Volume 2 December–July 1996 ISSN 1083-0464

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

EDITOR IN CHIEF: IOANNIS ARGYROS MANAGING EDITOR: MOHAMMAD TABATABAI TECHNICAL EDITOR: GARY HUCKABAY

EDITORIAL BOARD

G. ANASTASSIOU I. ARGYROS E. CǍTINAŞ D. CHEN Ş COBZAŞ P. VAN FLEET D. JANKOVIC T. McKELLIPS C. MUSTǍTA I. PǍVǍLOIU C. RIECKE D. RUCH F. SZIDAROVSZKY M. TABATABAI

CAMERON UNIVERSITY DEPARTMENT OF MATHEMATICAL SCIENCES LAWTON, OK 73505, U.S.A

Southwest Journal of Pure and Applied Mathematics

Editor in Chief: Ioannis Argyros Managing Editor: Mohammad Tabatabai Technical Editor: Gary Huckabay

Editorial Board

G. Anastassiou anastasg@hermes.msci.memst.edu I. Argyros ioannisa@cua.cameron.edu E. Cǎtinaş ecatinas@math.ubbcluj.ro D. Chen dchen@uafsysb.uark.edu Š. Cobzaş scobzas@math.ubbcluj.ro P. Van Fleet mth pvf@shsu.edu D. Jankovic draganj@cuok.cameron.edu T. McKellips terral@dragon.cameron.edu C. Mustǎta ecatinas@math.ubbcluj.ro I. Pǎvǎloiu ecatinas@math.ubbcluj.ro C. Riecke rick@penguin.cameron.edu D. Ruch mth dkr@shsu.edu F. Szidarovszky szidar@sie.arizona.edu M. Tabatabai mohammad@tiger.cameron.edu

Editorial Office Publication Program

SWJPAM 2 issues per year Cameron University July, December Department of Mathematical Sciences Lawton, OK 73505, U.S.A.

Information for Authors

Scope. SWJPAM is an electronic journal devoted to all aspects of Pure and Applied mathematics, and related topics. Authoritative expository and survey articles on subjects of special interest are also welcomed.

Since SWJPAM aims to serve not only the specialists, but also the user of mathematics (promoting, in such a way, a strong interaction between them), particular emphasis is placed on applications. Thus, SWJPAM publishes papers which, although not directly contributing to mathematics, contain, however, significant results (from any field) obtained by making an essential and well stressed use of the methods and results of mathematics.

Submission of Manuscripts. Since SWJPAM is a completely electronic journal, all manuscripts must be submitted in either AMSTEX, LaTEX, TEX, or post script form. Papers for publication should be submitted to ftp://rattler.cameron.edu/SWJPAM incoming by anonymous ftp. The articles must be placed in the ‘incoming’ directory. The submission should include the title of the paper, the author’s name and affiliation, and a short abstract which summarizes the paper; a list of keywords and a classification according to the Mathematical Reviews’ Subject Classification (1991). Authors are informed by e-mail of referee communication.

Key Words. Key words should be comprehensive and subject specific. It is not necessary to list the subject area of the journal’s coverage as a key word. Four key words should be sufficient to cover the major subjects off a given paper, although more can always be supplied if the author deems it necessary.

© 1996 Cameron University (continued on inside back cover)

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS VOLUME 2, DECEMBER–JULY 1996

CONTENTS

M.A. Tabatabai and K.P. Singh Predictive Distribution for Polytomous Logistic Models with Nonlinear Link Functions . . . . . . . . . . . . . . . . . . . . . . . . . . 1–5

R.A. Rashwan and A.M. Sadeek A Common Fixed Point Theorem in Complete Metric Spaces . . . . . . . . . . 6–10

A. Plotnikov Set-theoretical Properties of Extreme Combinatorial Problems . . . . . . . . . . 11–28

R.A. Rashwan Common Fixed Points by Ishikawa Iterates in Metric Linear Spaces . . . . . . . . 29–33

I. Argyros On the Convergence of Perturbed Newton-like Methods in Banach Space and Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . 34–41

I. Argyros Sufficient Conditions for the Convergence of Iterations to Points of Attraction in Banach Space . . . . . . . . . . . . . . . . . . . . . 42–47

I. Argyros Weak Conditions for the Convergence of Iterations to Solutions of Equations on Partially Ordered Topological Spaces . . . . . . . . . . . . . . 48–54

I. Argyros On the Monotone Convergence of Implicit Newton-like Methods . . . . . . . . . 55–59

I. Argyros A Generalization of Edelstein’s Theorem on Fixed Points and Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60–64

ISSN 1083-0464

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Vol. No. 02, 1996, pp. 1–5.

Submitted: February 3, 1996. Published: July 8, 1996.

PREDICTIVE DISTRIBUTION FOR POLYTOMOUS LOGISTIC MODELS WITH NONLINEAR LINK FUNCTIONS

M.A. Tabatabai and K.P. Singh

Summary. This article is concerned with predictive distribution for polytomous logistic models with nonlinear link functions. Within a Bayesian framework, an approximation of the predictive distribution for determining probabilities is presented. We describe this method using nonlinear link functions. The generalized linear link function is simply a special case of nonlinear models. All of the generalized logistic models require nonlinear estimation procedures to evaluate maximum likelihood estimates.

(1991) A.M.S. Subject Classification Codes. 34.

Key Words and Phrases. polytomous logistic model,link function,predictive distribution

1. INTRODUCTION.

Statistical methods based on logistic models are routinely used in experiments with binary outcome data. It can also be used to model the association between a polytomous response variable and some explanatory variable of interest. This article’s emphasis is on obtaining a predictive distribution for future observation based on previous data. Prediction analysis plays the key role in the real decision-making process implicit in most medical survival studies. Discussions of prediction analysis can be found in Geisser (1971, 1980, 1982) and Aitchison and Dunsmore (1975). Data with polytomous response variables are frequently encountered in social and biomedical sciences. The response may be recorded on an ordinal or nominal scale and the link function can be linear or nonlinear functions. Here we use a Bayesian formulation to make predictions for future individuals. Given data D = {(x_i, y_i), i = 1, . . . , n} and x_{n+1} for future individual, we can predict the distribution of unobserved response y_{n+1}. The future response is polytomous response variable. This usage has previously been applied by Percy (1993) to find predictive distribution for linear models, including its application to survival data. Heitjan (1991) applied nonlinear modeling to serial immunologic data from a multiple sclerosis clinical trial. Rosner (1989) presented a polychotomous logistic model to analyze ophthalmologic data. We focus on polytomous logistic models with nonlinear links.

2. THE POLYTOMOUS LOGISTIC MODEL.

Let Y represent the response variable and assume Y ∈ {0, 1, . . . , k}, and let a sample of size n be taken. When the response is categorical, the following logit model may be used to relate the response ln(P_{ij} /P_{io}) = g_j(x_i; β_j), j = 1, . . . , k, (2.1) Cameron University, Lawton, Oklahoma E-Mail Address: mohammat@cameron.edu University of Alabama, Birmingham, Alabama © 1997 Cameron University

Typeset by AMS-TEX

where g_j(x_i; β_j ) is a function of a parameter vector β_j and covariate vector x_i of dimension P , and P_{ij} = P (y_i = j|x_i), i = 1, . . . , n, j = 0, 1, . . . , k (2.2) the conditional probabilities P_{ij} of each outcome category given the covariate vector are

P_{ij} = exp[g_j(x_i; β_j )]/ {_k ∑ l=0 exp[g_l(x_i; β_l)] } , j = 0, 1, . . . , k, i = 1, . . . , n (2.3)

where g_0(x_i; β_0) ≡ 0,^k ∑ j=0 P_{ij} = 1, and β_j = (β_{j1}, β_{j2}, . . . , β_{jPj} )^′. To construct the likelihood function, we formulate k + 1 binary variables coded as zero or 1 to indicate group membership of an observation. The variables are coded as follows:

If y_i = j, then the coded vector y_{ij} = (y_{i0}, y_{i1}, . . . y_{ih}, . . .y_{ik}) has y_{ih} = 1 if h = j and 0 if h ≠ j. 3. THE PROPOSED TECHNIQUE.

Let y_1, y_2, . . . , y_n be n independent random variable with joint probability mass function

f(y_1, y_2, . . . , y_n| P_{1j}, P_{2j}, . . .P_{nj}, j = 0, 1, . . . , k) = n∏ i=1 {(P_{i0})^{yio} (P_{i1})^{yi1} . . . (P_{ik})^{yik} } (3.1)

where for each i,^k ∑ j=0 y_{ij} = 1.

If we use (2.3), we obtain the joint distribution

f (y_1, y_2, . . . , y_n|x_i, i = 1, . . . , n; β_j, j = 1, . . . , k) = n∏ i=1 exp[ k∑ j=0 y_{ij} g_j(x_i, β_j)]/ k∑ j=0 exp[g_j(x_i; β_j )]

(3.2)

One major application of linear as well as nonlinear polytomous regression is to make forecasts. With these models, one can incorporate recent data {(y_i, x_i), i = 1, . . . , n} and x_{n+1} into forecast for unobserved response y_{n+1}. To solve this problem and more importantly to estimate the predictive distribution we use Bayes theorem.

According to Bayes theorem, the predictive distribution

f (y_{n+1}|x_1, x_2, . . . , x_{n+1}; y_1, . . . , y_n) = ∫ β f(y_{n+1}|x_{n+1}; β) f(β|x_1, x_2, . . . , x_n)dβ (3.3)

where β = (β_1, β_2, . . . , β_k) and dim(β_j ) = P_j, j = 1, . . . , k and^k ∑ j=1 P_j < n. To evaluate this integral we use an approximation similar to Percy’s (1993) for binary linear logistic regression. Before proceeding, we must decide on a suitable prior distribution for the parameter matrix β = (β_1, β_2, . . . , β_k). We assume β_1, β_2, . . . , β_k are k independent random vectors with each having a prior distribution as multivariate normal. This allows considerable flexibility for practical applications. The parameter values for these priors are easily equated to the first two moments of β based on hyperprior knowledge. Let f(β_j ) = (det A_j)^12 /(2π)^{Pj2} exp { − 1 2 (β_j − b_j)^′ A_j (β_j − b_j) } , j = 1, 2, . . . , k (3.4) where A_j is symmetric positive definite matrix. Then the likelihood function is given by

L(β; x_1, x_2, . . . , x_n; y_1, y_2, . . . , y_n) = n∏ i=1 exp[ k∑ j=0 y_{ij}g_j (x_i; β_j )/ k∑ j=0 exp[g_j(x_i; β_j )]

(3.5)

Now, let D(β) denote the posterior density. Then

D(β) = f(β|x_1, x_2, . . . , x_n; y_1, y_2, . . . , y_n) αL(β; x_1, x_2, . . . , x_n; y_1, y_2, . . . , y_n). k∏ j=1 f(β_j )

α n∏ i=1 exp[ k∑ j=0 y_{ij}g_j (x_i; β_j )/ k∑ j=0 exp[g_j(x_i; β_j )] .

exp − 1 2 k∑ j=1 (β_j − b_j)^′A_j(β_j − b_j )

(3.6)

By taking natural logarithm we obtain

ln D(β) = k∑ j=0 y_{ij} g_j(x_i; β_j) − ln( k∑ j=0 exp[g_j(x_i; β_j )])

− 1 2 k∑ j=1 (β_j − b_j)^′A_j (β_j − b_j) (3.7)

Now, consider the vector w(β) defined as

w(β) = ∂ ∂β ln D(β) = w_1(β) . . w_k(β)

= ∂ ∂β_1 ln D(β) . . ∂ ∂β_k ln D(β) where

w_j (β) = n∑ i=1 [y_{ij} − exp(g_j (x_i; β_j )/ k∑ l=0 exp[g_l(x_i; β_l)] · ∂g_j ∂β_j (x_i; β_j)

−A_j (β_j − b_j) and

∂g_j ∂β_j (x_i; β_j) = ∂g_j ∂β_{j1} (xi; βj) . . ∂g_j ∂β_{jPj} (xi, βj) (3.8)

j = 1, . . . , k. Define l(β) = ∂ ∂β w(β) = ∂ ∂β_1 w1(β) . . . ∂ ∂β_k w1(β) . . ∂ ∂β_1 wk(β) . . . ∂ ∂β_k wk(β) (3.9)

where l(β) is the information matrix of order ( k∑ j=1 P_j) by ( k∑ j=1 P_j ) which is adjusted for prior information

and if j = j^′, j = 1, . . . , k, then

∂ ∂β_j w_j(β) = n∑ i=1 { exp[2g_j(x_i; β_j )] − exp[g_j(x_i; β_j )][ k∑ l=0 exp[g_l(x_i; β_l)]

[ k∑ l=0 exp[g_l(x_i; β_l)]]^2 .

[ ∂ ∂β_j g_j(x_i; β_j) ] · [ ∂ ∂β_j g_j (x_i; β_j ) ]_′

+ y_{ij} − exp[g_j(x_i; β_j ) k∑ l=0 exp[g_l(x_i; β_l)] · ∂^2g_j(x_i; β_j) ∂β_j ∂β^′_j0 } − A_j (3.10)

But if j ≠ j^′, j = 1, . . . , k, j^′ = 1, . . . , k, then we have ∂ ∂β_j0 w_j(β) = n∑ i=1 exp[g_j(x_i; β_j ) + g_j, (x_i; β_{j ′})] [_k ∑ l=0 exp[g_l(x_i; β_l)]

]_2 · ( ∂ ∂β_{j ′} g_{j ′}(x_i; β_{j′}) ) · ( ∂ ∂β_j g_j(x_i; β_j) )_′ (3.11)

The first order approximation is defined by

f(y_{n+1}|x_1, x_2, . . . , x_{n+1}; y_1, y_2, . . . , y_n) = f(y_{n+1}|x_{n+1}, β^∗)

where β^∗ denotes the posterior mode, which can be found by solving the vector equation

w(β) = 0 (3.12)

For this, an initial guess β^0 is made for β^∗ and the iterative algorithm is given by

β^{(l)} = β^{(l−1)} + [l(β^{(l−1)})]^{−1}w(β^{(l−1)}) (3.13)

for l = 1, 2, . . . until convergence is achieved according to satisfaction of the criterion ‖ β^{(l)} − β^{(l−1)} ‖≤∈ for a chosen norm ‖ · ‖ and small positive value ∈.

Having achieved convergence, β^∗ is taken to be β^{(l)} having estimated β = (β_1, β_2, . . . , β_k), our apparent predictive distribution for polytomous nonlinear logistic model is

f(y_{n+1}|x_1, x_2, . . . , x_{n+1}; y_1, y_2, . . . , y_n)

= exp{ k∑ j=0 [y_{n+1,j} g_j (x_{n+1}; β_j )]}/ k∑ j=0 exp{g_j(x_{n+1}; β_j)}

It should be mentioned that the above method takes into account full prior knowledge which is available in most studies. If no prior information is available, set A_j = 0, and b_j = 0 for j = 1, . . . , k in equation (2.6).

