Rend. Sem. Mat. Univ. Pol. Torino Vol. 61, 3 (2003) Splines and Radial Functions

P. Sablonnière^∗

QUADRATIC SPLINE QUASI-INTERPOLANTS ON BOUNDED DOMAINS OF Rd, d = 1, 2, 3

Abstract. We study some C^1 quadratic spline quasi-interpolants on bounded domains � ⊂ R^d , d = 1, 2, 3. These operators are of the form Q f (x) = � k∈K (�) μk ( f )Bk(x), where K (�) is the set of indices of

B-splines B_k whose support is included in the domain � and μ_k ( f ) is a discrete linear functional based on values of f in a neighbourhood of x_k ∈ supp(B_k). The data points x_j are vertices of a uniform or nonuniform partition of the domain � where the function f is to be approximated. Beyond the simplicity of their evaluation, these operators are uniformly bounded independently of the given partition and they provide the best approximation order to smooth functions. We also give some applications to various fields in numerical approximation.

1. Introduction and notations

In this paper, we continue the study of some C^1 quadratic (or d-quadratic) spline discrete quasi-interpolant (dQIs) on bounded domains � ⊂ R^d , d = 1, 2, 3 initiated in [36]. These operators are of the form Q f (x) = � k∈K (�) μk ( f )Bk(x), where K (�)

is the set of indices of B-splines B_k whose support is included in the domain � and μ_k ( f ) is a discrete linear functional � i∈I (r) λk (i) f (xi+k ), with I (r) = Z

d ∩ [−r, r]^d for r ∈ N fixed (and small). The data points x_j are vertices of a uniform or nonuniform partition of the domain � where the function f is to be approximated. Such operators have been widely studied in recent years (see e.g. [4], [6]-[11],[14], [23], [24], [31], [38], [40] ), but in general, except in the univariate or multivariate tensor-product cases, they are defined on the whole space R^d : here we restrict our study to bounded domains and to C^1 quadratic spline dQIs. Their main interest lies in the fact that they provide approximants having the best approximation order and small norms while being easy to compute. They are particularly useful as initial approximants at the first step of a multiresolution analysis. First, we study univariate dQIs on uniform and non-uniform meshes of a bounded interval of the real line (Section 2) or on bounded rectangles of the plane with a uniform or non-uniform criss-cross triangulation (Section 3). We use

∗The author thanks very much prof. Catterina Dagnino, from the Dipartimento di Matematica dell’Università di Torino, and the members of the italian project GNCS on spline and radial functions, for their kind invitation to the Giornate di Studio su funzioni spline e funzioni radiali, held in Torino in February 6-7, 2003, where this paper was presented by the author. 229

230 P. Sablonnière

quadratic B-splines whose Bernstein-Bézier (abbr. BB)-coefficients are given in technical reports [37], [38] and which extend previous results given in [12]. In the same way, in section 4, we complete the study of a bivariate blending sum of two univariate dQIs of Section 1 on a rectangular domain. Finally, in Section 5, we do the same for a trivariate blending sum of a univariate dQI (Section 1) and of the bivariate dQI described in Section 2. For blending and tensor product operators, see e.g. [2], [3], [16], [18], [19], [20], [21], [30]. For some of these operators, we improve the estimations of infinite norms which are bounded independently of the given partition of the domain. Using the fact that the dQI S is exact on the space P_2 ∈ S_2 of quadratic polynomials and a classical result of approximation theory: ‖ f − S f ‖ ≤ (1+‖S‖)d( f, S_2) (see e.g. [15], chapter 5), we conclude that f − S f = O(h^3) for f smooth enough, where h is the maximum of diameters of the elements (segments, triangles, rectangles, prisms) of the partition of the domain. But we specify upper bounds for some constants occuring in inequalities giving error estimates for functions and their partial derivatives of total order at most 2. Finally, in Section 6, we present some applications of the preceding dQIs, for example to the computation of multivariate integrals, to the approximate determination of zeros of functions, to spectral-type methods and to the solution of integral equations. They are still in progress and will be published elsewhere.

2. Quadratic spline dQIs on a bounded interval

Let X = {x_0, x_1, . . . , x_n} be a partition of a bounded interval I = [a, b] , with x_0 = a and x_n = b. For 1 ≤ i ≤ n, let h_i = x_i − x_{i−1} be the length of the subinterval I_i = [x_{i−1}, x_i ]. Let S_2(X) be the n + 2-dimensional space of C^1 quadratic splines on this partition. A basis of this space is formed by quadratic B-splines {B_i , 0 ≤ i ≤ n + 1}. Define the set of evaluation points

�_n = {θ_0 = x_0, θ_i = 1 2 (x_{i−1} + x_i ), f or 1 ≤ i ≤ n, θ_{n+1} = x_n}.

The simplest dQI associated with �_n is the Schoenberg-Marsden operator (see e.g. [25], [36]):

S_1 f := n+1� i=0 f (θ_i )B_i

This operator is exact on P_1. Moreover S_1e_2 = e_2 +

�_n i=1 1 4 h^2_i B_i . We have studied in [1] and [36] the unique dQI of type

S_2 f = f (x_0)B_0 + n� i=1 μ_i ( f )B_i + f (x_n)B_{n+1}

whose coefficient functionals are of the form

μ_i ( f ) = a_i f (θ_{i−1}) + b_i f (θ_i ) + c_i f (θ_{i+1}), 1 ≤ i ≤ n

Quadratic spline quasi-interpolants 231

and which is exact on the space P_2 of quadratic polynomials. Using the following notations and the convention h_0 = h_{n+1} = 0, we finally obtain, for 1 ≤ i ≤ n:

σ_i = h_i h_{i−1} + h_i

, σ^′_i = h_{i−1} h_{i−1} + h_i

= 1 − σ_i ,

a_i = − σ^2_i σ^′_{i+1} σ_i + σ^′_{i+1}

, b_i = 1 + σ_i σ^′_{i+1}, c_i = − σ_i (σ^′_{i+1})^2 σ_i + σ^′_{i+1} . Defining the fundamental functions of S_2 by B̃_0 = B_0 + a_1 B_1, B̃_i = c_{i−1} B_{i−1} + b_i B_i + a_{i+1} B_{i+1}, 1 ≤ i ≤ n, B̃_{n+1} = c_n B_n + B_{n+1},

we can express S_2 f in the following form

S_2 f = n+1� i=0 f (θ_i )B̃_i .

