ON THE BOUNDEDNESS AND COMPACTNESS OF GENERALIZED TRUNCATED POTENTIALS

V. Kokilashvili, A. Meskhi

A. Razmadze Mathematical Institute of the Georgian Academy of Sciences

In the present note we give necessary and sufficient conditions for positive σfinite Borel measure ν on R^{n+1}_+ ≡ R^n ×[0, ∞), which guarantee the boundedness ( compactness) of the operator K_γ f(x, t) = ∫ |y|≤2|x| f(y) (|x − y| + t)^{n−γ} dy (x ∈ R^n , t ∈ [0, ∞)) from L^p(R^n ) into L^q_ν (R^{n+1}_+ ), where 0 < p, q < ∞, p > 1 and γ > n/p (for q < p it will be assumed that ν is absolutely continuous, i.e. dν(x, t) = v(x, t)dxdt, where v is a Lebesgue-measurable almost everywhere positive function on R^{n+1}_+ ).

An analogous problem for the generalized Riemann- Liouville operator T_αf(x, t) = ∫_x 0 f(τ) (x − τ + t)^{1−α} dτ (x, t ∈ [0, ∞)) was solved in [6] and [7] for α > 1/p (for the classical Riemann-Liouville operator R_αf(x) = T_α(x, 0) see [5]). A full characterization of couples of weights (v, w ) which provide the two-weight weak (p, q) (1 < p < q < ∞) type inequality for generalized Riesz potential I_αf(x, t) = ∫ R^n f(y) (|x − y| + t)^{n−γ} dy (x ∈ R^n , t ∈ [0, ∞)) where 0 < γ < 1, is given in [3] (see also [4], Chapter 3) and the boundedness problem for I_α from L^p(R^n ) into L^q_ν (R^{n+1}_+ ) was solved in [2].

The necessary and sufficient conditions for the boundedness of truncated Riesz potential J_γ f(x) = K_γ f(x, 0) from L^p(R^n ) into L^p_ν (R^{n+1}_+ ), where 1 < p < ∞ and γ > 1/p, was found in [8], while the solution of two-weight problem for the classical Riesz potential was presented in [3] and [4], Chapter 3. For the compactness of classical Riesz potential see [1].

Let ν be a positive σ-finite Borel measure on R^{n+1} . In the sequel L^q_ν (R^{n+1}_+ ) (0 < q < ∞) denotes a set of all ν-measurable functions g : R^{n+1}_+ → R^1 for which

‖g‖_Lq_{ν (R}n+1_{+ )} = ( ∫ R^{n+1}_+ |g(x, t)|^qdν(x, t) )_{1/q} < ∞. If ν is absolutely continuous ( i.e. dν = v(x, t)dxdt, where v is Lebesguemeasurable, a.e. positive function on R^{n+1}_+ ), then instead of L^q_ν (R^{n+1}_+ ) we will use the notation L^q_v(R^{n+1}_+ ).

Volume 4, 2000 29

Let U_r ≡ {x ∈ R : |x| ≥ r} × [0, ∞), where r > 0. It is obvious that U_2k \ U_2k+1 = {x ∈ R^n : 2^k ≤ |x| < 2^{k+1}} × [0, ∞) for every k ∈ Z.

The following theorems are valid:

Theorem 1. Let 1 < p ≤ q < ∞, γ >^n_p . Then the following statements are equivalent:

(i) K_γ is bounded from L^p(R^n ) into L^q_ν (R^{n+1}_+ ); (ii) B ≡ sup_{r>0} ( ∫ U_r (|x| + t)^{(γ−n)q}dν(x, t) ) 1_q r^{np′} < ∞; (iii)

B_1 ≡ sup_{k∈Z} ( ∫ U_{2k} \U_{2k+1} (|x| + t)^{(γ−n)q}|x|^{nq/p′} dν(x, t) ) 1_q < ∞. Moreover, ‖K_γ ‖ ≈ B ≈ B_1.

Theorem 2.Let 1 < p ≤ q < ∞, γ >^n_p . Suppose that L^q_ν (R^{n+1}_+ ) is separable. Then the following conditions are equivalent:

(i) K_γ is compact from L^p(R^n ) into L^q_ν (R^{n+1}_+ ) ; (ii) B < ∞ and lim_{r→0} B(r) = lim_{r→+∞} B(r) = 0, where

B(r) = ( ∫ U_r (|x| + t)^{(γ−n)q}dν(x, t) ) 1_q r^{np′} ;

(iii) B_1 < ∞ and lim_{k→−∞} B_1(k) = lim_{k→+∞} B_1(k) = 0, where

B_1(k) = ( ∫ U_{2k} \U_{2k+1} (|x| + t)^{(γ−n)q}|x|^{qn/p′} dν(x, t) ) 1_q . Now we consider the case q < p.