4. AN EXAMPLE.

As an example, consider the data appearing in Percy (1993) consisting of a sample of n = 100 patients who were admitted to intensive care units in the UK with acute respiratory and renal failure. The respose y is died (0) or survived (1) and covariates are age, shunt (a measure of lung damage), cieatinine (mg/100ml), albumin (g/100ml) and sepsis (0 = absent or 1 = present).

Percy used linear logistic model with linear link function (g(x, β) = β_0 + β_1x_1 + . . . + β_5x_5) with prior information A = diag (1, 100, .01, 10000, 100, 1) and β = (−1, −0.1, −10, 0.01, 0.1, 1)^′. For this data he obtained β^∗ = (−1.2574, −0.052341, −7.8132, 0.0023812, 0.084193, 1.4057)^′ if the vector of covariates for the next patient admitted to an intensive care unit with acute respiratory and renal failure is

x_{101} = (1, 49, 0.21, 706, 38, 1)^′

then Percy approximated the predictive distribution of y_{101} by

f(y_{101}|x − 1, x − 2, . . . , x_{101}; y_1, y_2, . . . , y_{100}) = { 0.305 if y_{101} = 0 0.695 if y_{101} = 1.

References

J. Aitchison and I.R. Dunsmore, Statistical Prediction Analysis, Cambridge University Press, 1975. S. Geisser, The inferential use of predictive distributions, Foundations of Statistical Inference (V.P. Godambe and D.A. Spratt, eds.), Holt, Rinehart and Winston, 1971, pp. 456–469.

S. Geisser, The estimation of distribution functions and prediction of future observations, Proceedings of the conference on Recent Developments in Statistical Methods and Applications, Taiwan: Academia Sinica (1980), 193–208.

S. Geisser, Aspects of the predictive and estimative approaches in the determination of probabilities, A Supplement to Biometrics 38, March (1982).

D.F. Heitjan, nonlinear modeling of serial immunologic data: a case study, Journal of the American Statistical Association 20 (1991), no. 416.

D.F. Percy, Prediction for generalized linear models, Journal of Applied Statistics 20 (1993), no. 2. B. Rosner, Multivariate methods for clustered binary data with more than one level of nesting, Journal of the American Statistical Association 84 (1989), no. 406.

Department of Mathematical Sciences, Cameron University, Lawton, Oklahoma

Department of Biostatistics, University of Alabama at Birmingham, Birmingham, Alabama

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Vol. No. 01, 1996, pp. 6–10.

Submitted: March 1, 1996. Published: July 29, 1996.

A COMMON FIXED POINT THEOREM IN COMPLETE METRIC SPACES

R.A.RASHWAN AND A.M.Sadeek

Abstract. In this note we establish a common fixed point theorem in complete metric spaces which generalizes some results in [2].

(1991) A.M.S. Subject Classification Codes. 47H10.

Key Words and Phrases. Common fixed points, complete metric spaces-generalized contractive conditions.

1. INTRODUCTION

Delbosco [1] and Skof [3]have established fixed point theorems for self - maps of complete metric spaces by altering the distances between the points with the use of a function ϕ : [0, ∞) → [0, ∞) satisfying the following properties:

(i) ϕ : [0, ∞) → [0, ∞) is continuous and strictly increasing in R^+; (ii) ϕ(t) = 0 iff t = 0 ;

(iii) ϕ(t) ≥ M t^u for every t > 0, u > 0 are constants. In 1977, F. Skof [3] gave the following theorem

THEOREM A. Let T be a self-map of a complete metric space (X, d) and ϕ ∈ Φ such that for every x, y ∈ X, (I) ϕ(d(T x, T y)) ≤ aϕ(d(x, y)) + bϕ(d(x, T x)) + cϕ(d(y, T y)), where a, b and c are three nonnegative constants satisfying a + b + c < 1. Then T has a unique fixed point.

In [1], the author has considered functions ϕ ∈ Φ such that ϕ(t) = t^n, n ∈ N for every t ≥ 0. Clearly, ϕ is not a metric since ϕ has only a argument.

In 1984, M.S.Khan et al. [2] generalized Theorem (A) by using a much extensive condition than (I) and removed the hypothesis (iii) which seems superfluous. They proved the following theorem:

Department of Mathematics, Faculty of Science, Assiut University, Assiut, EGYPT E-mail Address: assiut@frcu.enu.eg © 1996 Cameron University

Typeset by AMS-TEX

THEOREM B. Let T be a self-map of a complete metric space (X, d) and ϕ satisfying (i) and (ii). Furthermore, let a, b, c be three decreasing functions from R^+ 0 into [0, 1) such that a(t) + 2b(t) + c(t) < 1 for every t > 0.

Suppose that T satisfies the following condition: (II) ϕ(d(T x, T y)) ≤ a(d(x, y))ϕ(d(x, y)) + b(d(x, y))[ϕ(d(x, T x)) + ϕ(d(y, T y))] + c(d(x, y)) min{ϕ(d(x, T y)), ϕ(d(y, T x))}, where x, y ∈ X and x ≠ y. Then T has a unique fixed point.

In this note we shall establish a common fixed point theorem for a pair of mappings S and T which satisfying the contractive defintion corresponding to (II), i.e., for all x, y ∈ X with x ≠ y (III) ϕ(d(Sx, T y)) ≤ a(d(x, y))ϕ(d(x, y)) + b(d(x, y))[ϕ(d(x, Sx)) + ϕ(d(y, T y))] + c(d(x, y)) min{ϕ(d(x, T y)), ϕ(d(y, Sx))}, A COMMON FIXED POINT THEOREM We establish the following:

THEOREM 2.1. Let S and T be self-mappings on a complete metric space (X, d) and ϕ satisfying the conditions (i) and (ii). Furthermore, let a, b, c be three decreasing functions from R^+ into [0, 1) such that

a(t) + 2b(t) + c(t) < 1

for every t > 0.

Suppose that S and T satisfy (III). Then S and T have a unique fixed point in X. Proof. Let x_0 be some point in X, define x_{2n} = Sx_{2n+1}, n = 0, 1, 2, ... x_{2n+1} = T x_{2n}, n = 0, 1, 2, ... Let τ_n = d(x_n, x_{n+1}). We assume that τ_n > 0 for every n. Now, for an even integer n, we have

ϕ(τ_n) = ϕ(d(x_n, x_{n+1})) = ϕ(d(Sx_{n−1}, T x_n)) ≤ A_1 + A_2 + A_3

where A_1 = a(d(x_{n−1}, x_n))ϕ(d(x_{n−1}, x_n)), A_2 = b(d(x_{n−1}, x_n))[ϕ(d(x_{n−1}, Sx_{n−1})) + ϕ(d(x_n, T x_n))], A_3 = c(d(x_{n−1}, x_n)) min{ϕ(d(x_{n−1}, T x_n)), ϕ(d(x_n, Sx_{n−1}))}.

So ϕ(τ_n) =≤ a(τ_{n−1})ϕ(τ_{n−1}) + b(τ_{n−1})[ϕ(τ_{n−1}) + ϕ(τ_n)].

Hence we obtain: ϕ(τ_n) ≤ a(τ_{n−1}) + b(τ_{n−1}) 1 − b(τ_{n−1}) ϕ(τ_{n−1}) < ϕ(τ_{n−1}). (1) Since ϕ is increasing, {τ_n} is a decreasing sequence. Put lim_n τ_n = τ with τ > 0. By (1), then τ_n ≥ τ implies that ϕ(τ_n) ≤ a(τ ) + b(τ ) 1 − b(τ ) ϕ(τ_{n−1}). By letting n → ∞, Since ϕ is continuous, we have: ϕ(τ ) ≤ a(τ ) + b(τ ) 1 − b(τ ) ϕ(τ ) < ϕ(τ ), which is a contradiction, hence τ = 0.

Similarly for an odd integer n one can show that τ = 0 . Now, we wish to show that {x_n} is a Cauchy sequence. Since τ = 0 it suffices to prove that {x_{2n}} is a Cauchy sequence we proceed by contradiction. Then there is an ϵ > 0 such that for each even integer 2k, k = 0, 1, 2, ..., there exists two sequences {2p(k)} , {2q(k)} with 2k ≤ 2q(k) < 2p(k) for which

d(x_{2p(k)}, x_{2q(k)}) > ϵ. (2)

For each even integer 2k, let 2p(k) be the least even integer exceeding 2q(k) and satisfy (2). Then d(x_{2q(k)}, x_{2p(k)−2}) ≤ ϵ and d(x_{2q(k)}, x_{2p(k)}) > ϵ. Put d_{2k} = d(x_{2q(k)}, x_{2p(k)}), then we have

ϵ < d_{2k} = d(x_{2q(k)}, x_{2p(k)}) ≤ d(x_{2q(k)}, x_{2p(k)}) + d(x_{2p(k)−2}, x_{2p(k)−1}) + d(x_{2p(k)−1}, x_{2p(k)}) ≤ ϵ + τ_{2p(k)−2} + τ_{2p(k)−1}. (3)

Since {τ_n} converges to 0, d_{2k} → ϵ. Furthermore, by triangular inequality, it follows that

−τ_{2p(k)} − τ_{2q(k)} + d_{2k} ≤ d(x_{2q(k)+1}, x_{2p(k)+1}) ≤ τ_{2p(k)} + τ_{2q(k)} + d_{2k},

and therefore the sequence {d(x_{2q(k)+1}, x_{2p(k)+1})} converges to ϵ.

Moreover, by triangle inequality we have

d(x_{2p(k)+1}, x_{2q(k)}) ≤ d(x_{2p(k)+1}, x_{2p(k)}) + d(x_{2p(k)}, x_{2q(k)}) ≤ τ_{2p(k)} + d_{2k} → ϵ, as k → ∞ and d(x_{2p(k)+2}, x_{2q(k)+1}) ≤ d(x_{2p(k)+2}, x_{2p(k)+1}) + d(x_{2p(k)+1}, x_{2q(k)+1}) ≤ A_4 So A_4 = d(x_{2p(k)+2}, x_{2q(k)+1}) ≤ τ_{2p(k)+1} + d(x_{2p(k)+1,x2q(k)+1)} Hence A_4 → ϵ as k → ∞ From (III), we also deduce:

ϕ(d(x_{2p(k)+2}, x_{2q(k)+1})) = ϕ(d(Sx_{2p(k)+1}, T x_{2q(k)})) ≤ L_1 + L_2 + L_3 ≤ L_4 + L_5 + L_6 where L_1 = a(d(x_{2p(k)+1}, x_{2q(k)}))ϕ(d(x_{2p(k)+1}, x_{2q(k)})), L_2 = b(d(x_{2p(k)+1}, x_{2q(k)}))[ϕ(d(x_{2p(k)+1}, Sx_{2p(k)+1})) + ϕ(d(x_{2q(k)}, T x_{2q(k)}))], L_3 = c(d(x_{2p(k)+1}, x_{2q(k)})) min{ϕ(d(x_{2p(k)+1}, T x_{2q(k)})), ϕ(d(x_{2q(k)}, Sx_{2p(k)+1}))}, L_4 = a(τ_{2p(k)} + d_{2k})ϕ(τ_{2p(k)} + d_{2k}), L_5 = b(τ_{2p(k)} + d_{2k})[ϕ(τ_{2p(k)+1}) + ϕ(τ_{2q(k)})],

L_6 = c(τ_{2p(k)} + d_{2k}) min{ϕ(d(x_{2p(k)+1}, x_{2q(k)}) + τ_{2q(k)}), ϕ(τ_{2q(k)} + d(x_{2q(k)+1}, x_{2p(k)+2}))}.

As k → ∞, we have ϕ(ϵ) ≤ a(ϵ)ϕ(ϵ) + c(ϵ)ϕ(ϵ) = {a(ϵ) + b(ϵ)}ϕ(ϵ) < ϕ(ϵ). This is a contradiction. Hence {x_n} is a Cauchy sequence in a complete metric space X, then there exists a point z ∈ X such that x_n → z as n → ∞.

Now, we shall show that Sz = z = T z. Hence using (III), we obtain: ϕ(d(x_{2p(k)+2}, T z)) = ϕ(d(Sx_{2p(k)+1}, T z)) ≤ a(d(x_{2p(k)+1}, z))ϕ(d(x_{2p(k)+1}, z)) + b(d(x_{2p(k)+1}, z))[ϕ(d(x_{2p(k)+1}, x_{2p(k)+2})) + ϕ(d(z, T z))] + c(d(x_{2p(k)+1}, z)) min{ϕ(d(x_{2p(k)+1}, T z)), ϕ(d(z, x_{2p(k)+2}))}. (4) Letting k → ∞, and use b <^1_2 in (4), we have ϕ(d(z, T z)) < 1 2 ϕ(d(z, T z)).

That is, ϕ(d(z, T z)) = 0 and therefore d(z, T z) = 0, i.e., z = T z. Similarly, it can be shown that Sz = z. Hence S and T have a common fixed point z ∈ X. We claim that z is the unique common fixed point of S and T. For this, we suppose that w(w ≠ z) is another fixed point of S and T . Then ϕ(d(z, w)) = ϕ(d(Sz, T w)) ≤ a(d(z, w))ϕ(d(z, w)) + b(d(z, w))[ϕ(d(z, Sz)) + ϕ(d(w, T w))] + c(d(z, w)) min{ϕ(d(z, T w)), ϕ(d(w, Sz))} ≤ [a(d(z, w)) + c(d(z, w))]ϕ(d(z, Sz)) < ϕ(d(z, T w)) a contradiction. This completes the proof of the theorem.

Finally, we give an example to discuss the validity of the hypothesis of Theorem 2.1.

EXAMPLE 2.1 Let X = {1, 2, 3} be with the Euclidean metric induced by d which is defined by

d(1, 2) = d(2, 3) = 2, d(1, 3) = 1.

Suppose S and T are maps on X defined by

S1 = S2 = S3 = 1, T 1 = 1, T 2 = 3, T 3 = 1.

Then it is clear that X is complete with respect to d and S, T satisfy all the conditions of Theorem 2.1. Now setting

x = 1, y = 2, a(t) = 2 5 , b(t) = 1 5 , c(t) = 1 6 , ϕ(t) = t^2, t ∈ R^+.

We observe that S and T satisfy condition (III), and 1 is the unique common fixed point of S and T.

REFERENCES 1. D. Delbosco, Un estensione di un teorema sul punto fisso di S. Reich, Rend.

Sem. Mat. Univers. Politecn. Torino 35 (1976-77), 233-239.

2. M.S.Khan, Fixed point theorems by altering distance between the points, Bull.

Austral. Math. Soc. 30 (1984), 1-9.