In [26] (see also [22] and [32], chapter 3), Marsden proved the existence of a unique Lagrange interpolant L f in S_2(X) satisfying L f (θ_i ) = f (θ_i ) for 0 ≤ i ≤ n + 1. He also proved the following

THEOREM 1. For f bounded on I and for any partition X of I , the Chebyshev norm of the Lagrange operator L is uniformly bounded by 2.

Now, we will prove a similar result for the dQI S_2 defined above. It is well known that the infinite norm of S_2 is equal to the Chebyshev norm of the Lebesgue function �_2 =

�_{n+1} i=0 |B̃_i | of S_2.

THEOREM 2. For f bounded on I and for any partition X of I , the infinite norm of the dQI S_2 is uniformly bounded by 2.5.

Proof. Each function |B̃_i | being bounded above by the continuous quadratic spline B̄_i whose BB-coefficients are absolute values of those of B̃_i , we obtain �_2 ≤ ¯�_2 = �^{n+1}_{i=0} B̄_i . So, we have to find an upper bound of ¯�_2. First, we need the BB-coefficients of the fundamental functions: they are computed as linear combinations of the BB-coefficients of B-splines. In order to avoid complicated notations, we denote by [a, b, c] the triplet of BB-coefficients of the quadratic polynomial a(1 − u)^2 + 2bu(1 − u) + cu^2 for u ∈ [0, 1]. Any function g ∈ S_2(X) can be written in this form on each interval [x_{i−1}, x_i ], 1 ≤ i ≤ n, with the change of variable u = (x − x_{i−1})/h_i . So, the BB-coefficients of g consist of a list of n triplets. Let us denote by L(i) the list associated with the function B̃_i (we do not write the triplets of null BB-coefficients). Setting, for 1 ≤ i ≤ n − 1:

d_i = c_i σ_{i+1} + b_{i+1}σ^′_{i+1}, e_i = b_i σ_{i+1} + a_{i+1}σ^′_{i+1},

232 P. Sablonnière

we obtain for the three first functions B̃_0, B̃_1, B̃_2: L(0) = [1, a_1, a_1σ_2], [a_1σ_2, 0, 0] L(1) = [0, b_1, e_1], [e_1, a_2, a_2σ_3], [a_2σ_3, 0, 0] L(2) = [0, c_1, d_1], [d_1, b_2, e_2], [e_2, a_3, a_3σ_4], [a_3σ_4, 0, 0] For 3 ≤ i ≤ n − 2 (general case), we have supp(B̃_i) = [x_{i−3}, x_{i+2}] and L(i) = [0, 0, c_{i−1}σ^′_{i−1}], [c_{i−1}σ^′_{i−1}, c_{i−1}, d_{i−1}], [d_{i−1}, b_i , e_i ], [e_i , a_{i+1}, a_{i+1}σ_{i+2}], [a_{i+1}σ_{i+2}, 0, 0] Finally, for the three last functions B̃_{n−1}, B̃_n, B̃_{n+1}, we get:

L(n−1) = [0, 0, c_{n−2}σ^′_{n−2}], [c_{n−2}σ^′_{n−2}, c_{n−2}, d_{n−2}], [d_{n−2}, b_{n−1}, e_{n−1}], [e_{n−1}, a_n, 0] L(n) = [0, 0, c_{n−1}σ^′_{n−1}], [c_{n−1}σ^′_{n−1}, c_{n−1}, d_{n−1}], [d_{n−1}, b_n, 0] L(n + 1) = [0, 0, c_nσ^′_n], [c_nσ^′_n, c_n, 1] We see that d_i ≥ 0 (resp. e_i ≥ 0), for it is a convex combination of c_i and b_{i+1} (resp. of b_i and a_{i+1}), with b_i ≥ 1 and |c_i | and |a_i | ≤ 1 for all i. Therefore, the absolute values of the above BB-coefficients (i.e. the BB-coefficients of the B̄^′_i s) are easy to evaluate. Now, it is easy to compute the BB-coefficients of the continuous quadratic spline ¯�_2 =

�_{n+1}

i=0 B̄_i . On each interval [x_{i−1}, x_i ], for 2 ≤ i ≤ n − 1, we obtain [λ_{i−1}, μ_i , λ_i ] = [−a_{i−1}σ_i +d_{i−1}+e_{i−1}−c_i σ^′_i , b_i −a_i −c_i , −a_i σ_{i+1}+d_i +e_i −c_{i+1}σ^′_{i+1}] For the first (resp. the last) interval, we have λ_0 = 1 (resp. λ_n = 1) For the central BB-coefficient, we get, since σ_i and σ^′_i are in [0, 1] for all indices: μ_i = b_i − (a_i + c_i ) = 2b_i − 1 = 1 + 2σ_i σ^′_{i+1} ≤ 3 For the extreme BB-coefficients, we have, since a_i + b_i + c_i = 1:

λ_i = (1 − 2a_i )σ_{i+1} + (1 − 2c_{i+1})σ^′_{i+1} = 1 +

2(σ_i )^2σ_{i+1}σ^′_{i+1} σ_i + σ^′_{i+1} + 2σ_{i+1}σ^′_{i+1}(σ^′_{i+2})^2 σ_{i+1} + σ^′_{i+2} . Let us consider the rational function f defined by λ_i = 1 + f (σ_i , σ_{i+1}, σ_{i+2}):

f (x, y, z) =

2x^2 y(1 − y) 1 + x − y + 2y(1 − y)(1 − z)^2 1 + y − z , the three variables x, y, z lying in the unit cube. Its maximum is attained at the vertices {(0, 1, 0), (1, 0, 0), (1, 0, 1), (1, 1, 0)} and it is equal to 1. This proves that λ_i ≤ 2 for all i. Therefore, in each subinterval (after the canonical change of variable), ¯�_2 is bounded above by the parabola: π_2(u) = 2(1 − u)^2 + 6u(1 − u) + 2u^2 whose maximum value is π_2(^1_2 ) =^5_2 = 2.5.