Theorem 3. Let 0 < q < p < ∞, p > 1 and γ > n/p. Assume that ν is absolutely continuous. Then the following statements are equivalent:

(i) K_γ is bounded from L^p(R^n ) into L^q_v (R^{n+1}_+ ); (ii) K_γ is compact from L^p(R^n ) into L^q_v (R^{n+1}_+ ); (iii)

D = ( ∫ R^n ( ∫ U_x (|y| + t)^{(γ−n)q}v(y, t)dydt ) p_{p−q} |x|^{(q−1)pnp−q} dx ) p−q_{pq} < ∞. Moreover, ‖K_γ ‖ ≈ D.

Now we give the upper and lower estimates of the distance of the operator K_γ from a space of compact operators.

Let X and Y be Banach spaces. Denote by K (X, Y ) a space of all compact operators from X into Y . We will assume that ν is absolutely continuous.

30 Bulletin of TICMI

Theorem 4. Let 1 < p ≤ q < ∞, γ > n/p and let X = L^p(R^n ), Y = L^q_v(R^{n+1}_+ ). Assume that B < ∞ for dν(x, y) = v(x, t)dxdt, where v is Lebesguemeasurable a.e. positive function on R^{n+1}_+ . Then there exist positive constants b_1 and b_2 depending only on p, q and γ such that b_1J ≤ dist(K_γ , K (X, Y )) ≤ b_2J, where J = lim_{a→0} J^{(a)} + lim_{d→+∞} J^{(d)},

J^{(a)} ≡ sup_{0<r<a} ( ∫ U_r\U_a v(x, t)(|x| + t)^{(γ−n)q}dxdt )_{1/q} r^{n/p′} ,

J^{(d)} ≡ sup_{r>d} ( ∫ U_r v(x, t)(|x| + t)^{(γ−n)q}dxdt )_{1/q} (r^n − d^n)^{1/p′} . Remark. Let (X, d, μ) be the space of homogeneous type, i.e. the space with quasimetric d and complete measure μ satisfying the doubling condition μB(x, 2r) ≤ bμB(x, r), for all x ∈ X and r > 0, where B(x, r) = {y ∈ X : d(x, y) < r}. Then analogous results for the operator K_γ f(x, t) = ∫ d(x_0,y)≤2d(x_0 ,x) f(y) μB(x, d(x, y) + t)^{1−γ} dμ(y) (γ > 1/p, x_0 ∈ X and (x, t) ∈ X × [0, ∞))) can be obtained.

R e f e r e n c e s

[1] Edmunds D.E. and Kokilashvili V., Two-weight Compactness Criteria for Potential Type Operators. Proc. A. Razmadze Math. Inst., 117, 1998, 123-125.

[2] Genebashvili I., Carleson Measures and Potentials Defined on the Spaces of Homogeneous Type. Bull. Georgian Acad. Sci., 135, N 3, 1989, 505-508.

[3] Gabidzashvili M., Genebashvili I. and Kokilashvili V., Two-weight Inequalities for Generalized Potentials. Trudy Mat. Inst. Steklov, 194, 1992, 89-96 (in Russian). English transl. Proc. Steklov Inst. Math., 94, 1993, Issue 4, 91-99.

[4] Genebashvili I., Gogatishvili A., Kokilashvili V. and Krbec M., Weight Theory for Integral Transforms on Spaces of Homogeneous Type. Pitman Monographs and Surveys in Pure and Applied Mathematics, 92, Longman, Harlow, 1998.

[5] Meskhi A., Solution of Some Weight Problems for the Riemann-Liouville and Weyl Operators. Georgian Math. J., 5, N6, 1998, 565-574.

[6] Meskhi A., Criteria for the Boundedness and Compactness for the Generalized Riemann-Liouville Transform. Proc. A. Razmadze Math. Inst., 121, 1999, 161-162.

[7] Meskhi A., Criteria for the Boundedness and Compactness for Generalized Riemann- Liouville and Weyl Operators (to appear).

[8] Sawyer E., Multipliers of Besov and Power-Weighted L^2 Spaces. Indiana Univ. Math. J., 33, N3, 1984, 353-366.