3. F. Skof, Teorema di punti fisso per applicazioni negli spazi metrici, Atti. Accad.

Aci. Torino 111 (1977), 323-329.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Vol. No. 02, 1996, pp. 29–33.

Submitted: April 11, 1996. Published: September 9, 1996.

COMMON FIXED POINTS BY ISHIKAWA ITERATES IN METRIC LINEAR SPACES

R.A.RASHWAN

Abstract. In this paper we obtain a common fixed point theorem for Ishikawa iterates of two self-mappings on a metric linear space under various contractive conditions.

(1991) A.M.S. Subject Classification Codes. 47H10.

Key Words and Phrases. Metric linear space, F - norm, Contractive mappings, Ishikawa iterates, Common fixed point.

1. INTRODUCTION. In [3], [4], it has shown that for a self-mapping T on a normed space or a Banach space X satisfying variuos contactive conditions, if the sequence of Ishikawa iterates associated with T converges, it coverges to a fixed point of T. These results have recently extended by L.A.Khan in [2] to the case of metric linear spaces .

In this paper, we consider two self-mappigs S and T on a metric linear space X and show that if the sequence of Ishikawa iterates associated with S and T converges, it coverges to a common fixed point of S and T.

In the sequel we assume that the topology on X is generated by an F -norm q which has the following properties (see [5], pp.28-29).

(a) q(x) ≥ 0 and q(x) = 0 iff x = 0 (b) q(x + y) ≤ q(x) + q(y) (c) q(ax) ≤ q(x) for all (real or complex) scalars a with |a| ≤ 1 (d)If a_n → a and x_n → x, then q(a_nx_n − ax) → 0.

Note that q is continuous on X, the equation d(x, y) = q(x − y) defines a translation-invariant metric on X, and q(ax) ≤ q(bx) for all scalars a, b with |a| ≤ |b|. Mathematics Department, Faculty of Science, Assiut University, Assu it, EGYPT E-mail Address: assiut@frcu.enu.eg © 1996 Cameron University

Typeset by AMS-TEX

Let C be a nonempty covex subset of X and S, T self-maps on C. An Ishikawa scheme [1], for S, T is defined by x_0 ∈ C

y_n = (1 − β_n)x_n + β_nSx_n , n ≥ 0 x_{n+1} = (1 − α_n)x_n + α_nT y_n , n ≥ 0, (1)

where the real sequences {α_n}, {β_n} satisfy

(i) 0 ≤ α_n ≤ 1, 0 ≤ β_n ≤ 1, for n ≥ 0 (ii) lim_{n→∞} α_n = α > 0 From (1) and condition (i) we obtain some inequalities which will be used later

q(y_n − x_n) = q(β_n(Sx_n − x_n)) ≤ q(Sx_n − T y_n) + q(T y_n − x_n), (2)

q(y_n − T y_n) = q(β_n(Sx_n − T y_n)) + (1 − β_n)(x_n − T y_n) ≤ q(Sx_n − T y_n) + q(x_n − T y_n), (3) q(x_n − Sx_n) ≤ q(x_n − T y_n) + q(T y_n − Sx_n) (4)

q(y_n − Sx_n) = q(1 − β_n)(x_n − Sx_n) ≤ q(x_n − T y_n) + q(T y_n − Sx_n) (5)

2. MAIN RESULT We present our result in the form of the following theorem:

Theorem 2.1. Let C be a closed convex subset of X and let S, T be two selfmappings of C satisfying at least one of the folloing conditions (I)q(Sx − T y) ≤ k max{q(x − y), q(x − Sx), q(y − T y), q(x − T y) + q(y − Sx)} (II)q(Sx − T y) + q(x − Sx) + q(y − T y) ≤ c[q(x − T y) + q(y − Sx)], 0 ≤ c < 2 (III)q(Sx − T y) ≤ k max{q(x − y), q(x − Sx), q(y − T y), q(x − T y), q(y − Sx)}, for all x, y ∈ C , where 0 ≤ k < 1 and 0 ≤ c < 2. Suppose that for some x_0 ∈ C, the sequence {x_n}^∞_{n=0} of Ishikawa iterates converges to a point u. Then u is a common fixed point of S and T. Moreover if (III) holds, then the common fixed point u is unique.

Proof. Suppose first that Su = u for a point u in C. Then putting x = y = u into any of the inequalities (I)-(III) we easily see that T u = u. Similarly T u = u implies Su = u. Now let {x_n} be a sequence of Ishikawa iterates with S and T such that lim_{n→∞} x_n = u.

From (1),we see that T y_n − x_n = 1 α_n α_n(x_{n+1} − x_n).

Since lim_{n→∞} α_n = α > 0, there exists an integer N ≥ 1 such that α 2 ≤ α_n for all n ≥ N. Hence for n ≥ N q(T y_n − x_n) = q( α 2 (x_{n+1} − x_n)).

Since lim_{n→∞} x_n = u, we have q(T y_n − x_n) → 0 as n → ∞ and hence q(T y_n − u) → 0 as n → ∞. Now for n ≥ N, q(u − T u) ≤ q(u − T y_n) + q(Sx_n − T y_n) + q(Sx_n − T u). (6) Now we need to show that q(Sx_n − T y_n) → 0 and q(Sx_n − T u) → o as n → ∞. If x_n, y_n satisfy (I),then q(Sx_n − T y_n) ≤ k max{q(Sx_n − T y_n) + q(x_n − T y_n), q(x_n − T y_n) + q(Sx_n − T y_n), q(Sx_n − T y_n) + q(x_n − T y_n), 2q(Sx_n − T y_n) + q(x_n − T y_n)} = k[2q(x_n − T y_n) + q(Sx_n − T y_n)]. If x_n, y_n satisfy (II),then (3 − c)q(Sx_n − T y_n) ≤ 2(c − 1)q(x_n − T y_n).

If x_n, y_n satisfy (III),then q(Sx_n − T y_n) ≤ k max{q(x_n − T y_n) + q(Sx_n − T y_n), q(x_n − T y_n) + q(Sx_n − T y_n), q(Sx_n − T y_n) + q(x_n − T y_n), q(Sx_n − T y_n) + q(x_n − T y_n), q(Sx_n − T y_n) + q(x_n − T y_n)} = k[q(x_n − T y_n) + q(Sx_n − T y_n)]. Hence in any case, q(Sx_n − T y_n) ≤ max{ 2k 1 − k , 2(1 − c) 3 − c , k 1 − k }q(x_n − T y_n). Letting n → ∞, we obtain q(Sx_n − T y_n) → o. Then further q(x_n − Sx_n) and q(u − Sx_n) tend to zero as n → ∞. Next if x_n, u satisfy (I), then q(Sx_n − T u) ≤ k[q(x_n − u) + q(x_n − Sx_n) + q(Sx_n − T u) + q(u − Sx_n]. If x_n, u satisfy (II),then (2 − c)q(Sx_n − T u) ≤ (c − 1)[q(x_n − Sx_n) + q(u − Sx_n)]. If x_n, u satisfy (III), then obviously satisfy (I) as well. Hence, we have q(Sx_n − T u) ≤ max{ k 1 − k , (1 − c) 2 − c }[q(x_n − u) + q(x_n − Sx_n) + q(u − Sx_n)]. Letting n → ∞, we have q(Sx_n − T u) → 0. Thus it follows from (6) that T u = u. In view our remark at the beginning of the proof u is a fixed point of S as well. In order to show the uniqueness of u in the case (III), let v(v ≠ u) be another common fixed point of S and T, then using (III) we have q(u − v) = q(Su − T v) ≤ max{q(u − v), 0, 0, q(u − v)}, whence u = v.

Finally we give some examples of a metric linear space and two mappings which satisfy the contactive conditions of Theorem 2.1.

Example 2.1. Let X = R, the set of real numbers and q be the F -norm defined by q(x) = |x| 1 + |x| Let C = [0, 1] and S, T : C → C be defined by:

Sx = 0, 0 ≤ x < 1 1 4 , x = 1. , T x = 0, 0 ≤ x < 1 1 2 , x = 1. .

Then S, T satisfy condition (III) of Theorem 2.1 with k =^2_3 as follows (i) If x = y = 1 , then q(Sx − T y) = 1 5 , 2 3 q(y − Sx) = 2 3 q( 3 4 ) = 2 7 > 1 5 , 2 3 q(x − T y) = 2 3 q( 1 2 ) = 2 9 > 1 5 , (ii)If 0 ≤ x, y ≤ 1, then (III) is trivially satisfied. (iii)If x = 1, and 0 ≤ y < 1, then q(Sx − T y) = q( 1 4 ) = 1 5 2 3 q(x − T y) = 2 3 q(1) = 1 3 > 1 5 . 2 3 q(x − Sx) = 2 3 q( 3 4 ) = 2 7 > 1 5 . (iv) If 0 ≤ x ≤ 1, y = 1, then (III) (Similarly as in (iii)). Note that 0 is the unique common fixed point of S and T.

Example 2.2. Let X, q, C be as in example 2.1 and let S, T : C → C be defined by: Sx = { 1 − x, 0 ≤ x < 1 0, x = 1. , T x = 1 2 , 0 ≤ x < 1 0, x = 1. . Then S, T satisfy condition (II) of Theorem 2.2 with c =^3_2 as follows If x = 1 and 0 ≤ y < 1, then L = q(Sx − T y) + q(x − Sx) + q(y − T y) = q( 1 2 ) + q(1) + q(y − 1 2 ) = q(1) + q(y) = 1 2 + q(y) R = q(x − T y) + q(y − Sx) = q( 1 2 ) + q(y) = 1 3 + q(y), So that L R = 1 2 + q(y) 1 3 + q(y) ≤ 3 2 . In this case x =^1_2 is a common fixed point of S and T.

REFERENCES 1. S. Ishikawa, Fixed point by a new iteration method, Proc. Amer. Math. Soc.

44 (1974), 147 - 150.

2. L.A.Khan, Fixed points by Ishikawa in metric linear spaces, Math.Rep.Toyama univ 12 (1989), 57-63.

3. S.A.Naimpally and K.L.Singh, Extensions of some fiexd point theorems of Rhoades, J.Math.Anal.appl. 96 (1983), 437-446.

4. B.E.Rhoades, Comments on two fixed point iteration methods, J.Math.Anal.Appl.

56 (1976), 741-750.

5. H.H.Schaefer, Topological vector spaces, Spriner-Verlag,Berlin 1971.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Vol. No. 02, 1996, pp. 34–41.

Submitted: June 17, 1996. Published: September 9, 1996.

ON THE CONVERGENCE OF PERTURBED NEWTON-LIKE METHODS IN BANACH SPACE AND APPLICATIONS

Ioannis K. Argyros

Abstract. In this study we use disturbed Newton-like methods to approximate a locally unique solution of a nonlinear equation containing a nondifferentiable term. We choose the linear operators to be inverted at every step of the computation of the Newton iterates to be associated not only with the differentiable part of the equation as it has happened so far but also with the nondifferentiable part. This way the upper error bounds on the distances are smaller than before.

1991 A.M.S. (MOS) Subject Classification Codes. 65J15, 65B05, 65L50, 47H17, 49D15.

Key Words and Phrases. Disturbed Newton-like methods, Banach space, Mysovskii theorem, divided difference of order one, Fréchet-derivative.

I. INTRODUCTION In this study we are concerned with the problem of approximating a locally unique solution x^∗ of the nonlinear equation

(1) F (x) + Q(x) = 0,

where the operators F , Q are defined on an open, convex subset D of a Banach space E_1 with values in a Banach space E_2, and are continuous on D.

We introduce disturbed Newton-like methods of the form

(2) x_{n+1} = x_n − A^{−1}_n (F (x_n) + Q(x_n)) − z_n (n ≥ 0),

where

A_n = A(x_{n−1}, x_n) = L_1(x_{n−1}, x_n) + L_2(x_{n−1}, x_n) + L_3(x_{n−1}, x_n) (n ≥ 0)

for x_{−1}, x_0 ∈ D and A, L_1, L_2, L_3 : D × D → L(E_1, E_2).

Cameron University, Lawton, Oklahoma E-mail Address: ioannisa@cameron.edu © 1996 Cameron University

Typeset by AMS-TEX

The points z_n ∈ E_1 (n ≥ 0) are determined in such a way that the iteration {x_n} (n ≥ 0) converges to a solution x^∗ of equation (1). The importance of studying disturbed Newton-like methods comes from the fact that many commonly used variants of Newton’s method can be considered procedures of this type. Indeed, approximation (2) characterizes any iterative process in which the corrections are taken as approximate solutions of the Newton equations. Note that if for example an equation on the real line is solved, F (x_n) + Q(x_n) ≥ 0, and A_n overestimates the derivative, then x_n − A^{−1}_n (F (x_n) + Q(x_n)) (n ≥ 0) is always larger than the corresponding Newton iterate. In such cases, a positive z_n (n ≥ 0) correction term is appropriate. We assume that L_1(x, y) is used to approximate the difference F (z) − F (y) for x, y, z ∈ D; L_2(x, y) is used to approximate the difference Q(z) − Q(y) for all x, y, z ∈ D and L_3(x_{n−1}, x_n) is a linear operator depending on F , Q, x_n (n ≥ −1) and z_n (n ≥ 0). Special choices of operators A_n (n ≥ 0) and points z_n (n ≥ 0) lead to iterations that have already been examined by many authors. Indeed: (a) for Q(x) = 0 (x ∈ D), L_1 = F^′(·), L_2 = L_3 = 0 (linear operator), and z_n = 0 (n ≥ 0) iteration (2) reduces to Newton’s method [3], [5], [10]; (b) for Q(x) = 0 (x ∈ D), L_1(x, y) = [x, y; F ] (divided difference of order one of F on D at the points x, y ∈ D), L_2 = L_3 = 0, and z_n = 0 (n ≥ 0) iteration (2) reduces to the secant method [3], [5], [6]; (c) for Q(x) = 0 (x ∈ D), L_1(x, y) = [g_1(x), g_2(y); F ], E_1 = E_2 = E, g_1, g_2 : D → E, L_2 = L_3 = 0 and z_n (n ≥ 0) we get the Steffensen–Aitken method [3], [8], [9]; (d) for L_2 = L_3 = 0, L_1 = F^′(·), and z_n = 0 (n ≥ 0) we obtain the Zincenko iteration [3], [9], [10]; (e) for E_1 = E_2 = E, L_1(x_{n−1}, x_n) = F^′(x_n) (n ≥ 0), L_2(x_{n−1}, x_n) = [x_{n−1}, x_n; Q] (n ≥ 0), L_3 = 0 and z_n = 0 (n ≥ 0) we obtain the iteration introduced in [4]; (f) for L_2 = L_3 = 0, L^′_1(x, y) = A(x), (A approximating F^′(·)) and z_n = 0 (n ≥ 0) we get iterations considered in [1], [2], [3], [9].