Quadratic spline quasi-interpolants 233

Now, we consider the case of a uniform partition, say with integer nodes for simplification (e.g. I = [0, n], X = {0, 1, . . . , n}). In that case, we have

σ_1 = 1, σ^′_1 = 0; σ_i = σ^′_i = 1 2 f or 2 ≤ i ≤ n; σ_{n+1} = 0, σ^′_{n+1} = 1,

from which we deduce:

a_1 = c_n = − 1 3 , b_1 = b_n = 3 2 , c_1 = a_n = − 1 6 , and, for 2 ≤ i ≤ n − 1: a_i = c_i = − 1 8 , b_i = 5 4 . It is easy to see that, in order to compute ‖S_2‖_∞, it suffices to evaluate the maximum of the Lebesgue function on the subinterval J = [0, 4]. Here are the lists L(i) of the BB-coefficients of the fundamental functions {B̃_i , 0 ≤ i ≤ 6} whose supports have at least a common subinterval with J . As in the nonuniform case, we only give the triplets associated with subintervals of supp(B̃_i) ∩ J :

supp(B̃_0) ∩ J = [0, 2], L(0) = � 1, − 1 3 , − 1 6 � , � − 1 6 , 0, 0 �

supp(B̃_1) ∩ J = [0, 3], L(1) = � 0, 3 2 , 11 16 � , � 11 16 , − 1 8 , − 1 16 � , � − 1 16 , 0, 0 � , supp(B̃_2) ∩ J = [0, 4], L(2) = � 0, − 1 6 , 13 24 � , � 13 24 , 5 4 , 9 16 � , � 9 16 , − 1 8 , − 1 16 � , � − 1 16 , 0, 0 � , supp(B̃_3) ∩ J = [0, 2], L(3) = � 0, 0, − 1 16 � , � − 1 16 , − 1 8 , 9 16 � , � 9 16 , 5 4 , 9 16 � , � 9 16 , − 1 8 , − 1 16 � , supp(B̃_4) ∩ J = [1, 4], L(4) = � 0, 0, − 1 16 � , � − 1 16 , − 1 8 , 9 16 � , � 9 16 , 5 4 , 9 16 � , supp(B̃_5) ∩ J = [2, 4], L(5) = � 0, 0, − 1 16 � , � − 1 16 , − 1 8 , 9 16 � , supp(B̃_6) ∩ J = [3, 4], L(6) = � 0, 0, − 1 16 � , Drawing �_2 reveals that the abscissa x̄ of its maximum lies in the interval [0.6, 1]. In this interval, we obtain successively:

�_2(x) = −B̃_0(x) + B̃_1(x) + B̃_2(x) − B̃_3(x) = −(1 − x)^2 + 10 3 x(1 − x) + 35 24 x^2

234 P. Sablonnière

whence �^′_2(x) =^1_{12} (64 − 69x) and x̄ =^{64}_{69} . This leads to ‖S_2‖_∞ = ‖�_2‖_∞ = �_2(x̄) = 305 207 ≈ 1.4734. □ So, we have proved the following result:

THEOREM 3. For uniform partitions of the interval I , the infinite norm of S_2 is equal to^{305}_{207} ≈ 1.4734.

REMARK 1. Further results on various types of dQIs will be given in [21]. Now, we will give some bounds for the error f − S_2 f . Using the fact that the dQI S_2 is exact on the subspace P_2 ⊂ S_2 of quadratic polynomials and a classical result of approximation theory (see e.g. [17], chapter 5), we have for all partitions X of I in virtue of Theorem 4:

‖ f − S_2 f ‖_∞ ≤ (1 + ‖S_2‖_∞) dist ( f, S_2)_∞ ≤ 3.5 dist ( f, S_2)_∞ So, the approximation order is that of the best quadratic spline approximation. For example, from [17], we know that for any continuous function f dist ( f, S_2)_∞ ≤ 3 ω( f, h)_∞ where h = max{h_i , 1 ≤ i ≤ n}, so we obtain ‖ f − S_2 f ‖_∞ ≤ 10.5 ω( f, h)_∞ But a direct study allows to decrease the constant in the right-hand side.

THEOREM 4. For a continuous function f , there holds: ‖ f − S_2 f ‖_∞ ≤ 6 ω( f, h)_∞ Proof. For any x ∈ I , we have

f (x) − S_2 f (x) = n+1� i=0 [ f (x) − f (θ_i )]B̃_i (x)

Assuming n ≥ 5 and x ∈ I_p = [x_{p−1}, x_p], for some 3 ≤ p ≤ n − 2, this error can be written, since supp(B̃_i ) = [x_{i−3}, x_{i+2}]:

f (x) − S_2 f (x) = p+2�

i=p−2

[ f (x) − f (θ_i )]B̃_i (x).

Quadratic spline quasi-interpolants 235

As θ_i =^1_2 (x_{i−1} + x_i ), we have |x − θ_i | ≤ r_i h, with r_i = | p − i| + 0.5. Using a well known property of the modulus of continuity of f , ω( f, r_i h) ≤ (1 + r_i )ω( f, h), we deduce

| f (x) − S_2 f (x)| ≤ � � p+2�

i=p−2

(1 + r_i )B̄_i (x) � � ω( f, h).

