Rend. Sem. Mat. Univ. Pol. Torino Vol. 57, 1 (1999)

R. Notari^∗

ON THE COMPUTATION OF WEIERSTRASS GAP SEQUENCES

Abstract. In this paper, we develop a technique to compute the Weierstrass Gap Sequence at a given point, no matter if simple or singular, on a plane curve, with respect to any linear system V ⊆ H 0(C, OC (n)). This technique can be useful to construct examples of curves with Weierstrass points of given weight, or to look for conditions for a sequence to be a Weierstrass Gap Sequence. We use this technique to compute the Weierstrass Gap Sequence at a point of particular curves and of families of curves.

1. Introduction

Weierstrass points on curves have been widely studied, in connection with many problems. For example, the moduli space Mg has been stratified with subvarieties whose points are isomorphism classes of curves with particular Weierstrass points (see [1], [3], [13]).

At first, the theory of the Weierstrass points was developed only for smooth curves, and for their canonical divisors. In the last years, starting from some papers by R. Lax and C. Widland (see [16], [8], [9], [10], [11], [12]), the theory has been reformulated for Gorenstein curves, where the invertible dualizing sheaf substitutes the canonical sheaf. In this contest, the singular points of a Gorenstein curve are always Weierstrass points. In this paper, we shall describe a technique to compute the Weierstrass weight at a point, either smooth or singular, with respect to any linear system V . Such a procedure is based on the computation of the sequence of integers which in [4] has been called “V -gaps sequence”, even at singular points (V -WGS for brief).

As better explained in the next section, to define the V -gaps it is necessary to distinguish if the point P is smooth on the curve C or if it is singular. In the first case, to compute the V -gaps, we need to determine the dimension of the linear systems V − n P, for every n. In the second case, the V -gaps are given by a suitable combination of the Ṽ -gaps at the points Q1, . . . , Qs , s ≥ 1, over P in a partial normalization θP : C̃ → C of C at P, where Ṽ is the pull back of V .

In [6], some techniques to compute the WGS with respect to the dualizing sheaf of a Gorenstein curve have been shown, but with some heavy constraints: with those techniques it was possible to compute at most the WGS at ordinary nodes on quartic curves or at cusps on quintic curves. The aim of this paper is to overcome those difficulties. In fact, the technique we describe, consists in performing a fixed sequence of computations, and, for this reason, it can be applied to any curve, at any point, no matter if smooth or singular. If P is smooth, the V -gaps are computed by means of the definition, and so some intersection multiplicities must be computed. If P is singular, the Ṽ -gaps at the points Q1, . . . , Qs over P can be computed as the intersection multiplicities of Cv, v ∈ V , and the branches C′1, . . . , C′s of C through P, corresponding to

∗Partially supported by MURST. 23

24 R. Notari

Q1, . . . , Qs , respectively, one at a time. In the second case, the study of the branches through P allows to largely simplify the computation of the sequence of the V -gaps. This simplification is essentially due to the knowledge of the normalization map in terms of blow-up’s, as shown in [4] and [7].

In both cases, the intersection multiplicities are computed by means of the osculating curves of suitable degrees. Moreover, we describe a quick way to compute the osculating curve of assigned degree at a point of a curve, because in the most spread computer algebra systems there is no built in function to perform that computation.

Let us explicitly observe that our technique is “constructive”, in some sense, but that its application is based on the factorization of multivariate polynomials, and on the solution in closed form of algebraic equations of arbitrary degree for the computation of the osculating curves. However, all the computation described in the following were made using REDUCE as a computing support.

The plan of the paper is the following. In section 2, we recall definitions and properties of the Weierstrass Gap Sequence and of the Extraweight Sequence. In section 3, we describe the technique and show its correctness, while, in section 4, we let the technique work on various examples. In the last section, we study the families of the quintic curves with a 4-tuple point with respect to the V -WGS at the singular point, where V is the linear system of the plane conics.

The author would like to thank L. Gatto for suggesting the subject and for the discussions on the matter, and S. Greco for the precious discussions and suggestions.

2. Preliminaries

In this section we shall recall briefly what one should mean by V -WGS at a point, singular or not, with respect to any linear system V , in a very general situation.

To this purpose, let C be any projective integral curve over the complex field, and let V be an r-dimensional linear system (i.e., an r-dimensional sub-vector space of H 0(C, L), where L is a line bundle over C). Let v = (v1, . . . , vr ) be a basis of V . Then, if π : ~C → C is the normalization of C, we consider the linear system ~V = span(π∗v1, . . . , π∗vr ) over ~C.