We show under more general and weaker conditions that our iteration (2) is faster than the ones mentioned above.

II. CONVERGENCE ANALYSIS

Let x_{−1}, x_0 ∈ D, z_n ∈ E_1 (n ≥ 0), and a_1, a_2, a_3 ≥ 0, r ∈ [0, R], R ≥ 0, U (x_0, R) = {x ∈ E_1 | ‖x − x_0‖ ≤ R} with U (x_0, R) ⊆ D, C_1, C_2, C_3 : [0, +∞) → [0, +∞) be continuous nondecreasing functions that vanish at the origin, and A, L_1, L_2, L_3 : D × D → L(E_1, E_2) such that (3) ‖A(y, z)^{−1}[F (z) − F (y) − L_1(x, y)(z − y)]‖ ≤ [C_1(‖x − x_0‖, ‖y − x_0‖, ‖z − x_0‖, ‖x − y‖, ‖z − y‖) + a_1]‖z − y‖, (4) ‖A(y, z)^{−1}[Q(z) − Q(y) − L_2(x, y)(z − y)]‖ ≤ [C_2(‖x − x_0‖, ‖y − x_0‖, ‖z − x_0‖, ‖x − y‖, ‖z − y‖) + a_2]‖z − y‖, and ‖A(x_{n+1}, x_n)^{−1}[A_{n+1}(z_{n+1}) − A_n(z_n) − L_3(x_{n−1}, x_n)(x_{n+1} − x_n)]‖ ≤ [C_3(‖x_{n−1} − x_0‖, ‖x_n − x_0‖, ‖x_{n+1} − x_0‖, ‖x_{n−1} − x_n‖, ‖x_{n+1} − x_n‖) + a_3]‖x_{n+1} − x_n‖ (n ≥ 0) (5) for all x, y, z ∈ U (x_0, r) where x_n (n ≥ −1) are given by (2).

Let a_4, a_5 be constants such that (6) ‖x_0 − x_{−1}‖ ≤ a_4 and ‖A^{−1}_0 (F (x_0) + Q(x_0)) − z_0‖ ≤ a_5.

It is convenient to introduce the iterations h̄_{n+1} = C(‖x_{n−1} − x_0‖, ‖x_n − x_0‖, ‖x_{n+1} − x_0‖, ‖x_{n−1} − x_n‖, ‖x_{n+1} − x_n‖)‖x_{n+1} − x_n‖ (n ≥ 0) where

C(s_1, s_2, s_3, s_4, s_5) = (C_1 + C_2 + C_3)(s_1, s_2, s_3, s_4, s_5) + a_1 + a_2 + a_3 for all s_1, s_2, s_3, s_4, s_5 ∈ [0, +∞), (7) t_{n+1} = t_{n+1} + h_{n+1}, t_{−1} = 0 (n ≥ 0), where h_{n+1} = C(|t_{n−1} − t_0|, t_n − t_0, t_{n+1} − t_0, t_n − t_{n−1}, t_{n+1} − t_n)(t_{n+1} − t_n) (n ≥ 0), and the functions T, C_4 : [0, +∞) → [0, +∞) by (8) T (r) = t_1 + C(r, r, r, r, r)(r − t_1) + C(t_0, 0, t_1 − t_0, t_0, t_1 − t_0)(t_1 − t_0) and (9) C_4(s_1, s_2, s_3, s_4, s_5) = (C_1 + C_2)(s_1, s_2, s_3, s_4, s_5) + a_1 + a_2.

We can now state and prove the following Newton–Mysovskii [6] semilocal convergence theorem for the disturbed Newton like method generated by (2). Theorem. Assume:

(a) operators F, Q are defined on some open convex subset D of a Banach space E_1 with values in E_2 and continuous on D;

(b) there exist r, R with r ∈ [0, R] such that A(x, y) ∈ L(E_1, E_2) for all x, y ∈ U (x_0, r) is boundedly invertible, U (x_0, R) ⊆ D and conditions (3)–(5) are satisfied;

(c) sequence {z_n} (n ≥ 0) ∈ E_1 is null; (d) there exist numbers t_0 and t_1 such that (10) a_5 ≤ t_1 − t_0 ≤ ‖x_0 − x_{−1}‖ ≤ a_4 ≤ t_0 − t_{−1};

(e) there exists a minimum nonnegative number r^∗ satisfying (11) r^∗ ≤ R and (12) T (r^∗) ≤ r^∗

where function T is given by (8); (f) moreover r^∗, R satisfy (13) C_4(r^∗, r^∗, R, 2r^∗, r^∗ + R) < 1

where function C_4 is given by (9).

Then

(i) Scalar iteration {t_n} (n ≥ −1) generated by (7) is monotonically increasing, bounded above by r^∗ and lim_{n→∞} t_n = r^∗;

(ii) disturbed Newton-like method {x_n} (n ≥ −1) generated by (2) is well defined, remains in U (x_0, r^∗) for all n ≥ −1, and converges to a unique solution x^∗ of equation F (x) + Q(x) = 0 in U (x_0, R).

Moreover the following error estimates are true for all n ≥ 0

(14) ‖x_{n+1} − x_n‖ ≤ h̄_{n+1} ≤ h_{n+1} = t_{n+1} − t_n and (15) ‖x_n − x^∗‖ ≤ r^∗ − t_n. Proof. (i) It follows from (7), (10) and (12) that t_{−1} ≤ t_0 ≤ t_1 ≤ r^∗. Let us assume that t_k ≤ t_{k+1} ≤ r^∗ for k = −1, 0, 1, 2, . . . , n. The C function is nonnegative and nondecreasing, hence h_{k+1} ≥ 0. That is t_{k+1} ≤ t_{k+2} (by (7)). Moreover from (7), (12) and the induction hypothesis we obtain in turn

t_{k+2} = t_{k+1} + h_{k+1} ≤ t_{k+1} + C(r^∗, r^∗, r^∗, r^∗, r^∗)(t_{k+1} − t_k) ≤ · · · ≤ t_1 + C(r^∗, r^∗, r^∗, r^∗, r^∗)(t_{k+1} − t_1)

+ C(t_0, 0, t_1 − t_0, t_0, t_1 − t_0)(t_1 − t_0) = T (r^∗) ≤ r^∗.

Hence, iteration {t_n} (n ≥ −1) is also bounded above by r^∗. Since r^∗ is the minimum nonnegative number on [0, r^∗] satisfying (12) it follows that lim_{n→∞} t_n = r^∗.

(ii) It follows from (10), (12) that x_{−1}, x_1 ∈ U (x_0, r^∗), and that (14) is satisfied for n = −1, 0. Assume that x_k ∈ U (x_0, r^∗) and that (14) is satisfied for k = −1, 0, . . . , n. Using (14), the triangle inequality and the induction hypothesis we obtain ‖x_{k+1} − x_0‖ ≤ k∑ i=0 ‖x_{k+1} − x_i‖ ≤ k∑ i=0 (t_{i+1} − t_i) = t_{k+1} − t_0 ≤ r^∗.

That is x_{k+1} ∈ U (x_0, r^∗). We will show that (14) is true for k = n + 1. Using (2)–(5), (7), the induction hypothesis we can obtain the approximation

F (x_{k+1}) + Q(x_{k+1}) + A_{k+1}(z_{k+1}) = F (x_{k+1}) + Q(x_{k+1})

+ A_{k+1}(z_{k+1}) − F (x_k) − Q(x_k) − A_k(z_k) − A_k(x_{k+1} − x_k) = [F (x_{k+1}) − F (x_k) − L_1(x_{k−1}, x_k)(x_{k+1} − x_k)] + [Q(x_{k+1}) − Q(x_k) − L_2(x_{k−1}, x_k)(x_{k+1} − x_k)] + [A_{k+1}(z_{k+1}) − A_k(z_k) − L_3(x_{k−1}, x_k)(x_{k+1} − x_k)],

(16) and

‖x_{k+2} − x_{k+1}‖ = ‖A^{−1}_{k+1}[F (x_{k+1}) + Q(x_{k+1}) − A_{k+1}(z_{k+1})]‖ ≤ [C_1(‖x_{k−1} − x_0‖, ‖x_k − x_0‖, ‖x_{k+1} − x_0‖, ‖x_{k−1} − x_k‖, ‖x_{k+1} − x_k‖) + a_1]‖x_{k+1} − x_k‖ + [C_2(‖x_{k−1} − x_0‖, ‖x_k − x_0‖, ‖x_{k+1} − x_0‖, ‖x_{k−1} − x_k‖, ‖x_{k+1} − x_k‖) + a_2]‖x_{k+1} − x_k‖ + [C_3(‖x_{k−1} − x_0‖, ‖x_k − x_0‖, ‖x_{k+1} − x_0‖, ‖x_{k−1} − x_k‖, ‖x_{k+1} − x_k‖) + a_3]‖x_{k+1} − x_k‖ = C(‖x_{k−1} − x_0‖, ‖x_k − x_0‖, ‖x_{k+1} − x_0‖, ‖x_{k−1} − x_k‖, ‖x_{k+1} − x_k‖)‖x_{k+1} − x_k‖ = h̄_{k+1} ≤ C(|t_{k−1} − t_0|, t_k − t_0, t_{k+1} − t_0, t_k − t_{k−1}, t_{k+1} − t_k)(t_{k+1} − t_k) = h_{k+1} = t_{k+2} − t_{k+1},

(17)

which shows (14) for all n ≥ 0.

It now follows from part (i) and (14) that the inexact Newton-like iteration {x_n} (n ≥ −1) is Cauchy in a Banach space E_1 and as such it converges to some x^∗ ∈ U (x_0, r^∗) (since U (x_0, r^∗) is a closed set). By letting n → ∞ in (16) and using hypothesis (c) we deduce that F (x^∗) + Q(x^∗) = 0. That is x^∗ is a solution of equation (1). Estimate (15) follows immediately from (14) by using standard majorization techniques [3], [5].

To show uniqueness, we reason as follows: under the hypotheses of the theorem iteration (2) for z_n = 0 (n ≥ 0) becomes

(18) v_{n+1} = v_n − A^{−1}_n (F (v_n) + Q(v_n)), v_{−1} = x_{−1}, v_0 = x_0 (n ≥ 0)

and converges to some x^∗_1 ∈ U (x_0, r^∗). Let us assume that there exists y^∗ ∈ U (x_0, R) such that F (y^∗) + Q(y^∗) = 0. Using (18), (3), (4) and the approximation

v_{n+1} − y^∗ = v_n − A^{−1}_n (F (v_n) + Q(v_n)) − y^∗

= A^{−1}_n [F (v_n) − F (y^∗) − L_1(v_{n−1}, v_n)(v_n − y^∗)] + A^{−1}_n [Q(v_n) − Q(y^∗) − L_2(v_{n−1}, v_n)(v_n − y^∗)]

we obtain ‖v_{n+1} − y^∗‖ ≤ [C_1(‖v_{n−1} − v_0‖, ‖v_n − v_0‖, ‖y^∗ − v_0‖, ‖v_{n−1} − v_n‖, ‖v_n − y^∗‖) + a_1]‖v_n − y^∗‖ + [C_2(‖v_{n−1} − v_0‖, ‖v_n − v_0‖, ‖y^∗ − v_0‖, ‖v_{n−1} − v_n‖, ‖v_n − y^∗‖) + a_2]‖v_n − y^∗‖ ≤ C_4(‖v_{n−1} − v_0‖, ‖v_n − v_0‖, ‖y^∗ − v_0‖, ‖v_{n−1} − v_n‖, ‖v_n − y^∗‖)‖v_n − y^∗‖.

(19)

By (13) there exist r^∗, q ∈ [0, 1] such that (20) C(r^∗, r^∗, R, 2r^∗, r^∗ + R) ≤ q < 1. It follows from (19) and (20) that ‖v_{n+1} − y^∗‖ ≤ q^{n+1}‖v_0 − y^∗‖ ≤ q^{n+1}R → 0 as n → ∞. That is, y^∗ = lim_{n→∞} v_{n+1} = x^∗_1. Hence we deduce x^∗ = x^∗_1 = y^∗.

The proof of the Theorem is now complete.

Remarks. (1) Hypotheses (3)–(5) can be replaced by weaker (3)^′–(5)^′ if A(y, z)^{−1} is replaced by A^{−1}_0 for all y, z ∈ U (x_0, r). In this case we need to add a hypothesis of the form (21) ‖A^{−1}_0 (A(x, y) − A_0)‖ ≤ C_5(‖x − x_{−1}‖, ‖y − x_0‖) + a_6, with C_5 : [0, +∞)^2 → [0, +∞) be a continuous nondecreasing function vanishing at the origin and a_6 ≥ 0. Parameter r^∗ must satisfy the additional hypothesis C_5(r^∗, r^∗) + a_6 < 1.

It then follows from the Banach Lemma on invertible operators [5] that ‖A^{−1}_{n+1}A_0‖ ≤ b̄_{n+1} ≤ b_{n+1} (n ≥ 0) where b̄_{n+1} = {1 − [a_6 + C_5(‖x_n − x_{−1}‖, ‖x_{n+1} − x_0‖)]}^{−1} and b_{n+1} = {1 − [a_6 + C_5(t_n, t_{n+1} − t_0)]}^{−1}.

The following modifications must also take place: iterations h̄_{n+1}, h_{n+1} must be multiplied by b̄_{n+1}, b_{n+1} (n ≥ 0) respectively, and functions C, C_4 must be multiplied by b(r) = {1 − [a_6 + C_5(r, r)]}^{−1}.

It can then be easily seen that with the above modifications the conclusions of the Theorem under the above-mentioned weaker assumptions will also hold.