Without going into details, we use the local BB-coefficients of B̄_i , p − 2 ≤ i ≤ p + 2 in the subinterval [x_{p−1}, x_p], and we can prove that for all partitions of I , we have

p+2�

i=p−2

(1.5 + | p − i|)B̄_i (x) ≤ 6

so, we obtain finally a lower constant (but not the best one) in the right-hand side of the previous inequality: ‖ f − S_2 f ‖_∞ ≤ 6 ω( f, h)_∞

Now, let us assume that f ∈ C^3(I ), then we have the following

THEOREM 5. For all function f ∈ C^3(I ) and for all partitions X of I , the following error estimate holds, with C_0 ≤ 1:

‖ f − S_2 f ‖_∞ ≤ C_0h^3‖ f^{(3)}‖_∞

Proof. Given x ∈ I_p fixed and t ∈ [x_{p−3}, x_{p+2}], we use the Taylor formula with integral remainder

f (t) = f (x) + (t − x) f^′(x) + 1 2 (t − x)^2 f^{′′}(x) + 1 2 �_t x (t − s)^2 f^{(3)}(s)ds

As p_1(t) = t − x and p_2(t) = (t − x)^2 are in P_2, we have S_2 p_1 = p_1 and S_2 p_2 = p_2, which can be written explicitly as

S_2 p_1(t) = t − x = n+1� i=0 (θ_i − x)B̃_i (t), S_2 p_2(t) = (t − x)^2 = n+1� i=0 (θ_i − x)^2B̃_i (t)

and this proves that S_2 p_1(x) = S_2 p_2(x) = 0. Therefore it remains:

S_2 f (x) − f (x) = 1 2 p+2�

i=p−2

�_{θi} x (θ_i − s)^2 f^{(3)}(s)ds � B̃_i (x)

236 P. Sablonnière

As |

�_{θi} x (θ_i − s)^2ds| ≤^1_3 |x − θ_i |^3, we get the following upper bound:

|S_2 f (x) − f (x)| ≤ 1 6 ‖ f^{(3)}‖_∞ p+2�

i=p−2

|x − θ_i |^3B̄_i (x)

≤ h^3 6 ‖ f^{(3)}‖_∞ p+2�

i=p−2

(| p − i| + 1 2 )^3 B̄_i (x)

As in the proof of theorem above, and without going into details, one can prove that the last sum in the r.h.s. is uniformly bounded by 6 for any partition of I . So, we obtain finally:

|S_2 f (x) − f (x)| ≤ h^3‖ f^{(3)}‖_∞

By using the same techniques, the results of theorem 5 can be improved when X is a uniform partition of I :

THEOREM 6. (i) For f ∈ C(I ), there holds:

|S_2 f (x) − f (x)| ≤ 2.75 ω( f, h 2 )_∞

(ii) for f ∈ C^3(I ) and for all x ∈ I there holds:

|S_2 f (x) − f (x)| ≤ h^3 3 ‖ f^{(3)}‖_∞

|(S_2 f )^′(x) − f^′(x)| ≤ 1.2 h^2‖ f^{(3)}‖_∞ and locally, in each subinterval of I :

|(S_2 f )^{′′}(x) − f^{′′}(x)| ≤ 2.4 h‖ f^{(3)}‖_∞

3. Quadratic spline dQIs on a bounded rectangle

In this section, we study some C^1 quadratic spline dQIs on a nonuniform criss-cross triangulation of a rectangular domain. More specifically, let � = [a_1, b_1] × [a_2, b_2] be a rectangle decomposed into mn subrectangles by the two partitions

X_m = {x_i , 0 ≤ i ≤ m}, Y_n = {y_j , 0 ≤ j ≤ n}

respectively of the segments I = [a_1, b_1] = [x_0, x_m] and J = [a_2, b_2] = [y_0, y_n]. For 1 ≤ i ≤ m and 1 ≤ j ≤ n, we set h_i = x_i − x_{i−1}, k_j = y_j − y_{j−1}, I_i = [x_{i−1}, x_i ], J_j = [y_{j−1}, y_j ], s_i =^1_2 (x_{i−1} + x_i ) and t_j =^1_2 (y_{j−1} + y_j ). Moreover

Quadratic spline quasi-interpolants 237

s_0 = x_0, s_{m+1} = x_m, t_0 = y_0, t_{n+1} = y_n. In this section and the next one, we use the following notations:

σ_i = h_i h_{i−1} + h_i

, σ^′_i = h_{i−1} h_{i−1} + h_i

= 1 − σ_i ,

τ_j = k_j k_{j−1} + k_j

, τ^′_j = k_{j−1} k_{j−1} + k_j

= 1 − τ_j ,

for 1 ≤ i ≤ m and 1 ≤ j ≤ n, with the convention h_0 = h_{m+1} = k_0 = k_{n+1} = 0.

a_i = − σ^2_i σ^′_{i+1} σ_i + σ^′_{i+1}

, b_i = 1 + σ_i σ^′_{i+1}, c_i = − σ_i (σ^′_{i+1})^2 σ_i + σ^′_{i+1} ,

ā_j = τ^2_j τ^′_{j+1} τ_j + τ^′_{j+1}

, b̄_j = 1 + τ_j τ^′_{j+1}, c̄_j = − τ_j (τ^′_{j+1})^2 τ_j + τ^′_{j+1} . for 0 ≤ i ≤ m + 1 and 0 ≤ j ≤ n + 1. Let K_{mn} = {(i, j) : 0 ≤ i ≤ m + 1, 0 ≤ j ≤ n + 1}, then the data sites are the mn intersection points of diagonals in subrectangles �_{ij} = I_i × J_j , the 2(m + n) midpoints of the subintervals on the four edges, and the four vertices of �, i.e. the (m + 2)(n + 2) points of the following set

D_{mn} := {M_{ij} = (s_i , t_j ), (i, j) ∈ K_{mn}}.