Let us recall a geometrical definition of V -gap at a point P of C ([14], §2).

DEFINITION 3.1. Let P be a smooth point on the curve C. The integer n is a V -gap if, and only if, d(V − (n − 1)P) > d(V − n P). The sequence of the V -gaps is the V -WGS at P.

Let P be a singular point of C. The V -WGS at P is ⟨aV1 (P), . . . , aVr (P)⟩, where

(1) aVk (P) = � Q∈π^{−1}(P)

b~Vk (Q) − k(#π−1(P) − 1)

and ⟨b~V1 (Q), . . . , b~Vr (Q)⟩ is the ~V -WGS at Q ∈ π−1(P).

Following [2], we define a function E Vk : C → N, for any 1 ≤ k ≤ r: the evaluation of E Vk at a given point P ∈ C, computed as

(2) E Vk (P) = � Q∈π^{−1}(P)

ω~Vk (Q)

gives the so called k-th extraweight at P, where ω~Vk (Q) is the Weierstrass weight at the smooth point Q with respect to the linear system ~V . Using notation as in [7], ω~Vk (Q) is nothing but

On the Computation of Weierstrass Gap Sequences 25

ordQ π∗v ∧ Dπ∗v ∧ . . . ∧ Dk−1π∗v. By definition (see [2]), a point P ∈ C is a V -Weierstrass point if, and only if, either it is singular or its r-th extraweight is non zero.

By means of the extraweight sequence, the V -WGS at P can be computed as

(3) aVk (P) = � E Vk (P) + 1 if k = 1 E Vk (P) − E Vk−1(P) + k if 2 ≤ k ≤ r

and hence we have also that

(4) E Vk (P) = k� i=1 � aVi (P) − i � .

Formulas (3) and (4) show that it is equivalent to know the V -WGS or the extraweight sequence at P, but the first one is easier to compute than the second, because of the geometrical meaning of the V -WGS.

REMARK 3.1 (CASE L = OC (n), C ⊂ P2). In this case, the so called restriction map φn : H 0(P2, OP2 (n)) → H 0(C, OC (n)) is surjective for every n. If V is spanned by v1, . . . , vr , there exist C1, . . . , Cr (we use the same symbol for the plane curves and the corresponding elements in H 0(P2, OP2 (n))) such that φn(Ci ) = vi , for each i. The elements Ci are not uniquely determined, but if φn(C′) = φn(C′′) then C′ − C′′ ∈ IC (n) = degree n part of the saturated ideal of C, which is the kernel of the restriction map, and so C′ and C′′ cannot be distinguished when we consider their behaviour with respect to the curve C. Hence, let W be the subspace spanned by C1, . . . , Cr . Then, the sub-vector space V − n P corresponds to the subvector space W ′ of W spanned by all the curves Cv ∈ W such that the intersection multiplicity at P of C and Cv, μ(P, C ∩Cv), is not less than n, and, in particular, they have the same dimension.

3. The technique

As declared in the Introduction, the main purpose of what follows, is to describe a technique which effectively allows to compute the V -WGS at a point P, no matter if singular or smooth, on a plane curve C, with respect to a linear system V ⊆ H 0(C, OC (n)).

¿From now on, by plane curve C we mean a projective, integral curve C of the projective plane over the complex field.

Now, we state a proposition which allows to compute the ~V -WGS at a point Q ∈ π−1(P), without explicitly computing the partial normalization of C at P.

Let θ : ~C → C be the partial normalization of C at P. It is well known that θ can be obtained as the restriction to C of a sequence of blow-up’ s of an affine neighbourhood U ≃ A2 of P. Then, let ψ : X → U be the map whose restriction is θ: we have that ~C = ψ−1(C ∩ U). Moreover, set ψ = π1 ∘ · · · ∘ πn, where the πi ’ s are blow-up’ s. Let us choose Q ∈ θ−1(P), and let C′ be the branch of C through P corresponding to Q.

Let us set the following notation.

1. π0 = idU ;

2. C′i = (π0 ∘ π1 · · · ∘ πi )−1(C′), (Cv)i = (π0 ∘ π1 · · · πi )−1(Cv);

3. Pi = (πi+1 ∘ · · · ∘ πn)(Q);

4. μP_i (. . . ) is the multiplicity of the curve in parenthesis at Pi .

26 R. Notari

For every v ∈ V , let av =

�n−1

i=0 μP_i (C′i )μP_i ((Cv)i ).

PROPOSITION 3.1. h is a ~V -gap at Q if, and only if, there exists v ∈ V such that μ(P, C′ ∩ Cv) = h − 1 + av.