(2) Several choices for the “C” functions appearing in conditions (3)–(5) can be suggested. To compare with conditions suggested by Yamamoto and Chen in [9] under the special choice (f) stated at the introduction of this study, we choose (22) C_1(s_1, s_2, s_3, s_4, s_5) =

∫_1 0 [w_1(s_1 + ts_4) − w_2(s_1) + w_3(s_2 + ts_5) − w_4(s_2) + a_1]s_5dt,

(23) C_2(s_1, s_2, s_3, s_4, s_5) = [w_5(s_1 + s_4) − w_6(s_1) + w_7(s_2 + s_5) − w_8(s_2) + a_2]s_5 and (24) C_3(s_1, s_2, s_3, s_4, s_5) = [w_9(s_1 + s_4) − w_{10}(s_1) + w_{11}(s_2 + s_5) − w_{12}(s_2) + a_3]s_5

where w_m : [0, +∞) → [0, +∞), m = 1, 2, . . . , 12 are continuous functions vanishing at the origin and satisfying

0 ≤ w_i(d_1 + d_2) − w_{i+1}(d_1) ≤ w_i(d_3 + d_4) − w_{i+1}(d_3), i = 1, 3, 5, 7, 9, 11

for all r_1 ≤ r_3 and r_2 ≤ r_4. Yamamoto–Chen conditions (4), (5) and (6) in [9] are given respectively by (following their notation)

‖A(x_0)^{−1}(A(x) − A(x_0))‖ ≤ w_0(‖x − x_0‖) + b ‖A(x_0)^{−1}(F^′(x + t(y − x)) − A(x))‖ ≤ w(‖x − x_0‖ + (t‖y − x‖) − w_0(‖x − x_0‖) + c and ‖A(x_0)^{−1}(Q(x) − Q(y))‖ ≤ e(r)‖x − y‖. These conditions correspond to our conditions (21), (3) and (4) respectively. It can easily be seen from (22)–(24) that for special choices of the w_i functions our conditions (21) and (4) reduce to Yamamoto–Chen (4) and (6), whereas our condition (4) is weaker than Yamamoto–Chen (5). Moreover since the left-hand side of Yamamoto–Chen condition (5) (times (y − x) inside the norm) is larger than the left-hand side of our condition (3), our upper bounds on the distances ‖x_{n+1} − x_n‖ and ‖x_n − x^∗‖ (n ≥ 0) are smaller than Yamamoto–Chen upper bounds.

(3) Favorable comparisons can also be made with the rest of the cases (a)–(e) mentioned at the introductions of this study. The details are left to the motivated reader. Numerical examples for the usefulness of iteration (2) can also be found in [1]–[4].

(4) Define the residuals r_n = −A_n(z_n) and set Δ_n = x_{n+1}−x_n (n ≥ 0). Since the sequence {z_n} (n ≥ 0) is null and the linear operators {A_n} (n ≥ 0) are bounded it follows that the sequence {r_n} (n ≥ 0) is null also. Consequently the conclusions of the Theorem hold for the system

x_{n+1} − x_n = Δ_n, and A_nΔ_n = −(F (x_n) + Q(x_n)) + r_n (n ≥ 0) [1], [3].

REFERENCES

[1] Argyros, I.K. On the convergence of inexact Newton-like methods, Publ.

Math. Debrecen, Vol. 43, 1–2, (1993), 79–85.

[2] Argyros, I.K. A unified approach for constructing fast two-step Newton-like methods, Monatshefte für Mathematia, 119, (1995), 1–22.

[3] Argyros, I.K. and Szidarovszky, F. The theory and applications of iteration methods, C.R.C. Press, Inc. Boca Raton, Florida, 1993.

[4] Cǎtinas, E. On some iterative methods for solving nonlinear equations, Revue d’analyse Numerique et de theorie de l’approximation, 23, 1, (1994), 47–53.

[5] Kantorovich, L.V. and Akilov, G.P. Functional Analysis in Normed Spaces, Academic Press, New York, 1978.

[6] Mysovskii, I. On the convergence of Newton’s method, Trudy Mat. Inst.

Steklov, 28 (1949), 145–147. (In Russian).

[7] Pǎvǎloiu, I. Sur une generalisation de la methode de Steffensen, Revue d’analyse Numerique et de theorie de l’approximation, 21, 1, (1992), 59–65.

[8] Pǎvǎloiu, I. Bilateral approximations for the solutions of scalar equations, Revue d’analyse Numerique et de theorie de l’approximation, 23, 1, (1994), 95–100.

[9] Yamamoto, T. and Chen, X. Convergence domains of certain iterative methods for solving nonlinear equations, Numer. Funct. Anal. Optimiz. 10, (1 and 2), (1989), 37–48.

[10] Zabrejko, P.P. and Nguen, D.F. The majorant method in the theory of Newton–Kantorovich approximations and the Ptak error estimates, Numer. Funct. Anal. Optimiz. 9, (5 and 6), (1987), 671–684.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Vol. No. 02, 1996, pp. 42–47.

Submitted: June 19, 1996. Published: September 25, 1996.

SUFFICIENT CONDITIONS FOR THE CONVERGENCE OF ITERATIONS TO POINTS OF ATTRACTION IN BANACH SPACE

Ioannis K. Argyros

Abstract. In this study we provide weak sufficient conditions for the convergence of iterations to points of attraction in Banach space. Our results are used to show existence and uniqueness of solutions of nonlinear equations. We complete our study with an example that shows that our convergence results apply where earlier ones do not.

(1991) A.M.S. Subject Classification Codes. 65J15, 47H17, 49D15.

Key Words and Phrases. Banach space, points of attraction, nonlinear equation.

I. INTRODUCTION

In this study, we are concerned with approximating a locally unique solution x^∗ of the nonlinear equation

(1) F (x, h) = 0 for all h ∈ E_0,

where F : D × E_0 ⊆ E^{m+1} → E is a continuous operator, E is a Banach space, D, E_0 are subsets of E and E^m respectively and m ∈ N ∪ {0}.

We introduce the iteration

(2) x_{n+1} = G(x_n, h_n) (n ≥ 0),

to approximate the solution x^∗ of equation (1), where

(3) G(x, h) = x − F (x, h) for all (x, h) ∈ D × E_0.

Cameron University, Lawton, Oklahoma E-mail Address: ioannisa@cameron.edu © 1996 Cameron University

Typeset by AMS-TEX

For m = 0 equation (1) does not depend on h, setting F (x, h) = P^′(x)^{−1}P (x) for all x ∈ D, and using (2) and (3), we obtain Newton’s method

(4) x_{n+1} = x_n − P^′(x_n)^{−1}P (x_n) (n ≥ 0),

where P : D → E, P^′(x_n) ∈ L(E, E) denotes the Fréchet-derivative of P evaluated at x = x_n (n ≥ 0) [1], [3], [4].

For m = 1 set F (x, h) = [h, x; Q]^{−1}Q(x) for all (x, h) ∈ D×E_0, where Q: D → E, [h, x; Q] is a divided difference of order one on E satisfying

(5) [h, x; Q](x − h) = Q(x) − Q(h) for all (x, h) ∈ D × E_0.

Then for h_n = x_{n−1} (n ≥ 0) we obtain the secant method

(6) x_{n+1} = x_n − [x_{n−1}, x_n; Q]^{−1}Q(x_n) (n ≥ 0),

[1], [3], [4]. Many other choices for the operator F are also possible. It follows immediately from (1) and (3) that any solution x^∗ of equation (1) is a fixed point of equation (3) and vice versa. If for some x_0 ∈ D and any h_n ∈ E^m iteration {x_n} (n ≥ 0) is well defined and converges to some point y^∗ ∈ D then y^∗ is called a point of attraction for this iteration. In this case by taking the limit as n → ∞ in (2) we deduce

(7) y^∗ = G(y^∗, h) for all h ∈ E_0.

That is y^∗ is a fixed point of the operator G(·, h) for all h ∈ E_0.

The study of equations of the form (1) is very important since many real life problems can be reduced to solving such equations [1], [3], [4], via iterations of the form (2).

Sufficient conditions for the convergence of (2) for m = 0 (or not) have been given by various authors (see, e.g., [1]–[4] and the references there). Even under existing conditions one can construct examples where, say Newton’s method (4) converges despite the fact that the conditions of existing theorems are violated. See Remark 2 for such an example. This important observation creates the need of the development of weaker sufficient conditions for the convergence of (2) than the ones already in the literature. This is what we have done in this study.

Finally we conclude our study with an example to show that our convergence results apply where previous ones fail.

II. CONVERGENCE ANALYSIS

Definition. Let (E, ‖ ‖) be a metric space. An operator G: E^{m+1} → E is called a generalized contractive operator if there exist z ∈ E and a number c ∈ [0, 1) such that (8) ‖G(x, h) − G(z, h)‖ ≤ c‖x − z‖ for all x ∈ E, h ∈ E_0. If z is such that z = G(z, h) for all h ∈ E and G satisfies (8) for c = 1, then G is called a generalized quasinonexpansive operator. We note that if P : E → E is such that P (x) = G(x, h) for all x ∈ E, h ∈ E_0 then P is called a quasicontractive operator if (8) is satisfied [1], [3], [4].

Theorem 1. Let (E, ‖ ‖) be a Banach space and G: E^{m+1} → E be a generalized quasicontractive operator with x^∗ such that G(x^∗, h) = x^∗ for all h ∈ E_0.

Then x^∗ is the unique point in E such that G(x^∗, h) = x^∗ for all h ∈ E_0 and the iteration {x_n} (n ≥ 0) generated by (2) converges to x^∗ for each x_0 ∈ E and any h_0 ∈ E_0 with (9) ‖x_n − x^∗‖ ≤ c^n‖x_0 − x^∗‖ Moreover x_n ∈ U (x^∗, r) = {x ∈ E | ‖x − x^∗‖ ≤ r} (n ≥ 0) for r ∈ [0, ‖x_0 − x^∗‖]. Proof. By hypothesie G(x^∗, h) = h for all h ∈ E_0, we obtain from (8) that (10) ‖G(x, h) − x^∗‖ ≤ c‖x − x^∗‖ for all x ∈ E, h ∈ E_0. Let x_0 ∈ E, h_0 ∈ E_0 be arbitrary, then by (8), we get (11) ‖x_{n+1} − x^∗‖ = ‖G(x_n, h_n) − x^∗‖ ≤ c‖x_n − x^∗‖ ≤ · · · ≤ c^{n+1}‖x_0 − x^∗‖. But c ∈ [0, 1) hence (11) gives lim_{n→∞} x_{n+1} = x^∗, and (9) holds for all n ≥ 0. It also follows from (11) that x_n ∈ U (x^∗, r) for r ∈ [0, ‖x_0 − x^∗‖]. To show uniqueness let us assume that there exists z with x ≠ x^∗ and G(z, h) = z for all h ∈ E_0. Then ‖x^∗ −z‖ ≠ 0 and (8) gives ‖x^∗ −z‖ = ‖G(x^∗, h)−G(z, h)‖ ≤ c‖x^∗ −z‖ contradicting c ∈ [0, 1).

That completes the proof of the theorem.

Remark 1. If E is a compact metric space then Theorem 1 remains true if we replace generalized quasicontractive by generalized quasinonexpansive. See also Edelstein’s fixed point theorem [1], [3].

From now on we assume that E is a partially ordered Banach space [1], [3], [4], D = [a, b], a ≤ b and E_0 = E^m.

Theorem 2. Let (E, ≤) be a partially ordered Banach space. Assume there exist:

(a) continuous operators F_1: E_1×E_0 → E, F : [a, b]×E_0 → E, and F_2: E_2×E_0 → E with a ≤ b fixed in E satisfying for all h ∈ E_0 (12) x − F_1(x, h) ≥ a and (13) x − F_2(x, h) ≤ b, where E_1 = {x ∈ E | x ≤ a} and E_2 = {x ∈ E | b ≤ x}; (b) a unique point x^∗ ∈ [a, b] such that F (x^∗, h) = 0 for all h ∈ E_0; (c) an operator T ∈ L(E^{m+2}, E) such that (14) F (x, h) = T (x, x^∗, h)(x − x^∗) for all x ∈ [a, b], h ∈ E_0; and (d) d ∈ [0, 1), where (15) d = sup_{x∈[a,b]} h∈E_0 ‖I − T (x, x^∗, h)‖.

Then the iteration {x_n} (n ≥ 0) generated by (2) is well defined, remains in U (x^∗, r_0) for r_0 ∈ [0, ‖x_0 − x^∗‖] and converges to x^∗ with G(x^∗, h) = x^∗ for all h ∈ E_0 and (16) ‖x_n − x^∗‖ ≤ d^n‖x_0 − x^∗‖ (n ≥ 0). Proof. We define operators F, G: E × E_0 → E by

(17) F (x, h) = F_1(x, h) x ≤ a F (x, h) a ≤ x ≤ b F_2(x, h) b ≤ x That is, we use the same notation for the new F and (18) G(x, h) = x − F (x, h). It follows immediately from hypothesis (b) and (18) that (7) is satisfied for y^∗ = x^∗. Moreover from hypotheses (c), (d) and (14) we get G(x, h) − x^∗ = x − x^∗ − F (x, h) = (I − T (x, x^∗, h))(x − x^∗), and (19) ‖G(x, h) − x^∗‖ ≤ d‖x − x^∗‖ for all x ∈ [a, b] and h ∈ E_0. From the proof of Theorem 1 it follows that lim_{n→∞} x_n = x^∗ for each x_0 ∈ [a, b] and all h ∈ E_0.

If some iterate x_k ∉ [a, b] then x_k ∈ E − [a, b]. It then follows from (12), (13) and (2) that x_{k+1} = G(x_k, h_k) = x_k − F_1(x_k, h_k) ≥ a for x_k ≤ a or x_{k+1} = G(x_k, h_k) = x_k − F_2(x_k, h_k) ≤ b for x_k ≥ b.

Since iteration {x_n} (n ≥ 0) converges to x^∗ and a ≤ x^∗ ≤ b there exists v ≥ 0, v ∈ N such that x_{n+1} = G(x_n, h_n) = G^{n+1}(x_0, h) ∈ [a, b] for n ≥ v.

That is G^{v+1}([a, b] × E_0) ⊆ [a, b] × E_0. Furthermore by (19) we have (20) ‖G^n(x, h) − x^∗‖ ≤ d^n‖x − x^∗‖ for all x ∈ [a, b], h ∈ E_0. It follows that operator G^{v+1} satisfies all requirements of Theorem 1. Thus x^∗ is a fixed point of G^{v+1}, hence a fixed point of G and lim_{n→∞} x_n = x^∗ for each x_0 ∈ [a, b]. The rest of the conclusions of the theorem follow immediately from (20). We also note that by reordering iteration {x_n} (n ≥ 0) we can take v = 0.

That completes the proof of the Theorem.

Remark 2. For Newton’s method (4) (i.e., m = 0) operators F_1 and F_2 appearing in Theorem 2 can be defined by

F_1(x, h) = P^′(a)(x − a) + P (a) for all x ≤ a, h ∈ E_0, and F_2(x, h) = P^′(b)(x − b) + P (b) for all b ≤ x, h ∈ E_0,

assuming that P is Fréchet-differentiable on U (x^∗, r), x^∗ ∈ [a, b], r ≥ 0 fixed and P (x^∗) = 0. Convergence theorems for Newton’s method have been given by various authors using the in general expansive information (x_0, P (x_0), P^′(x_0), P^{′′}(x_0)) or the more relaxed (x_0, P (x_0), P^′(x_0)) [1]–[4]. We compare our Theorem 2 with corresponding results involving the latter information.

Let for simplicity E = R, then operator T can be defined by T (x, x^∗, h) = P^′(x^∗ + t(x − x^∗)) P^′(x) t ∈ (0, 1)all x ∈ [a, b]. Moreover define P : [0, 1] → R by

P (x) = x^2 + 2x.