As in Section 2, the simplest dQI is the bivariate Schoenberg-Marsden operator:

S_1 f = � (i, j)∈K_{mn}

f (M_{ij} )B_{ij}

where B_{mn} := {B_{ij} , 0 ≤ i ≤ m + 1, 0 ≤ j ≤ n + 1} is the collection of (m +2)(n +2) B-splines (or generalized box-splines) generating the space S_2(T_{mn}) of all C^1 piecewise quadratic functions on the criss-cross triangulation T_{mn} associated with the partition X_m × Y_n of the domain � (see e.g. [14], [13]). There are mn inner B-splines associated with the set of indices K̂_{mn} = {(i, j), 1 ≤ i ≤ m, 1 ≤ j ≤ n}

whose restrictions to the boundary � of � are equal to zero. To the latter, we add 2m + 2n + 4 boundary B-splines whose restrictions to � are univariate quadratic Bsplines. Their set of indices is

K̃_{mn} := {(i, 0), (i, n + 1), 0 ≤ i ≤ m + 1; (0, j), (m + 1, j), 0 ≤ j ≤ n + 1}

The BB-coefficients of inner B-splines whose indices are in {(i, j), 2 ≤ i ≤ m −1, 2 ≤ j ≤ n − 1} are given in [32]. The other ones can be found in the technical reports [37] (uniform partition) and [38](non-uniform partitions). The B-splines are positive

238 P. Sablonnière

and form a partition of unity (blending system). The boundary B-splines are linearly independent as the univariate ones. But the inner B-splines are linearly dependent, the dependence relationship being: � (i, j)∈K̂_{mn}

(−1)^{i+ j} h_i k_j B_{ij} = 0

It is well known that S_1 is exact on bilinear polynomials, i.e. S_1e_{rs} = e_{rs} f or 0 ≤ r, s ≤ 1 In [36], we obtained the following dQI, which is exact on P_2: S_2 f = � (i, j)∈K_{mn}

μ_{ij} ( f )B_{ij}

where the coefficient functionals are given by

μ_{ij} ( f ) = (b_i + b̄_j − 1) f (M_{ij} ) + a_i f (M_{i−1, j} ) + c_i f (M_{i+1, j} ) + ā_j f (M_{i, j−1}) + c̄_j f (M_{i, j+1}).

As in Section 2, we introduce the fundamental functions:

B̃_{ij} = (b_i + b̄_j − 1)B_{ij} + a_{i+1} B_{i+1, j} + c_{i−1} B_{i−1, j} + ā_{j+1} B_{i, j+1} + c̄_{j−1} B_{i, j−1}. We also proved the following theorems, by bounding above the Lebesgue function of S_2:

�_2 = � (i, j)∈K_{mn}

|B̃_{ij} |

THEOREM 7. The infinite norm of S_2 is uniformly bounded independently of the partition T_{mn} of the domain: ‖S_2‖_∞ ≤ 5 THEOREM 8. For uniform partitions, we have the following bound: ‖S_2‖_∞ ≤ 2.4 These bounds are probably not optimal and can still be slightly reduced.

4. A biquadratic blending sum of univariate dQIs In this section, we study a biquadratic dQI on a rectangular domain � = [a_1, b_1] × [a_2, b_2] which is a blending sum of bivariate extensions of quadratic spline dQIs of Section 2. We use the same notations as in Section 2 for the domain �, the partitions

Quadratic spline quasi-interpolants 239

of I = [a_1, b_1], J = [a_2, b_2] and data sites. The partition considered on � is the tensor product of partitions of I and J . We use the two sets of univariate B-splines {B_i (x), 0 ≤ i ≤ m + 1}, {B_j (y), 0 ≤ j ≤ n + 1} and the two sets of univariate fundamental functions introduced in Section 2: {B̃_i (x), 0 ≤ i ≤ m + 1}, {B̃_j (y), 0 ≤ j ≤ n + 1} The associated extended bivariate dQIs are respectively (see e.g. [14] for bivariate extensions of univariate operators)

P_1 f (x, y) := m+1� i=0 f (s_i , y)B_i (x), P_2 f (x, y) := m+1� i=0 f (s_i , y)B̃_i (x)

Q_1 f (x, y) := n+1� j=0 f (x, t_j )B_j (y), Q_2 f (x, y) := n+1� j=0 f (x, t_j )B̃_j (y)

The bivariate dQI considered in this section is now defined as the blending sum R := P_1 Q_2 + P_2 Q_1 − P_1 Q_1 and it can be written in the following form R f (x, y) = � (i, j)∈K_{mn}

f (M_{ij} )B̄_{ij} (x, y)

where the biquadratic fundamental functions are defined by B^♭_{ij} (x, y) := B_i (x)B̃_j (y) + B̃_i (x)B_j (y) − B_i (x)B_j (y) In terms of tensor-product B-splines B_{ij} (x, y) = B_i (x)B_j (y), we have: R f (x, y) = � (i, j)∈K_{mn}

μ_{ij} ( f )B_{ij} (x, y),

where the coefficient functionals are given by μ_{ij} ( f ) := a_i f (M_{i−1, j} ) + c_i f (M_{i+1, j} ) + ā_j f (M_{i, j−1}) + c̄_j f (M_{i, j+1}) + (b_i + b̄_j − 1) f (M_{ij} ) We have proved in [36] the following

THEOREM 9. The operator R is exact on the 8-dimensional subspace (P_{12}[x, y])⊕ (P_{21}[x, y]) of biquadratic polynomials. Moreover, its infinite norm is bounded above independently of the nonuniform partition X_m ⊗ Y_n of the domain � ‖R‖_∞ ≤ 5

240 P. Sablonnière

5. A trivariate blending sum of univariate and bivariate quadratic dQIs In this section, we study a trivariate dQI on a parallelepiped � = [a_1, b_1] × [a_2, b_2] × [a_3, b_3] which is a blending sum of trivariate extensions of univariate and bivariate dQIs seen in Sections 2 and 3. We consider the three partitions