Proof. Let us suppose that h is a ~V -gap at Q. Then, by definition, d(~V −(h−1)Q) > d(~V −h Q), and hence there exists v ∈ (~V −(h −1)Q)\(~V −h Q), that is to say, μ(Q, ~C ∩ψ−1(Cv)) = h −1, and so μ(P, C∩Cv) = h−1+av, by ([15], Ch. IV, § 3, Th. 2); the proof of the inverse implication is analogous.

According to the previous considerations, the technique consists in the following sequence of computations, starting from the equations f , gv of C and Cv, v ∈ V , in the chosen affine open subset of P2, respectively, and from the coordinates of P in the same open subset.

For each branch C j of C through P do

1. set V1 = V , r := dim V and n j1 := 1 + μ(P, C j ∩ Cv) where v is the general element of V1; 2. compute a condition forcing the general curve of the linear system Vi to have intersection multiplicity with the branch C j at P not less than n ji ;

3. impose the computed condition on the linear system Vi obtaining the linear sub-system Vi+1;

4. the computation starts again from 2. until the linear sub-system becomes empty.

The V -gaps (a1, . . . , ar ) are computed according to the formula

ak :=

# branches � i=1 nik − k(# branches − 1) .

The correctness of the result of this sequence of computations is ensured by Definition 3.1, and Proposition 3.1.

We explicitly observe that this technique can be applied also if P is a base point of V as Example 3.4 below shows.

We observe that, by Proposition 3.1, the knowledge of the intersection multiplicities between the branches C j and Cv, v ∈ Vi , at P, allows to compute the ~V -WGS at any point Q ∈ θ−1(P), too.

We remark that the hardest computation to be performed is the one of 2., and so we give some suggestions to perform it. At first, we must analyze the point P as point of C. If it is a cusp, it is possible to compute the required condition using the resultant R(t) of f , and gv. In fact, the condition is given equating the coefficient of tn^{ji} −1 in R(t) to zero. If P is not a cusp, the condition can be computed using the osculating curves of sufficiently large degree of C and Cv at P, as shown later.

Let us recall the definition and some useful properties of the osculating curves.

DEFINITION 3.2. Let P ∈ C, and suppose that P is not a cusp for C. A curve C′n, smooth at P, is said to be osculating of degree n at P if μ(P, C ∩ C′n) > n + μP (C) − 1, and the degree of C′n is n.

On the Computation of Weierstrass Gap Sequences 27

Let us observe that, for a fixed integer n, there can be several curves that are osculating. If P is a pluribranch singular point, it is natural to restrict the attention to one branch at a time.

Before we prove some properties of the osculating curves, we shall describe how to compute an osculating curve of a certain degree, in a very quick way.

To this purpose, let us choose a coordinate affine open subset of P2 containing the point P, and let f (x, y) = 0 be the equation of the curve C in the chosen open subset, and (x0, y0) the coordinates of the point P. Moreover, let us suppose that the tangent line at P to C is not the line x = x0.

1. set P0(x) := y0;

2. for each integer 1 ≤ i ≤ n, set G(x) := Pi−1(x) + ai (x − x0)i and compute ai in such a way that the smallest power of x in f (x, G(x)) = 0 has coefficient zero;

3. set Pi (x) := Pi−1(x) + ai (x − x0)i and start again from 2.

REMARK 3.2. If the point is smooth, the equations to be solved to compute the parameters a1, . . . , an are linear, while, if the point is a pluribranch singularity, there can be equations of higher degree.

Now, let us prove that we can compute the intersection multiplicity of two curves at a given point using the osculating curves.

PROPOSITION 3.2. Let P ∈ C1 ∩ C2 be smooth for both curves. Then, μ(P, C1 ∩ C2) = μ(P, C2 ∩ C3), where C3 is the osculating curve of suitable degree of C1 at P, computed as previously explained.

Proof. The point P is a smooth point of C1 and then we can consider the formal power series representing C1 in an affine open neighbourhood U ≃ A2 of P: the curve C3 is a cutting off of this series at a suitable point.

Set g(x, y) = 0 the equation of the curve C2 in U. We have that μ(P, C1 ∩ C2) is the order of the formal power series obtained from g(x, y) by substituting the series representing C1. Then, the claim follows if we cut off the series at a degree in such a way that the first term of the series obtained from g(x, y) does not change.

4. Examples

In this section we shall discuss five examples. The first two examples have been developed in [7], and have been included to show the different techniques to obtain the WGS. The third and the fourth ones show that the technique works with no constraint on the degree of the curve or on the linear system. In the last example, we show that the technique allows to compute the Vd -WGS for every curve zero locus of xn + yn − xy = 0, where Vd is the linear system of the curves of degree d.