Let a = 0 and b = 1. Note that x^∗ = 0 is the only zero of equation P (x) = 0, on [0, 1]. Ostrowski’s theorem on fixed points requires that q = max_{x∈[0,1]} |P^′(0)| ∈ [0, 1) [1], [4] which is not true since q = 2. Newton’s theorem on fixed points [3, pp. 128] (uses information on the second derivative also) or more recently Berinde’s theorem [2, thm. 5, pp. 20] cannot apply because their common condition f(a)f(b) < 0 is violated since f(0)f(1) = 0. However it can easily be seen that all hypotheses of Theorem 2 are satisfied and d = 1 (see also Remark 1). Hence the conclusions for the scalar equation P (x) = 0 and Newton’s method (4) follow. Finally for x_0 = .1 (4) gives in turn

x_1 = .0090909, x_2 = .0000819, x_3 = .000000006 and x_4 = 0.

Finally we note that Theorem 2 can be reduced to Berinde’s Theorem 5 since hypotheses (a)–(d) will be true if replaced by the stronger (f_1), (f^′_2) and (f^′_3) of Berinde’s and E = R^k, k ∈ N .

Remark 3. For the secant method (6) operators F_1 and F_2 appearing in Theorem 2 can be given by

F_1(x, h) = [h, a; Q](x − a) + Q(a) for all a ≤ x, h ∈ E_0 and F_2(x, h) = [h, b; Q](x − b) + Q(b) for all b ≤ x, h ∈ E_0.

Several other choices are also possible.

REFERENCES

[1] Argyros, I.K. and Szidarovszky, F. The theory and applications of iteration methods, C.R.C. Press, Inc. Boca Raton, Florida, 1993.

[2] Berinde, V. Remarks on the convergence of the Newton–Raphson method, Revue d’anal. Numer. Th. Appr. 24, No. 1–2, (1995), 15–21.

[3] Demidovici, B.P. and Maron, A.I. Computational Mathematics, MIR Publishers, Moscow, Russia, 1987.

[4] Ostrowski, A. Solution of Equations and Systems of Equations, Academic Press, New York, 1996.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Vol. No. 02, 1996, pp. 48–54.

Submitted: August 11, 1996. Published: October 15, 1996.

WEAK CONDITIONS FOR THE CONVERGENCE OF ITERATIONS TO SOLUTIONS OF EQUATIONS ON PARTIALLY ORDERED TOPOLOGICAL SPACES

Ioannis K. Argyros

Abstract. We provide sufficient conditions for the monotone convergence of Newton like methods to solutions of nonlinear operator equations on partially ordered topological spaces. We assume conditions weaker than standard Lipschitz-like conditions to produce two iterations, one increasing and one decreasing, that enclose and converge to a solution of an equation. Finally examples are given to show that our results apply where previous ones fail.

1991 A.M.S. (MOS) Subject Classification Codes. 65J15, 47H17, 49D15. Key Words and Phrases. Partially ordered topological space, monotone convergence, fixed point, Newton-like methods.

I. INTRODUCTION

In this study we are concerned with approximating a solution of the nonlinear operator equation

(1) F (x) = 0,

where F is an operator defined on a subset of partially ordered linear space E_1 = (E_1, ≤) (POL-space) with values in a POL-space E_2 [1], [2], [5]–[8].

We suggest Newton-like iterations of the form

(2) F (x_n) + A^1(x_{n−1}, x_n)(x_{n+1} − x_n) = 0

(3) F (y_n) + A^1(y_n, y_{n−1})(y_{n+1} − y_n) = 0

for [x_{−1}, y_{−1}] ⊆ D, x_{−1} ≤ x_0, y_0 ≤ y_{−1} and A^1, A^2: D^2 → L(E_1, E_2) [2], [6]. Sufficient conditions for the monotone convergence of the sequences {x_n}, {y_n}

Cameron University, Lawton, Oklahoma E-mail Address: ioannisa@cameron.edu © 1996 Cameron University

Typeset by AMS-TEX

(n ≥ 1) generated by (2) and (3) respectively to a solution of equation (1) have been given by various authors based mainly on the condition (4) F (y) − F (x) ≤ A(w, z)(y − x) for x ≤ y ≤ w ≤ z, [x, z] ⊆ D and A: D → L(E_1, E_2) being linear operator having continuous nonsingular nonnegative left subinverse (see [2], [5], [6] and the references there). There are examples even in the scalar case (see the example after Theorem 1) where iterations {x_n}, {y_n} converge to a solution of equation (1) but the sufficient conditions for the convergence fail to apply. That is why it is important to try to find weaker conditions under which these iterations converge to a solution. This is what we have done in this study.

Finally we note that for A^1(x, y) = A^2(x, y) = F^′(x) for all x, y ∈ D, where F^′(x) is the Fréchet-derivative of F we obtain Newton’s method [3], [4], whereas for A^1(x, y) = A^2(x, y) = [x, y; F ] for all x, y ∈ D, where [x, y; F ] is the divided difference of order one of F at the points x, y ∈ D we obtain the secant method [3], [4]. Several other choices for the operators A^1 and A^2 are also possible [2].

Theorem 1. Consider an operator F : D ⊆ E_1 → E_2 where E_1 is a regular POTL-space, E_2 is a POTL-space and D is an open convex subset of E_1. Let x_{−1}, x_0, y_{−1}, y_0 be points of D such that

(5) x_{−1} ≤ x_0 ≤ y_0 ≤ y_{−1}, [x_{−1}, y_{−1}] ⊆ D.

Assume:

(a) there exists points z_1, z_2 ∈ [x_0, y_0] such that

z_1 ≤ z_2 and F (z_1) = F (z_2) = 0.

(b) F (x) ≤ 0 for all x ∈ [x_0, z_1] and F (x) ≥ 0 for all x ∈ [z_2, y_0]. (c) there exist operators A^1, A^2: D^2 → L(E_1, E_2) such that

(6) F (z_1) − F (x) ≤ A^1(y, x)(z_1 − x) for all y, x with x_0 ≤ y ≤ x ≤ z_1 and (7) F (v) − F (z_2) ≤ A^2(v, w)(v − z_2) for all v, w with z_2 ≤ v ≤ w ≤ y_0.

(d) The linear operators A^1(y, x) and A^2(v, w) have continuous nonsingular nonnegative left subinverses on [x_{−1}, y_{−1}].

Then there exist two sequences {x_n}, {y_n} generated by (2) and (3) respectively (n ≥ 1) and two points x^∗, y^∗ of E_1 such that for all n ≥ 0

(8) F (x_n) ≤ 0 ≤ F (y_n),

(9) x_0 ≤ x_1 ≤ · · · ≤ x_n ≤ x_{n+1} ≤ z_1 ≤ z_2 ≤ y_{n+1} ≤ y_n ≤ · · · ≤ y_1 ≤ y_0,

(10) lim_{n→∞} x_n = x^∗, lim_{n→∞} y_n = y^∗, x^∗ ≤ z_1 ≤ z_2 ≤ y^∗, and (11) x^∗ = y^∗ ⇒ x^∗ = z_1 = z_2 = y^∗.

Moreover assume there exist operators A^3, A^4: D^2 → L(E_1, E_2) with nonnegative left superinverses satisfying (12) F (z_1) − F (x) ≥ A^3(x, y)(z_1 − x) for all x_0 ≤ x ≤ y ≤ z_1,

(13) F (v) − F (z_2) ≥ A^4(w, v)(v − z_2) for all z_2 ≤ w ≤ v ≤ y_0, F (x^∗) = F (z_1) and F (y^∗) = F (z_2).

Then we deduce x^∗ = z_1 and y^∗ = z_2.

Furthermore if z_1 = z_2 we get x^∗ = y^∗ = z_1 = z_2.

Proof. Let B^1_0 be a continuous nonsingular left subinverse of A^1_0 = A^1(x_{−1}, x_0) and consider the operator P_1: [0, z_1 − x_0] → E_1 defined by P_1(x) = x − B^1_0 (F (x_0) + A^1_0(x)).

It is easy to see that P_1 is isotone and continuous. We also have P_1(0) = −B^1_0 (F (x_0)) ≥ 0 P_1(z_1 − x_0) = z_1 − x_0 − B^1_0 (F (z_1)) + B_0(F (z_1) − F (x_0) − A^1_0(z, −x_0)) ≤ z_1 − x_0 − B^1_0 (F (z_1)) ≤ z_1 − x_0 by hypotheses (a), (b) and (c).

According to Kantorovich’s theorem on fixed points [2], [5], [8] the operator P_1 has a fixed point q_1 ∈ [0, z_1 − x_0]. Set x_1 = x_0 + q_1 then F (x_0) + A^1_0(x_1 − x_0) = 0, x_0 ≤ x_1 ≤ z_1.

By hypothesis (a) we also get F (x_1) ≤ 0.

Define the operator P_2: [0, y_0 − z_2] → E_1 by P_2(x) = x + B^2_0 (F (y_0) − A^2_0(x)) where B^2_0 is a continuous nonsingular nonnegative left subinverse of A^2_0 = A^2(y_0, y_{−1}). P_2 is clearly continuous, isotone with P_2(0) = B^2_0 (F (y_0)) ≥ 0, and P_2(y_0 − z_2) = y_0 − z_2 + B^2_0 (F (z_2)) + B^2_0 (F (y_0) − F (z_2) − A^2_0(y_0 − z_2)) ≤ y_0 − z_2 + B^2_0 (F (z_2)) ≤ y_0 − z_2

by hypotheses (a), (b) and (c).

As above we define the existence of a point q_2 ∈ [0, y_0 −z_2] such that P_2(q_2) = q_2. Let y_1 = y_0 − q_2. It follows that F (y_0) + A^2_0(y_1 − y_0) = 0, z_2 ≤ y_1 ≤ y_0.

By hypothesis (b) we also have F (y_1) ≤ 0.

Using induction on n ≥ 0 we can show that there exists two sequences {x_n}, {y_n} (n ≥ 0) satisfying (2), (3), (8), (9). Since E_1 is regular from (9) it follows that there exist x^∗, y^∗ ∈ E_1 such that x^∗ = lim_{n→∞} x_n and y^∗ = lim_{n→∞} y_n. We obviously also have x^∗ ≤ z_1 ≤ z_2 ≤ y^∗.

Denote by A^5(x^∗, z_1) a nonnegative left superinverse of A^3(x^∗, z_1). Then by (12) we obtain

0 ≤ z_1 − x^∗ ≤ A^5(x^∗, z_1)A^3(x^∗, z_1)(z_1 − x^∗) ≤ A^5(x^∗, z_1)(F (z_1) − F (x^∗)) = 0 which implies x^∗ = z_1. Similarly by (13) we obtain y^∗ = z_2. By z_1 = z_2 we deduce x^∗ = y^∗. Finally if x^∗ = y^∗, (10) gives z_1 = z_2.

That completes the proof of the theorem.

Example. Let E_1 = E_2 = R, choose any x_{−1} ≤ 0 and y_{−1} ≥ 0 and set D = [x_{−1}, y_{−1}]. Define the function F on D by

(14) F (x) = { x x ≤ 0 2x, x ≥ 0. The only solution z of equation F (x) = 0 is z = 0. Let z_1 = z_2 = z. Choose also A^1 = 2 and A^2 = 3. Then hypotheses (a)–(d) of Theorem 1 are satisfied and iterations (2) and (3) give respectively

(15) x_{n+1} = ( 1 2 )_{n+1} x_0 and (16) y_{n+1} = ( 1 3 )_{n+1} y_0 (n ≥ 0)

which converge to 0 as n → ∞ for any x_0 ≤ 0 and y_0 ≥ 0. However theorems on the convergence of Newton’s method fail to apply since F^′(0) does not exist [2], [3], [4]. We note though that Newton’s method converges to 0 since x_1 = 0 for any x_0. Similar observations can be made for the secant method by setting A^1(y, x) =^{F (x)−F (y)}_{x−y} and A^2(v, w) =^{F (w)−F (v)}_{w−v} . By (14), approximations (2) and (3) become (15) and (16) respectively in this case which converge to 0. But theorems on the convergence of the Secant method require that F^′(0) exists [2], [3], [4], [6], [8]. It is also simple calculus to show that condition (4) is not satisfied for both Newton’s and the Secant method.

Remark 1. We note that condition (4) implies (6) and (7) but not vice versa. (See the above example.) That is (6) and (7) are weaker conditions than (4).

The regularity of the space E_1 is a rather restrictive condition. It was used to prove that sequences {x_n}, {y_n} (n ≥ 0) are well defined and convergent. To avoid this regularity condition we consider the explicit version of it:

(17) x_{n+1} = x_n − B^1_n(F (x_n)) (n ≥ 0)

(18) y_{n+1} = y_n − B^2_n(F (y_n)) (n ≥ 0)

where B^1_n, B^2_n are nonnegative subinverses of A^1_n and A^2_n respectively.

We can now state and prove the following result:

Theorem 2. Let F : D ⊆ E_1 → E_2 be an operator between two POL-spaces and D be an open convex subset of E_1. Let x_{−1}, x_0, y_{−1}, y_0 be points of D satisfying (5). Assume that hypotheses (a)–(c) of Theorem 1 are true and linear operators A^1(y, x) and A^2(v, w) have nonnegative subinverses on [x_{−1}, y_{−1}].

Then approximations (17) and (18) where B^1_n and B^2_n are nonnegative subinverses of A^1_n and A^2_n respectively define two sequences {x_n}, {y_n} (n ≥ 0) having the properties (8) and (9).

Moreover if lim_{n→∞} x_n = x^∗ = y^∗ = lim_{n→∞} y_n then the following are true

x^∗ = z_1 = z_2 = y^∗ and F (x^∗) = F (y^∗) = 0.

Furthermore, if F is continuous at x^∗ and y^∗ and F (x^∗) = F (y^∗) we deduce F (x^∗) = F (y^∗) = 0.

Proof. For n = 0 we obtain in turn from approximations (17) and (18)

x_1 − x_0 = −B^1_0 (F (x_0)) ≥ 0,

z_1 − x_1 = z_1 − x_0 + B^1_0 F (x_0) = (z_1 − x_0) − B^1_0 (F (z_1) − F (x_0)) ≥ 0 by (6) and F (x_1) ≤ 0 by (b),

y_0 − y_1 = B^2_0 (F (y_0)) ≥ 0

y_1 − z_2 = y_0 − B^2_0 (F (y_0)) − z_2 = y_0 − z_2 − B^2_0 (F (y_0) − F (z_2)) ≥ 0 by (7) and F (y_1) ≥ 0 by (6).