X_m := {x_i , 0 ≤ i ≤ m}, Y_n = {y_j , 0 ≤ j ≤ n}, Z_p := {z_k , 0 ≤ k ≤ p} respectively of the segments I = [a_1, b_1] = [x_0, x_m], J = [a_2, b_2] = [y_0, y_n] and K = [a_3, b_3] = [z_0, z_p]. For the projection �^′ = [a_1, b_1] × [a_2, b_2] of � on the x y − plane, the notations are those of Section 3. For the projection �^{′′} = [a_3, b_3] of � on the z − axis, we use the following notations, for 1 ≤ k ≤ p: l_k = z_k − z_{k−1}, K_k = [z_{k−1}, z_k ], u_k = 1 2 (z_{k−1} + z_k ), with u_0 = z_0 and u_{p+1} = z_p. For mesh ratios of subintervals, we set respectively ω_k = l_k l_{k−1} + l_k

, ω^′_k = l_{k−1} l_{k−1} + l_k

= 1 − ω_k for 1 ≤ k ≤ p, with l_0 = l_{p+1} = 0 (all these ratios lie between 0 and 1), and

â_k = − ω^2_k ω^′_{k+1} ω_k + ω^′_{k+1}

, b̂_k = 1 + ω_k ω^′_{k+1}, ĉ_k = − ω_k (ω^′_{k+1})^2 ω_k + ω^′_{k+1}.

Let K = K_{mnp} = {(i, j, k), 0 ≤ i ≤ m + 1, 0 ≤ j ≤ n + 1, 0 ≤ k ≤ p + 1}, then the set of data sites is D = D_{mnp} = {N_{ijk} = (x_i , y_j , z_k ), (i, j, k) ∈ K_{mnp}}, The partition of � considered here is the tensor product of partitions on �^′ and �^{′′}, i.e. a partition into vertical prisms with triangular horizontal sections. Setting K^′_{mn} = {(i, j), 0 ≤ i ≤ m + 1, 0 ≤ j ≤ n + 1}, we consider the bivariate B-splines and fundamental splines on �^′ = [a_1, b_1] × [a_2, b_2] defined in Section 3 above: {B_{ij} (x, y), (i, j) ∈ K^′_{mn}}, and {B̃_{ij} (x, y), (i, j) ∈ K^′_{mn}} and the univariate B-splines and fundamental splines on [a_3, b_3] defined in Section 2: {B_k(z), 0 ≤ k ≤ p + 1} and {B̃_k(z), 0 ≤ k ≤ p + 1}.

The extended trivariate dQIs that we need for the construction are the following P_1 f (x, y, z) := � (i, j)∈K^′_{mn}

f (s_i , t_j , z)B_{ij} (x, y),

P_2 f (x, y, z) := � (i, j)∈K^′_{mn}

f (s_i , t_j , z)B̃_{ij} (x, y),

Quadratic spline quasi-interpolants 241

Q_1 f (x, y, z) := p+1� k=0 f (x, y, u_k)B_k (z), Q_2 f (x, y, z) := p+1� k=0 f (x, y, u_k)B̃_k (z).

For the sake of clarity, we give the expressions of P_2 and Q_2 in terms of B-splines: P_2 f (x, y, z) = � (i, j)∈K^′_{mn}

μ_{ij} ( f )B_{ij} (x, y)

μ_{ij} ( f ) = a_i f (s_{i−1}, t_j , z) + c_i f (s_{i+1}, t_j , z)) + ā_j f (s_i , t_{j−1}, z) + c̄_j f (s_i , t_{j+1}, z) +(b_i + b̄_j − 1) f (s_i , t_j , z)

Q_2 f (x, y, z) := p+1� k=0 {â_k f (x, y, u_{k−1}) + b̂_k f (x, y, u_k) + ĉ_k f (x, y, u_{k+1})}B_k(z) We now define the trivariate blending sum R = P_1 Q_2 + P_2 Q_1 − P_1 Q_1 Setting

B^♭_{ijk} (x, y, z) = B_{ij} (x, y)B̃_k(z) + B̃_{ij} (x, y)B_k(z) − B_{ij} (x, y)B_k(z) we obtain R f = � (i, j,k)∈K_{mnp}

f (N_{ijk} )B^♭_{ijk}

In terms of tensor product B-splines B_{ijk} = B_{ij} B_k, one has R f = � (i, j,k)∈K_{mnp}

ν_{ijk} ( f )B_{ijk}

where ν_{ijk} ( f ) is based on the 7 neighbours of N_{ijk} in R^3:

ν_{ijk} ( f ) = â_k f (N_{i, j,k−1}) + ĉ_k f (N_{i, j,k+1} ) + a_i f (N_{i−1, j,k} ) + c_i f (N_{i+1, j,k} ) +ā_j f (N_{i, j−1,k} ) + c̄_j f (N_{i, j+1,k} ) + (b_i + b̄_j + ĉ_k − 1) f (N_{ijk} ).

In [36], we proved the following

THEOREM 10. The operator R is exact on the 15-dimensional subspace (P_1[x, y] ⊗ P_2[z]) ⊕ (P_2[x, y] ⊗ P_1[z]) of the 18-dimensional space P_2[x, y] ⊗ P_2[z]. Moreover, its infinite norm is bounded above independently of the nonuniform partition of the domain � ‖R‖_∞ ≤ 8.