EXAMPLE 3.1. Let C be a quartic curve whose equation is x4 + x3 − y3 + x2 − y2 = 0, in a chosen open affine subset. We want to compute the WGS at the origin O that is a node for

28 R. Notari

C. The osculating curves to the two branches through O have equations

branch C1 : y = x + 1 2 x3 − 3 4 x4 + . . .

branch C2 : y = −x − x2 − 3 2 x3 + . . . .

The general curve Cv of the linear system, in the same open subset, has equation b0x + b1 y + b2 = 0. Let us observe that the linear system is base point free, and so we have that μ(O, C1 ∩ Cv) = μ(O, C2 ∩ Cv) = 0.

By using the technique, we have the following partial results. Branch C1.

Condition Sub-system Int. mult. n1 = 1 b2 = 0 b0x + b1 y = 0 1 n12 = 2 b0 = −b1 −b1x + b1 y = 0 3 n13 = 4 b1 = 0 0 = 0 ∞

Branch C2.

Condition Sub-system Int. mult. n21 = 1 b2 = 0 b0x + b1 y = 0 1 n2 = 2 b0 = b1 b1x + b1 y = 0 2 n23 = 3 b1 = 0 0 = 0 ∞

Then, the V -WGS at O is ⟨1, 2, 4⟩, computed according to formula (1), while the extraweight sequence is ⟨0, 0, 1⟩, according to formula (4).

EXAMPLE 3.2. Let C be the quintic curve whose equation is x5 + x3 + y2 = 0 in a chosen affine open subset. Let us notice that the origin O is a cusp, and then there is only one branch of C through O. We want to compute the V -WGS at O, where the general curve of V , in the same open subset, has equation b0x2 + b1xy + b2 y2 + b3x + b4 y + b5 = 0. The linear system V is base point free, and so μ(O, C ∩ Cv) = 0.

Condition Sub-system Int. mult. n1 = 1 b5 = 0 b0x2 + b1xy + b2 y2 + b3x + b4 y = 0 2 n12 = 3 b3 = 0 b0x2 + b1xy + b2 y2 + b4 y = 0 3 n13 = 4 b4 = 0 b0x2 + b1xy + b2 y2 = 0 4 n14 = 5 b0 = 0 b1xy + b2 y2 = 0 5 n15 = 6 b1 = 0 b2 y2 = 0 6 n16 = 7 b2 = 0 0 = 0 ∞

By applying formulas (1) and (4), we obtain that the V -WGS and the extraweight sequence are ⟨1, 3, 4, 5, 6, 7⟩, and ⟨0, 1, 2, 3, 4, 5⟩, respectively.

EXAMPLE 3.3. Let C be the curve whose equation, in a fixed affine open subset, is x7 + x2 − y2 = 0. We want to compute the V -WGS at the origin O with respect to the linear system

On the Computation of Weierstrass Gap Sequences 29

of the plane conics. Let us observe that the origin O is a node for C, whose branches have osculating curves

branch C1 : y = x + 1 2 x6 − 1 8 x11 + 1 16 x16 + . . .

branch C2 : y = −x − 1 2 x6 + 1 8 x11 − 1 16 x16 + . . . .

With the same notation of the previous example, the osculating curve to a plane conic through the origin has equation

y = − b3 b4 x + −b0b24 + b1b3b4 − b2b23 b34 x2

+ b0b1b34 − 2b0b2b3b24 − b21b3b24 + 3b1b2b23b4 − 2b2b3 b54 x3 .

By the symmetry of the osculating curves at every branch of C through O, we can apply the technique to the only first one.

Condition Sub-system Int. mult. n1 = 1 b5 = 0 b0x2 + b1xy + b2 y2 + b3x + b4 y = 0 1 n12 = 2 b3 = −b4 b0x2 + b1xy + b2 y2 − b4x + b4 y = 0 2 n13 = 3 b2 = −b0 − b1 (x − y)[b0x + (b0 + b1)y − b4] = 0 6 n14 = 7 b4 = 0 (x − y)[b0x + (b0 + b1)y] = 0 7 n15 = 8 b1 = −2b0 (x − y)(b0x − b0 y) = 0 12 n16 = 13 b0 = 0 0 = 0 ∞

The two partial V -WGS are equal to ⟨1, 2, 3, 7, 8, 13⟩, and hence the V -WGS at the origin, according to the formula (1), is ⟨1, 2, 3, 10, 11, 20⟩, while the extraweight sequence is ⟨0, 0, 0, 6, 12, 26⟩.