Thus, we have proved x_0 ≤ x_1 ≤ z_1 ≤ z_2 ≤ y_1 ≤ y_0. Proceeding by induction on n ≥ 0 we obtain (8) and (9). If x^∗ = lim_{n→∞} x_n, y^∗ = lim_{n→∞} y_n and x^∗ = y^∗ it follows that x^∗ = z_1 = z_2 = y^∗ and since F (z_1) = F (z_2) = 0 we get F (x^∗) = F (y^∗) = 0.

Finally if F is continuous at x^∗ and y^∗ by letting n → ∞ in (8) we get F (x^∗) ≤ 0 ≤ F (y^∗) and since F (x^∗) = F (y^∗) we deduce F (x^∗) = F (y^∗) = 0.

That completes the proof of the theorem.

Remark 2. Several natural conditions (other than the ones in Theorems 1 and 2) under which x^∗ and y^∗ are solutions of equation (1) as well as other variations of approximations (2)–(3) and (17)–(18) can be found in [2, Ch. 6].

Remark 3. The conclusions of Theorems 1 and 2 remain true if estimates (6), (7), (12) and (13) are valid on [x_0, y_0], since x_n ≤ z_1 and z_2 ≤ y_n (n ≥ 0).

The following theorem is also available on fixed points.

Theorem 3. Let P : D ⊆ E_1 → E_1 where E_1 is a regular POTL-space and D is a subset of E_1. Define the iterations

x_{n+1} = P (x_n) (n ≥ 0) and y_{n+1} = P (y_n) (n ≥ 0)

for some [x_0, y_0] ∈ D. Assume:

(a) there exists z ∈ D such that

x_0 ≤ P (x_0) ≤ z ≤ P (y_0) ≤ y_0;

(b) P (x) ≤ z for x ≤ z, x ∈ D and P (x) ≥ z for x ≥ z, x ∈ D; (c) P (x) ≤ P (y) for x ≤ y, x, y ∈ D and P (x) ≥ P (y).

Then there exist two points x^∗, y^∗ ∈ D such that

(18) x_0 ≤ x_1 ≤ · · · ≤ x_n ≤ x_{n+1} ≤ x^∗ ≤ z ≤ y^∗ ≤ y_{n+1} ≤ y_n ≤ · · · ≤ y_1 ≤ y_0,

(19) lim_{n→∞} x_n = x^∗ and lim_{n→∞} y_n = y^∗.

Proof. By hypothesis x_0 ≤ x_1 = P (x_0) ≤ z, y_{−1} ≥ y_1 = P (y_0) ≥ z. Assume x_{k−1} ≤ x_k ≤ z and y_{n−1} ≥ y_k ≥ z for k = 1, 2, . . . , n. Then x_{k+1} = P (x_k) ≤ z, y_{k+1} = P (y_k) ≥ z, x_{k+1} − x_k = P (x_k) − P (x_{k−1}) ≥ 0 and y_{k+1} − y_k = P (y_k) − P (y_{k−1}) ≤ 0. Moreover since E_1 is regular there exist x^∗, y^∗ such that (18) and (19) are satisfied.

That completes the proof of the Theorem.

Remark 4. (a) If x^∗ = y^∗ then x^∗ = z = y^∗. Hence if z is a fixed point of P on [x_0, y_0] then P (x^∗) = x^∗ = y^∗ = P (y^∗).

(b) If z is the unique fixed point of P on [x_0, y_0] and P is continuous at x^∗ and y^∗ then since P (x^∗) = x^∗ and P (y^∗) = y^∗ we get x^∗ = z = y^∗.

REFERENCES

[1] Argyros, I.K. and Szidarovszky, F. Convergence of general iteration schemes, J. Math. Anal. Appl. Vol. 168, No. 1 (1992), 42–62.

[2] Argyros, I.K. and Szidarovszky, F. The theory and applications of iteration methods, C.R.C. Press, Inc. Boca Raton, Florida, 1993.

[3] Demidovici, B.P. and Maron, A.I. Computational Mathematics, MIR Publ.

Moscow, Russia, 1987.

[4] Kantorovich, L.V. and Akilov, G.P. Functional Analysis in Normed Spaces, Pergamon Press, New York, 1964.

[5] Krasnoleskii, M.A. Positive Solutions of Operator Equations, Noordhoff- Groningen Publ., 1964.

[6] Potra, F.A. Monotone iterative methods for nonlinear operator equations, Numer. Funct. Anal. Optimiz. Vol. 9, No. 7–8, (1987), 809–843.

[7] Slugin, S. Monotonic processes of bilateral approximation in a partially ordered convergence group, Soviet Math. 3 (1962), 1547–1551.

[8] Vandergraft, J.S. Newton’s method for convex operators in partially ordered spaces, SIAM J. Numer. Anal. 4 (1967), 406–432.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Vol. No. 02, 1996, pp. 55–59.

Submitted: September 23, 1996. Published: November 7, 1996.

ON THE MONOTONE CONVERGENCE OF IMPLICIT NEWTON-LIKE METHODS

Ioannis K. Argyros

Abstract. In this study, we examine the convergence of implicit Newton-like methods to a solution of a nonlinear equation on a partially ordered topological space. We generate two sequences, one increasing and one decreasing that enclose a solution of the nonlinear equation. Finally, we provide an example that shows that our method converges whereas the standard explicit Newton-like method does not.

1991 A.M.S. (MOS) Subject Classification Codes. 65J15, 65B05, 47H17, 49D15.

Key Words and Phrases. Newton-like method, monotone convergence, partially ordered topological space.

I. INTRODUCTION

In this study, we are concerned with the problem of approximating a solution z^∗ of the nonlinear operator equation

(1) F (x) = 0

where F is a continuous nonlinear operator defined on a subset D of a partially ordered topological space (POTL-space) E_1 with values in a POTL-space E_2 [2], [3], [5].

We introduce implicit Newton-like methods of the form

(2) F (x_{n+1}) + A^1(x_{n−1}, x_n)(x_{n+1} − x_n) = 0 (n ≥ 0)

(3) F (y_{n+1}) + A^2(y_n, y_{n−1})(y_{n+1} − y_n) = 0 (n ≥ 0)

to monotonically enclose z^∗. Here operators A^1, A^2: D^2 → L(E_1, E_2) are satisfying certain convexity type conditions.

Cameron University, Lawton, Oklahoma E-mail Address: ioannisa@cameron.edu © 1996 Cameron University

Typeset by AMS-TEX

So far explicit Newton-like methods of the form

(4) F (x_n) + A^1(x_{n−1}, x_n)(x_{n+1} − x_n) = 0 (n ≥ 0)

(5) F (y_n) + A^2(y_n, y_{n−1})(y_{n+1} − y_n) = 0 (n ≥ 0)

as well as various explicit configurations of them have been extensively examined [1]–[5] under the natural hypothesis (6) F (y) − F (x) ≤ A(w, z)(y − x) for all x_0 ≤ x ≤ y ≤ w ≤ z ≤ y_0 where [x_0, y_0] ⊆ D.

One can provide examples where iterations (2) and (3) converge to a solution z^∗ of equation (1) whereas iterations (4) and (5) do not. (See the example at the end of this study.) On the other hand the convergence results developed so far for (4) and (5) provide no information about the behavior of iterations (2) and (3).

Sufficient convergence conditions are provided for monotonically enclosing a solution z^∗ of equation (1) as well as some applications. In particular we provide an example that shows that our results apply where the earlier ones fail.

II. MONOTONE CONVERGENCE

The main result of our study is contained in the following theorem:

Theorem 1. Consider an operator F : D ⊆ E_1 → E_2 where E_1 is a regular POTLspace and E_2 is a POTL-space. Let x_{−1}, x_0, y_{−1}, y_0 be points of D such that

(7) x_{−1} ≤ x_0 ≤ y_0 ≤ y_{−1}, [x_{−1}, y_{−1}] ⊆ D and F (x_0) ≤ 0 ≤ F (y_0).

Assume there exist nonnegative operators A^1, A^2: D^2 → L(E_1, E_2) with continuous nonsingular nonnegative left subinverses B^1 and B^2 respectively such that (8) B(v, w)(F (y) − F (x)) ≤ (I − B(v, w)A(v, w))(y − x) where (B, A) is (B^1, A^1) or (B^2, A^2) for all v, w, x, y ∈ D with x_0 ≤ v ≤ w ≤ x ≤ y ≤ y_0.

Then there exist two iterations {x_n} (n ≥ 1), {y_n} (n ≥ 1) and two points x^∗, y^∗ of D such that for all n ≥ 0 approximations (2) and (3) are solvable,

(9) F (x_n) ≤ 0 ≤ F (y_n)

(10) x_0 ≤ x_1 ≤ · · · ≤ x_n ≤ x_{n+1} ≤ y_{n+1} ≤ y_n ≤ · · · ≤ y_1 ≤ y_0,

(11) lim_{n→∞} x_n = x^∗, lim_{n→∞} y_n = y^∗, and x^∗ ≤ y^∗.

Proof: Let B^1_0 be a continuous nonsingular nonnegative left subinverse of A^1_0 = A^1(x_{−1}, x_0) and consider the operator H: [x_0, y_0] → E_1 defined by

H(x) = x − B^1_0 (F (x) + A^1_0(x − x_0)).

Clearly H is continuous and for x ≤ y we deduce that H is isotone. Indeed from (8) we get

B^1_0 (F (y) − F (x)) ≤ (I − B^1_0 A^1_0)(y − x) ⇒ x − B^1_0 (F (x)) − B^1_0 A^1_0(x − x_0) ≤ y − B^1_0 (F (y)) − B^1_0 A^1_0(y − x_0) ⇒ H(x) ≤ H(y). We also have

H(x_0) = x_0 − B^1_0 (F (x_0) + A^1_0(x_0 − x_0)) = x_0 − B^1_0 (F (x_0)) ≥ x_0

by (7), H(y_0) = y_0 − B^1_0 (F (y_0) + A^1_0(y_0 − x_0)) ≤ y_0 by (7) and the fact that A^1_0 and B^1_0 are nonnegative operators on D^2. It follows from the Kantorovich theorem on fixed points that H has a fixed point x_1 ∈ [x_0, y_0]. That is H(x_1) = x_1 which shows that x_1 solves (2) for n = 0. It also follows from (2) for n = 0 that F (x_1) ≤ 0.

Let B^2_0 be a continuous nonsingular nonnegative left subinverse of A^2_0 = A^2(y_0, y_{−1}) and define the operator G: [x_1, y_0] → E_1 by

G(x) = x − B^2_0 (F (x) − A^2_0(y_0 − x)).

Operator G is clearly continuous and exactly as above using (8) we can show that it is isotone.

Moreover we have

G(x_1) = x_1 − B^2_0 (F (x_1) − A^2_0(y_0 − x_1)) ≥ x_1

(since F (x_1) ≤ 0 and A^2_0 is nonnegative),

G(y_0) = y_0 − B^2_0 (F (y_0) − A^2_0(y_0 − x_0)) ≤ y_0

(since F (y_0) ≥ 0). Hence there exists y_1 ∈ [x_1, y_0] with G(y_1) = y_1. That is y_1 solves approximation (3) for n = 0 and F (y_1) ≥ 0.

Proceeding by induction on n ≥ 0 we can show that there exist two iterations {x_n} (n ≥ 1), {y_n} (n ≥ 1) satisfying (2), (3), (9) and (10). Moreover since the space E_1 is regular it follows that there exist x^∗, y^∗ ∈ E_1 satisfying (11).

That completes the proof of the Theorem.

In what follows we shall give some natural conditions under which the points x^∗ and y^∗ are solutions of the equation F (x) = 0.

Theorem 2. Under the hypotheses of Theorem 1 suppose that F is continuous at x^∗ and y^∗. If one of the following conditions is satisfied:

(a) x^∗ = y^∗;

(b) operators A^1_n, A^2_n (n ≥ 0) are equicontinuous;

(c) E_2 is normal and there exists an operator P : E_1 → E_2 (P (0) = 0) continuous on the origin and such that A^1_n ≤ S, A^2_n ≤ S for sufficiently large n; (d) E_1 is normal and there exists an operator Q: E_1 → E_2 (Q(0) = 0) which has an isotone inverse continuous at the origin and such that A^1_n ≤ Q, A^2_n ≤ Q for sufficiently large n.

Then we have F (x^∗) = F (y^∗) = 0.

Proof. Using the continuity of F and (9) we get F (x^∗) ≤ 0 ≤ F (y^∗) by letting n → ∞. That is F (x^∗) = F (y^∗) = 0.

(b) By the equicontinuity of the operators A^1_n, A^2_n it follows that lim_{n→∞} A^1_n(x_n− x_{n+1}) = lim_{n→∞} A^2_n(y_n − y_{n+1}) = 0, and by (2) and (3), by letting n → ∞ and using the continuity of F at x^∗ and y^∗ we get F (x^∗) = F (y^∗) = 0.

(c) For sufficiently large n we get

0 ≥ F (x_{n+1}) ≥ P (x_n − x_{n+1}), 0 ≤ F (y_{n+1}) ≤ P (y_n − y_{n+1}).

By the normality of E_2 and the continuity of F and P we get F (x^∗) = F (y^∗) = 0.

(d) By (2), (3), (9) and (10) we get

0 ≥ F (x_{n+1}) = A^1_n(x_n − x_{n+1}) ≥ Q(x_n − x_{n+1}),

0 ≤ F (y_{n+1}) = A^2_n(y_n − y_{n+1}) ≤ Q(y_n − y_{n+1}).

Hence, we get

lim_{n→∞} Q^{−1}(F (x_{n+1})) = lim_{n→∞} Q^{−1}(F (y_{n+1})) = 0,

since E_1 is normal and lim_{n→∞}(x_n − x_{n+1}) = lim_{n→∞}(y_n − y_{n+1}) = 0. That is by the continuity of F we finally get F (x^∗) = F (y^∗) = 0.

That completes the proof of the Theorem.

Example. Let D = E_1 = E_2 = R and F (x) =^1_2 x. Choose A^1 = A^2 =^1_4 , B^1 = B^2 = 1, x_{−1} = −2, x_0 = −1, y_0 = 1 and y_{−1} = 2. Then it can easily be seen that all hypotheses of Theorem 1 are satisfied and (2) becomes x_{n+1} =^1_3 x_n =

(_1 3 )_{n+1} x_0 which converges to the unique solution z^∗ = 0 of equation F (x) = 0. However condition (6) is not satisfied and iteration (4) becomes x_{n+1} = −x_n ↛ 0 for any x_0 ≠ 0.

The uniqueness of the solution z^∗ of the equation F (x) = 0 in [x_0, y_0] can be proved by assuming a condition complementary to (8). In particular we can show the following:

Theorem 3. Let E_1 and E_2 be two POL-spaces, F : D ⊆ E_1 → E_2 be a nonlinear operator and x_0, y_0 ∈ D with x_0 ≤ y_0 and [x_0, y_0] ⊆ D. Assume:

(a) there exists an operator M : D^2 → L(E_1, E_2) such that M (x, y) has a nonnegative left superinverse on D^2 and (12) F (y) − F (x) ≥ M (x, y)(y − x) for all (x, y) ∈ D^2.