242 P. Sablonnière

6. Some applications

We present some applications of the preceding sections. For sake of simplicity, we give results for uniform partitions only. Let Q be any of the previous dQIs. 1) Approximate integration. Approximating � � f by � � Q f gives rise to several interesting quadrature formulas (abbr. QF) in R^d , mainly for d = 2, 3. For d = 1 and for a uniform partition of I with meshlength h, we obtain the QF:

Q F_n( f ) =

�_b a S_2 f = h( 1 9 f_0 + 7 8 f_1 + 73 72 f_2 + n−2� i=3 f_i + 73 72 f_{n−1} + 7 8 f_n + 1 9 f_{n+1}),

where f_i = f (θ_i ) for 0 ≤ i ≤ n+1. This formula is exact for P_3, like composite Simpson’s formula, i.e. Q F_n( f ) =

�_b a f for all f ∈ P_3. Therefore

�_b a f −Q F_n ( f ) = O(h^4) for functions f ∈ C^4(I ). Numerical experiments show that it is better than Simpson’s formula based on n + 1 points (n even). Moreover, the errors associated with the two QFs have often opposite signs, thus giving upper and lower values of the exact integral. 2) Approximate differentiation: pseudo-spectral methods. One can approximate the first (partial) derivatives of f by those of Q f at the data sites. We thus obtain differentiation matrices which can be also used for second derivatives and for pseudo-spectral methods. Let us give an example for d = 1 and for a uniform partition of meshlength h of the interval I . Denoting g = S_2 f , then we get:

g^′(θ_0) = 1 h � − 8 3 f_0 + 3 f_1 − 1 3 f_2 � , g^′(θ_1) = 1 h � − 7 6 f_0 + 11 16 f_1 + 13 24 f_2 − 1 16 f_3 � , g^′(θ_2) = 1 h � 1 6 f_0 − 3 4 f_1 + 1 48 f_2 + 5 8 f − 3 − 1 16 f_4 � , g^′(θ_{n−1}) = 1 h � 1 16 f_{n−3} − 5 8 f_{n−2} − 1 48 f_{n−1} + 3 4 f_n − 1 6 f_{n+1} � , g^′(θ_n) = 1 h � 1 16 f_{n−2} − 13 24 f_{n−1} − 11 16 f_n + 7 6 f_{n+1} � , g^′(θ_{n+1}) = 1 h � 1 3 f_{n−1} − 3 f_n + 8 3 f_{n+1} � , and for 3 ≤ i ≤ n − 2:

g^′(θ_i ) = 1 h � 1 16 f_{i−2} − 5 8 f_{i−1} + 5 8 f_{i+1} − 1 16 f_{i+2} � .

3) Approximation of zeros of polynomials. We have tested the approximation of the Legendre polynomial f (x) = P_8(x) and of its zeros in the interval I = [−1, 1] by the dQI S_2 f of Section 1 based on Chebyshev points with n = 32. We obtain

Quadratic spline quasi-interpolants 243

‖ f − S_2 f ‖_∞ ≈ 0.0034. There is practically no difference between the approximation S_2 f and the Marsden interpolant of f which needs the solution of a linear system of n+2 equations. We obtain also quite good approximations of the eight roots of f in the interval. For bivariate or trivariate functions, the advantage of using dQIs over interpolants is still bigger since one avoids the solution of large linear systems. Moreover, at least in the bivariate case, one can use the nice properties of piecewise quadratic surfaces (see e.g. the results given by M.J.D. Powell in [29]).

4) Integral equations The dQIs can be used for various types of approximation of the solution of Fredholm type integral equation with a regular or a weakly singular kernel. This work is still in progress (see e.g. [15]).

References

[1] BARRERA D., IBANẼZ M.J. AND SABLONNIÈRE P., Near-best quasiinterpolants on uniform and nonuniform partitions in one and two dimensions, in: “Curve and surface fitting, Saint Malo 2002” (Eds. Cohen A., Merrien J.L. and Schumaker L.L.), Nashboro Press, Brentwood 2003, 31–40.

[2] BASZENSKI G., n-th order polynomial spline blending, in: “Multivariate approximation theory III”, (Eds. Schempp W. and Zeller K.), ISNM 75, 35–46, Birkhäuser Verlag, Basel 1985.

[3] BEUTEL L. AND GONSKA H., Simultaneous approximation by tensor product operators, Technical report SM-DU-504, Universität Duisburg, 2001.

[4] BOJANOV B.D., HAKOPIAN H.A. AND SAHAKIAN A.A., Spline functions and multivariate interpolation, Kluwer, Dordrecht 1993.

[5] DE BOOR C., A practical guide to splines, Springer-Verlag, New-York 2001 (revised edition).

[6] DE BOOR C., Splines as linear combinations of B-splines, in: “Approximation Theory II”, (Eds. Lorentz G.G. et al.), 1–47, Academic Press, New-York 1976.

[7] DE BOOR C., Quasiinterpolants and approximation power of multivariate splines, in: “Computation of curves and surfaces”, (Eds. Dahmen W., Gasca M. and Micchelli C.A.), 313–345, Kluwer, Dordrecht 1990.

[8] DE BOOR C., HÖLLIG K. AND RIEMENSCHNEIDER S., Box-splines, Springer- Verlag, New-York 1993.

[9] DE BOOR C. AND FIX G., Spline approximation by quasi-interpolants, J. Approx. Theory 8 (1973), 19–45.

[10] CHEN G., CHUI C.K. AND LAI M.J., Construction of real-time spline quasiinterpolation schemes, Approx. Theory Appl. 4 (1988), 61–75.

244 P. Sablonnière

[11] CHUI C.K. AND LAI M.J., A multivariate analog of Marsden’s identity and a quasi-interpolation scheme, Constr. Approx. 3 (1987), 111–122.

[12] CHUI C.K., SCHUMAKER L.L. AND WANG R.H., On spaces of piecewise polynomials with boundary conditions III. Type II triangulations, in: “Canadian Mathematical Society Conference Proceedings” American Mathematical Society, New York 1983, 67–80.

[13] CHUI C.K. AND WANG R.H., Concerning C^1 B-splines on triangulations of nonuniform rectangular partitions, Approx. Theory Appl. 1 (1984), 11-18.

[14] CHUI C.K., Multivariate splines, CBMS-NSF Regional Conference Series in Applied Mathematics 54, SIAM, Philadelphia 1988.

[15] DAGNINO C. AND LAMBERTI P., Numerical integration of 2-D integrals based on local bivariate C^1 quasi-interpolating splines, Adv. Comput. Math. 8 (1998), 19-31.

