it was expected since L^′(A) is also homogeneous of order −^1_2 .

In general, however, estimate (2.11) is rather rough what can be seen using spectral properties of the matrix A. We have the following

On a Local Lipschitz Constant 1053

Corollary 2.7. Let m and M be the smallest and the largest eigenvalues of A, respectively. Then ‖L^′(A)‖ ≤ 4e^{14} √ 63 Γ^34 ( 1 + 1 n ) 7_4 ( 1 + 11 2n ) 1_2 e^{316 n2} n^{3916 − 12 n} 1 √ M ( M m ) 3_{4 n}2_− 1_{4 n} (2.12)

where Γ ≈ 1.2824271 . . . is the so-called Gleisher constant.

Proof. We have the well known inequality ‖A‖ ≤ √ nM and on the other hand by the classical Sturm separation theorem (cf. [1]) A_1 ≥ m, A_2 ≥ m^2, . . . , A_n ≥ m^n. Consequently, we have the estimate ‖A‖^{34 n2− 14 n− 12} A^{32}_1 · · · A^{32}_{n−1}A^{12}_n

≤ n^{38 n2− 38 n− 14} 1 M^12 ( M m ) 3_{4 n}2_− 1_{4 n}

. (2.13)

Furthermore, we have for the product ∏_n k=1 k^k the estimate n∏ k=1 k^{−k} ≤ 1 Γ e^{n24} n^12^{n2+ 1}2^{n+ 1}12

(2.14)

(cf. [4]). By Theorem 2.5 and inequalities (2.13) - (2.14) we obtain (2.12)

3. Lipschitz constant estimates based on spectral properties of the matrix A

Accordingly to Corollary 2.7 both inequalities (2.11) and (2.12) are quite rough. However, if the information about the spectrum of the matrix A is available, the estimate of ‖L^′(A)‖ can be significantly improved.

Theorem 3.1. Let A be a positive definite symmetric (n × n)-matrix and suppose that m and M are the smallest and the largest eigenvalues of A, respectively. Then ‖L^′(A)‖ ≤ (n + 1)^2 √ 3 M^{2n−3} m^{2n− 5}2

. (3.1)

Proof. In the case 3 ≤ k < n, by applying inequality (2.1) to (2.3) we obtain | | | ∂l_{sk} ∂a_{ij} | | | ≤ 1 A^{12}_{k−1}A^{12}_k a^{k−1}_{sk,ij} (k − 1)^{k−1}2 + 1 2A^{12}_{k−1}A^{32}_k a^k_{sk} a^{k−1}_{k,ij} k^k2 (k − 1)^{k−2}2 + 1 2A^{32}_{k−1}A^{12}_k a^k_{sk} a^{k−2}_{k−1,ij} k^k2 (k − 2)^{k−2}2

(3.2)

1054 Z. Balanov et. al.

where a_{sk}, a_{sk,ij}, a_{k,ij} and a_{k−1,ij} are the Hilbert-Schmidt norms of matrices corresponding to the minors A_{sk},^{∂Ask}_{∂aij} ,^{∂Ak}_{∂aij} and^{∂Ak−1}_{∂aij} , respectively. In similar way, in the case k = n (2.6) yields | | | ∂l_{nn} ∂a_{ij} | | | ≤ 1 2A^{12}_{n−1}A^{12}_n a^{n−1}_{n,ij} (n − 1)^{n−2}2 + A^{12}n 2A^{32}_{n−1} a^{n−2}_{n−1,ij} (n − 2)^{n−2}2

. (3.3)

Since for 3 ≤ k ≤ n we have a_{sk} ≤ √ k α_{sk} a_{sk,ij} ≤ √ k − 1 α_{sk,ij} a_{k,ij} ≤ √ k − 1 α_{k,ij} a_{k−1,ij} ≤ √ k − 2 α_{k−1,ij} where α_{sk}, a_{sk,ij}, α_{k,ij} and α_{k−1,ij} are the norms of the matrices corresponding to the minors A_{sk},^{∂Ask}_{∂aij} ,^{∂Ak}_{∂aij} and^{∂Ak−1}_{∂aij} , respectively, we obtain from (3.2) that in the case 3 ≤ k < n we have | | | ∂l_{sk} ∂a_{ij} | | | ≤ α^{k−1}_{sk,ij} A^{12}_{k−1}A^{12}_k + α^k_{sk} α^{k−1}_{k,ij} 2A^{12}_{k−1}A^{32}_k + α^k_{sk} α^{k−2}_{k−1,ij} 2A^{32}_{k−1}A^{12}_k