(b) (x^∗, y^∗) ∈ D and F (x^∗) = F (y^∗). Then we deduce x^∗ = y^∗.

Proof: Let M_1(x^∗, y^∗) be a nonnegative left superinverse of M (x^∗, y^∗). Then by (12) we get

0 ≤ y^∗ − x^∗ ≤ M_1(x^∗, y^∗)M (x^∗, y^∗)(y^∗ − x^∗) ≤ M_1(x^∗, y^∗)(F (x^∗) − F (y^∗)) = 0.

That is we deduce x^∗ = y^∗.

That completes the proof of the Theorem.

Remark. Several configurations other than (2) and (3) can also be considered. See [1], [2], [4] for other configurations for explicit Newton-like methods. For example our results can apply to prove convergence for the implicit Newton-like method given by

F (x_{n+1}) + A(y_n, y_{n−1})(x_{n+1} − x_n) = 0 (n ≥ 0) F (y_{n+1}) + A(y_n, y_{n−1})(y_{n+1} − y_n) = 0 (n ≥ 0)

where A: D^2 → L(E_1, E_2).

REFERENCES

[1] Argyros, I.K. and Szidarovszky, F. Convergence of general iteration schemes, J. Math. Anal. Appl. Vol. 168, No. 1 (1992), 42–62.

[2] Argyros, I.K. and Szidarovszky, F. The theory and applications of iteration methods, C.R.C. Press, Inc. Boca Raton, Florida, 1993.

[3] Krasnoleskii, M.A. Positive Solutions of Operator Equations, Noordhoff- Groningen Publ., 1964.

[4] Potra, F.A. Newton-like methods with monotone convergence for solving nonlinear operator equations, Nonlinear Anal. Theory, Methods, Appl. Vol. 11, No. 6, (1987), 697–717.

[5] Vandergraft, J.S. Newton’s method for convex operators in partially ordered spaces, SIAM J. Numer. Anal. 4 (1967), 406–432.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Vol. No. 02, 1996, pp. 60–64.

Submitted: October 17, 1996. Published: December 9, 1996.

A GENERALIZATION OF EDELSTEIN’S THEOREM ON FIXED POINTS AND APPLICATIONS

Ioannis K. Argyros

Abstract. In this study, we approximate fixed points of nonlinear equations on topological vector spaces using implicit methods. A new Edelstein type theorem on fixed points is proved. The advantage of these methods is that they can be used to solve equations that usual explicit methods cannot.

1991 A.M.S. (MOS) Subject Classification Codes. 65J15, 47H17, 49D15. Key Words and Phrases. Implicit methods, fixed point, topological vector space, normed space.

I. INTRODUCTION

In this study, we are concerned with the problem of approximating a fixed point z of the equation (1) x = F (x, x, . . . , x), where F is an operator defined on a subset D^{m+1} of a topological vector space E^{m+1} with values in D, D is a compact set, and m is a nonnegative integer.

Explicit multistep methods of the form (2) x_{n+1} = F_n(x_n, x_{n−1}, . . . , x_{n−m}) (m ≥ m) have been used extensively to approximate a fixed point z of equation (1). See for example [1], [2], [4]–[6], and the references there. Picard, Newton-like methods can be considered approximations of the form (2). With the exception of the work in [3] (for m = 1) no attention has been given to implicit multistep methods of the form

x_n = F (x_n, y^m_n ) (3) y^m_n = (y_{n−1}, y_{n−2}, . . . , y_{n−m}), (4) y_{n−i} = g^i_n(x_n, x_{n−1}, . . . , x_{n−m}), (5) Cameron University, Lawton, Oklahoma E-mail Address: ioannisa@cameron.edu © 1996 Cameron University

Typeset by AMS-TEX

where g^i_n: D^{m+1} → D for n ≥ m, i = 1, 2, . . . , m.

We provide sufficient conditions for the convergence of the sequence {x_n} (n ≥ m) generated by (3)–(5) to a fixed point z of equation (1) for any starting points x_0, x_1, . . . , x_{m−1} ∈ D. Moreover we provide a generalization of Edelstein’s theorem on fixed points [4], [2].

Using examples we finally show that the advantage of these methods is that they can be used to solve equations that explicit methods cannot.

II. CONVERGENCE ANALYSIS

The main result of our study is contained in the following convergence result for the method (3)–(5).

Theorem 1. Let m be a nonnegative integer, E a topological vector space, D a compact subset of E, F continuous operators from D^{m+1} into D, S = {x ∈ D: F (x, x, . . . , x) = x}, and an operator f: D × S → [0, +∞). Assume:

(a) S ≠ ∅ and f = 0, x ∈ D, z ∈ S ⇔ x = z ∈ S; (b) f(F (z_n, z_{n−1}, . . . , z_{n−m}), z) < max{f(z_n, z), f(z_{n−1}, z), . . . , f(z_{n−m}, z)}, for all n ≥ m, z_n, z_{n−1}, . . . , z_{n−m} ∈ D, z ∈ S such that there are no relations such as z_n = z_{n−1} = · · · = z_{n−m} = z;

(c) if there exist operators h^i_n: D^{m+1} → D, i = 1, 2, . . . , m, n ≥ m such that z_{n−i} = h^i_n(v_n, v_{n−1}, . . . , x_{n−m}) for some v_n, v_{n−1}, . . . , v_{n−m} ∈ D then f(F (z_n, z_{n−1}, . . . , z_{n−m}), z) < f(z_{n−i}, z) < f(v_{n−1}, z) for all z_n, v_{n−1}, z_{n−i} ∈ D, n ≥ m, i = 1, 2, . . . , m; (d) operator f(x, z) is continuous in x;

(e) the system (3)–(5) is solvable for arbitrary x_0, x_1, x_2, . . . , x_m ∈ D for all n ≥ m. Then the sequences {x_n}, {y_{n−i}} (n ≥ m), i = 1, 2, . . . , m generated by (3)–(5) converge in the topology of E to the unique fixed point z of equation (1).

Proof: Using (3)–(5) and (c) we get f(x_n, z) = f(F (x_n, y_{nm}), z) < f(y_{n−i}, z) < f(x_{n−1}, z), n ≥ m, i = 1, 2, . . . , m, which implies that lim_{n→∞} f(x_n, z) = lim_{n→∞} f(y_{n−i}, z) for all i = 1, 2, . . . , m. By the compactness of D we can find subsequences {x_{nj} } ⊆ {x_n}, {y_{nj −i}} ⊆ {y_{n−i}} and points x, y^1, y^2, . . . , y^m ∈ E such that lim_{j→∞} x_{nj} = x, lim_{j→∞} y_{nj −i} = y^i. Since f is continuous in x we get f(x, z) = f(y^i , z) for i = 1, 2, . . . , m. Moreover by letting j → ∞ we obtain lim_{j→∞} F (x_{nj} , y_{nj −1}, . . . , y_{nj −m}) = F (x, y^1, y^2, . . . , y^m) and by (b) f(x, z) = f(F (x, y^1, y^2, . . . , y^m), z) < max{f(x, z), f(y^1, z), . . . , f(y^m , z)}, which is a contradiction. That is we deduce

x = y^1 = y^2 = · · · = y^m = z.

Furthermore we note that S is a singleton set. If a ≠ b, a, b ∈ S, then by (b) we obtain f(a, b) = f(F (a, b, . . . , b), b) < f(a, b) which is a contradiction. Hence we get a = b.

That completes the proof of the Theorem.

Remark 1. Let m = 1, g^1_n = g, g(x_n, x_{n−1}) = F_k(x_n, x_{n−1}), n ≥ 1, k ≥ 0, where F_0(v, w) = w, F_1(v, w) = F (v, w), F_i(v, w) = F (v, F_{i−1}(v, w)), for v, w ∈ D, i = 2, 3, . . . , k, y^1_n = g(x_n, x_{n−1}) (n ≥ 1), then Theorem 1 reduces to Theorem 1 in [3]. Theorem 1 cannot be used for the important class of multistep Newton-like methods where m > 1 [1], [2].

The following theorem generalizes Edelstein’s Theorem on fixed points [4], [2]. Theorem 2. Let m be a nonnegative integer, D a closed bounded subset of a normed space E, and F an operator from D^{m+1} into D.

Assume: (a) ‖F (v_1, v_2, . . . , v_{m+1}) − F (w_1, w_2, . . . , w_{m+1}‖ < max{‖v_i − w_i‖}, i = 1, 2, . . . , m + 1 if (v_1, v_2, . . . , v_{m+1}) ≠ (w_1, w_2, . . . , w_{m+1}) and v_i ≠ v_j ; or w_i ≠ w_j for i ≠ j ≤ ‖v_i − w_i‖, i = 1, 2, . . . , m + 1 if v_1 = v_2 = · · · = v_{m+1} and w_1 = w_2 = · · · = w_{m+1}.

(b) Either D is compact or F maps D × D into a compact subset of D. Then the following are true:

(i) Equation F (x, x, . . . , x) = x has a unique z solution in D.

(ii) Every equation (6) x_n = F (x_n, x_{n−1}, . . . , x_{n−m}) (n ≥ m) has also a unique solution x_n and lim_{n→∞} x_n = z for any x_0 ∈ D.

Proof: It follows immediately by using the operator F_y(x) = F (x, y) for all x ∈ D, y ∈ D^m and Edelstein’s Theorem on fixed points [4], [2].

Remark 2. Theorem 2 generalizes Edelstein’s Theorem on fixed points [4], [2], and reduces to Theorem 6 in [3] for m = 1. Obviously earlier results [1], [2], [4]–[6] cannot be used to assert existence or the convergence of approximate solutions for equation (1) if instead of (6) Picard’s iteration for G(x) = F (x, x, . . . , x) is used. Moreover the results in [3] cannot be used for multistep Newton-like methods where m > 1 [1], [2].

In the following example we provide an application for Theorem 2. Example 1. Let E = R, D = [a, b] with a ≤ 0 ≤ b, ‖x − y‖ = |x − y| and F (x, y) = −^1_6 x +^2_3 y. Then we have ‖F (x, y) − F (v, w)‖ = | | |− 1 6 (x − v) + 2 3 (y − w) ‖ ‖ ‖ ≤ 1 6 |x − v| + 2 3 |y − w| (7) for all x, y, v, w ∈ D. It now follows from (7) that hypothesis (a) of Theorem 2 is satisfied. Moreover (6) (for m = 1) becomes

x_n = 4 7 x_{n−1} = ( 4 7 )_n x_0 → 0 = z as n → ∞

for any x_0 ∈ R.

In the example that follows we provide an explicit sequence that does not converge and an implicit sequence that converges to a fixed point of an operator. Example 2. Let E, D be as in Example 1 and consider the problem of approximating the unique fixed point z = 0 of the operator F on D given by F (x, y) = cx for all x, y ∈ D with c ≠ 0. We use the approximations

F (a_n) + d(a_{n+1} − a_n) = 0 (n ≥ 0), (8) F (b_{n+1}) + d(b_{n+1} − b_n) = 0 (n ≥ 0) (9) for a_0, b_0 ∈ D. Approximation (8) is explicit whereas (9) is an implicit method. With the above choices (8) and (9) become respectively

a_{n+1} = d − c d a_n (n ≥ 0) and b_{n+1} = d c + d b_n (n ≥ 0). For c = 3 and d = 1 we obtain

a_{n+1} = −2a_n = (−2)^{n+1}a_0 ↛ 0 = z for any a_0 ≠ 0

whereas b_{n+1} = 1 4 b_n = ( 1 4 )_{n+1} b_0 → 0 = z for any b_0.

REFERENCES

[1] Argyros, I.K. and Szidarovszky, F. Convergence of general iteration schemes, J. Math. Anal. Appl. Vol. 168, No. 1 (1992), 42–62.

[2] Argyros, I.K. and Szidarovszky, F. The theory and applications of iteration methods, C.R.C. Press, Inc. Boca Raton, Florida, 1993.

[3] Binh, T.Q., Chuong, N.M., and Ton, B.A. Approximation of nonlinear operator equations, submitted.

[4] Edelstein, M. On fixed and periodic points under contractive mappings, J.

London Math. Soc. 37, (1962), 74–79.

[5] Kirk, W.A. A fixed point theorem for mappings which do not increase distances, Amer. Math. Monthly, 72, (1965), 1004–1006.

[6] Petryshin, W.V. and Williamson, T.E. Strong and weak convergence of the sequence of successive approximation for quasi-nonexpansive mappings, J. Math. Anal. Appl. 43, (1973), 459–497.

Information for Authors cont.

Copyright. Authors will be asked, upon acceptance of an article, to transfer copyright of the article to the publisher. This will ensure the widest possible dissemination of information under copyright laws. Preprints are available via anonymous ftp at ftp://rattler.cameron.edu/SWJPAM-preprints. Authorization to copy is granted provided that the SWJPAM copyright symbol is not removed.

Tables. Tables must be numbered consecutively with roman numerals and have titles. They should be prepared in such a manner that no break is necessary.

Figures. All graphs and diagrams should be referred to as ‘figure’ (not abbreviated) in the text. A detailed caption should be provided for each figure, and figures should be numbered consecutively.

Footnotes. The use of footnotes should be minimized.

Notification. The author will be notified of the posting of his/her work and the time of release for SWJPAM.

References. References should be listed at the end of each paper. They should be numbered consecutively using arabic numbers between square brackets in the text. In the list of references, the numbers should appear without square brackets. A journal reference should comprise of name(s) and initial(s) of author(s), title of article, abbreviated name of journal (following the style of ‘Abbreviations of Names of Serials reviewed in Mathematical Reviews’), volume number, year of publication (within parentheses), and full page numbers, e.g.

1. Argyros, I.K. and Szidarovszky, F.: On the Monotone Convergence of Algorithmic Models, Appl. Math. Com. 48, (1992), 167–176.

A book reference should comprise of name(s) and initial(s) of author(s), title of book, publisher, town, year of publication, e.g.

11. Ortega, J.M. and Rheinboldt, W.C.: Iterative Solution of Nonlinear Equations in Several Variables, Academic Press, New York, 1970

An edited volume reference should comprise of name(s) and initial(s) of author(s), title of paper, name(s) of editor(s), title of book, publisher, town, year, inclusive page numbers, e.g.

12. Prenter, P.: On Polynomial Operators and Equations, L.B. Rall (ed), Computational Solution of nonlinear operator equations, Johy Wiley Publisher, New York, 1971, pp. 361–398.

Indexing and Abstracting services. Articles published in SWJPAM are selectively indexed or abstracted in: Mathematical Reviews of A.M.S., Zentralblatt für Mathematik, European Mathematical Society (EMIS).