[16] DELVOS F.J. AND SCHEMPP W., Boolean methods in interpolation and approximation, Longman Scientific and Technical 1989.

[17] DEVORE R.A. AND LORENTZ G.G., Constructive approximation, Springer- Verlag, Berlin 1993.

[18] GONSKA H., Degree of simultaneous approximation of bivariate functions by Gordon operators, J. Approx. Theory 62 (1990), 170–191.

[19] GONSKA H., Simultaneous approximation by generalized n-th order blending operators, ISNM 90, Birkhäuser Verlag, Basel 1989, 173–180.

[20] GORDON W.J., Distributive lattices and approximation of multivariate functions, in: “Approximation with special emphasis on spline functions”, (Ed. I.J. Schoenberg), Academic Press, New-York 1969, 223–277.

[21] IBAÑEZ-PÉREZ M.J., Cuasi-interpolantes spline discretos con norma casi minima : teoria y aplicaciones, PhD Thesis, Universidad de Granada, Granada 2003.

[22] KAMMERER W.J., R£DIEN G.W. AND VARGA R.S., Quadratic interpolatory splines, Numer. math. 22 (1974), 241–259.

[23] LEE B.G., LYCHE T. AND MORKEN K., Some examples of quasi-interpolants constructed from local spline projectors, in: “Innovations in Applied Mathematics”, (Eds. Lyche T. and Schumaker L.L.), Vanderbilt University Press, Nashville 2001, 243–252.

[24] LYCHE T. AND SCHUMAKER L.L., Local spline approximation, J. Approx. Theory 15 (1975), 294–325.

[25] MARSDEN J.M. AND SCHOENBERG I.J., An identity for spline functions with applications to variation diminishing spline approximation, J. Approx. Theory 3 (1970), 7–49.

Quadratic spline quasi-interpolants 245

[26] MARSDEN J.M., Operator norm bounds and error bounds for quadratic spline interpolation, in: “Approximation Theory”, Banach Center Publications 4 1979, 159–175.

[27] MICULA G. AND MICULA S., Handbook of splines, Kluwer, Dordrecht 1999.

[28] NÜRNBERGER G., Approximation by spline functions, Springer-Verlag, Berlin 1989.

[29] POWELL M.J.D., Piecewise quadratic surface fitting in contour plotting, in:

“Software for numerical mathematics”, (Ed. D.J. Evans), Academic Press, London 1974, 253–271.

[30] RONG-QING JIA, Approximation by multivariate splines: an application of boolean methods, in: “Numerical methods of approximation theory” 9, (Eds. Braess D. and Schumaker L.L.), ISNM 105, Birkhäuser Verlag, Basel 1992, 117– 134.

[31] SABLONNIÈRE P., Bases de Bernstein et approximants spline, Thèse de doctorat, Université de Lille, Lille 1982.

[32] SABLONNIÈRE P., Bernstein-Bézier methods for the construction of bivariate spline approximants, Comput. Aided Geom. Design 2 (1985), 29–36.

[33] SABLONNIÈRE P., Quasi-interpolants associated with H-splines on a threedirection mesh, J. Comput. and Appl. Math. 66 (1996), 433–442.

[34] SABLONNIÈRE P., Quasi-interpolantes sobre particiones uniformes, in: “Meeting in Approximation Theory”, Ubeda, Spain, July 2000. Prépublication IRMAR 00-38, 2000.

[35] SABLONNIÈRE P., H-splines and quasi-interpolants on a three directional mesh, in “Advanced problems in constructive approximation”, (Eds. Buhmann M. and Mache D.H.), ISNM 142, Birkhäuser-Verlag, Basel 2003, 187–201.

[36] SABLONNIÈRE P., On some multivariate quadratic spline quasi-interpolants on bounded domains, in: “Modern developments in multivariate approximation”, (Eds. Hausmann W., Jetter K., Reimer M. and Stöckler J.), ISNM 145, Birkhäuser-Verlag, Basel 2003, 263–278.

[37] SABLONNIÈRE P., BB-coefficients of basic bivariate quadratic splines on rectangular domains with uniform criss-cross triangulations, in: “Modern developments in multivariate approximation”, (Eds. Hausmann W., Jetter K., Reimer M. and Stöckler J.), ISNM 145, Birkhäuser-Verlag, Basel 2003, 263–278.

[38] SABLONNIÈRE P., BB-coefficients of bivariate quadratic B-splines on rectangular domains with non-uniform criss-cross triangulations. Prépublication IRMAR 03-14, 2003.

246 P. Sablonnière

[39] SABLONNIÈRE P. AND JEEAWOCK-ZEDEK F., Hermite and Lagrange interpolation by quadratic splines on nonuniform criss-cross triangulations, in: “Curves and Surfaces”, (Eds. Laurent P.J., Le Méhauté A. and Schumaker L.L.), 445– 4525, A.K. Peters, Wellesley 1991.

[40] SCHOENBERG I.J., Cardinal spline interpolation, CBMS-NSF Regional Conference Series in Applied Mathematics 12, SIAM, Philadelphia 1973.

[41] SCHOENBERG I.J., Selected papers, Vol. 1-2, (Ed. C. de Boor) Birkhäuser- Verlag, Boston 1988.

[42] SCHUMAKER L.L., Spline functions: basic theory, John Wiley & Sons, New- York 1981.

[43] WARD J., Polynomial reproducing formulas and the commutator of a locally supported spline, in: “Topics in multivariate approximation”, (Eds. Chui C.K., Schumaker L.L. and Utreras F.), Academic Press, Boston 1987, 255–263.

AMS Subject Classification: 41A15, 41A63, 65D07, 65D17.

Paul SABLONNIÈRE INSA de Rennes 20 av. des Buttes de Coësmes 35043 Rennes Cedex, FRANCE e-mail: Paul.Sablonniere@insa-rennes.fr