(3.4)

and in the case k = n it follows from (3.3) | | | ∂l_{nn} ∂a_{ij} | | | ≤ α^{n−1}_{n,ij} 2A^{12}_{n−1}A^{12}n + A^{12}_n α^{n−2}_{n−1,ij} 2A^{32}_{n−1}

. (3.5)

Notice that all the norms α_{sk}, α_{sk,ij}, α_{k,ij} and α_{k−1,ij} do not exceed the usual norm of A which happens to be equal to M. On the other hand, using the inequalities A_k ≥ m^k where k = 1, . . . , n (3.4) implies for k < n | | | ∂l_{sk} ∂a_{ij} | | | ≤ M^{k−1} m^{k− 1}2 + M^{2k−1} 2m^{2k− 1}2 + M^{2k−2} 2m^{2k− 3}2

, (3.6)

and (3.5) implies for k = n | | | ∂l_{nn} ∂a_{ij} | | | ≤ M^{n−1} 2m^{n− 1}2 + M^{32 n−2} 2m^32^{n− 3}2

. (3.7)

It follows from (3.6) and (3.7) that for all k ≤ n we have | | | ∂l_{sk} ∂a_{ij} | | | ≤ 2 M^{2n−3} m^{2n− 5}2

. (3.8)

Summarizing inequalities (3.8), first for fixed k over i and j, and then for k = 1, . . . , n we obtain ‖L^′(A)‖ ≤ 2 n ∑ k=1 (n + 1 − k)k^2 M^{2n−3} m^{2n− 5}2

. (3.9)

Since_n ∑ k=1 (n + 1 − k) k^2 = n(n + 1)^2(n + 2) 12 estimate (3.1) follows from (3.9)

On a Local Lipschitz Constant 1055

It is not hard to show that the estimates obtained in Theorems 2.5 and 3.1 can be essentially improved. For both cases, it is possible to sharpen the estimates for ‖L^′(A)‖ by expressing them in terms of A_1, . . . , A_n, ‖A‖ and M, but the obtained formula is rather cumbersome and awkward. Trying to simplify the estimates for ‖L^′(A)‖ we derived (2.12) and (3.1) based on the idea of equal contributions of different entries of the matrix L(A). The enormous difference between estimates (2.12) and (3.1), i.e. the exponential and quadratic growths, should be given few words of explanation. In the case of estimate (2.12) we deal with a priori information about A, i.e. we only use the characteristics of A that can be simply calculated from the coefficients of the matrix A (for example, ‖A‖, A_1, . . . , A_n), but in the case of estimate (3.1) we deal with a posteriori information requiring the knowledge of the bounds m and M which are not easy to calculate.

References

[1] Bellman, R.: Introduction to Matrix Analysis. New York: McGraw-Hill 1972. [2] Ikramov, H.: Rarefied matrices (in Russian). In: Itogi nauki i tehniki (Moscow: VINITI), Series Math. Anal. 20 (1982), 179 – 260.

[3] Jennings, J. and M. Osborne: A direct error analysis for least squares. Numer. Math. 22 (1974), 325 – 323.

[4] Knuth, D.: The art of computer programming, Vol. 1. Reading, Mass.: Addison-Wesley 1974.

[5] Marcus, M. and H. Hink: A survey on matrix theory and matrix inequalities (in Russian).

Moscow: Nauka 1972.

[6] Megovan, W.: Matrix decomposition: on APL function to compute the Cholesky factor of a Gramian matrix. Behav. Res. Meth. Instrum. 15 (1983), 99 – 100.

[7] Stonmeyer, D.: Automatic error analysis using computer algebraic manipulation. ACM Trans. Math. Software 3 (1977), 26 – 43.

[8] Vojevodin, V.: The computing foundations of linear algebra elastic plate. Moscow: Nauka 1977.

[9] Vojevodin, V. and I. Kuznetsov: Matrices and computations (in Russian). Moscow: Nauka 1984.

[10] Wilkinson, J.: The Algebraic Eigenvalue Problem. Oxford: Clarendon Press 1965.

Received 19.11.1999; in revised form 19.05.2000