EXAMPLE 3.4. Let C be the quintic curve whose equation, in a fixed affine open subset, is x5 + y5 − xy = 0. We want to compute the V -WGS at the origin, where V is a sub-linear system of the plane conics, whose general element, in the chosen open subset, has equation b0x2 + b1 y2 + b2 y = 0. Let us notice that the origin is the only base point of the linear system, and that no element of the system can be tangent at the origin to the y-axis. Moreover, the origin is a node for C and the osculating curves to the two branches of C through O have equations

branch C1 : y = x4 + x19 + . . . , branch C2 : x = y4 + y19 + . . . ,

respectively, while the osculating curve to the general element of V , at the origin, is

y = − b0 b2 x2 − b20b1 b32 x4 .

At last, we observe that μ(O, C1 ∩ Cv) = 2, while μ(O, C2 ∩ Cv) = 1. Branch C1.

30 R. Notari

Condition Sub-system Int. mult. n1 = 3 b0 = 0 b1 y2 + b2 y = 0 4 n12 = 5 b2 = 0 b1 y2 = 0 8 n13 = 9 b1 = 0 0 = 0 ∞

Branch C2.

Condition Sub-system Int. mult. n21 = 2 b2 = 0 b0x2 + b1 y2 = 0 2 n2 = 3 b1 = 0 b0x2 = 0 8 n23 = 9 b0 = 0 0 = 0 ∞

We can calculate the V -WGS at the origin, applying formula (1), and then we have ⟨4, 6, 15⟩, while the extraweight sequence is ⟨3, 7, 19⟩.

EXAMPLE 3.5. Let Cn be the curve whose equation, in an open affine subset, is xn + yn − xy = 0, n ≥ 4, and let Vd be the linear system of the curves of degree d, with 1 ≤ d ≤ n − 3. The general curve of Vd has equation

�i+ j≤d

i, j≥0 bi, j x

i y j = 0.

We want to compute the Vd -WGS at the origin O which is a node for the curve Cn. The osculating curves at the two branches of Cn through O can be obtained the one from the other by exchanging the variables, and they are the following:

Branch C1 : y = xn−1 + xn^2−n−1 + . . . Branch C2 : x = yn−1 + yn^2−n−1 + . . .

and hence we shall use only the first branch.

PROPOSITION 3.3. The Vd -WGS at the origin O of Cn is

⟨bd+1, bd , . . . , b1⟩

where bk = ⟨2(d + 1 − k)(n − 1) + 1 − (d + 1)(d + 2)/2 + k(k + 1)/2, . . . , 2(d + 1 − k)(n − 1) + k − (d + 1)(d + 2)/2 + k(k + 1)/2⟩.

Proof. We shall prove the claim by induction on d.

Set d = 1. The general curve of V1 has equation b1,0x + b0,1 y + b0,0 = 0. We have

Condition Sub-system Int. mult. n1 = 1 b0,0 = 0 b1,0x + b0,1 y = 0 1 n12 = 2 b1,0 = 0 b0,1 y = 0 n − 1 n13 = n b0,1 = 0 0 = 0 ∞ and then, the two partial V1-WGS are ⟨1, 2, n⟩, the V1-WGS at O is ⟨1, 2, 2n − 3⟩, and so the claim holds for d = 1.

Let us suppose that the claim holds for d − 1, and let us prove that it holds for d, too.

On the Computation of Weierstrass Gap Sequences 31

To compute the osculating curves at the origin O of the curves of Vd , we consider a curve of Vd whose equation is

i+ j≤d�

i≥0, j>0

bi, j xi y j + bd,0xd + . . . + bh,0xh = 0

where h > 0, and so we obtain the curve whose equation is y = −xh bh,0/b0,1.

Let us observe that the equation of the considered curve of Vd can be written as y Pd−1(x, y) + xh Qd−h (x) = 0, where Pd−1 is the equation of the general curve of Vd−1, with suitable subscripts, while Qd−h is the general polynomial in one variable of degree d − h.

We have the following partial results.

Condition Sub-system Int. mult. n1 = 1 b0,0 = 0 y Pd−1 + x Qd−1 = 0 1 n12 = 2 b1,0 = 0 y Pd−1 + x2 Qd−2 = 0 2 . . n1d = d bd−1,0 = 0 y Pd−1 + bd,0xd = 0 d n1d+1 = d + 1 bd,0 = 0 y Pd−1 = 0 n − 1 n1d+2 = n . . .

From now on, the intersection multiplicities are the ones of the linear system Vd−1 increased of n − 1 = μ(O, C1 ∩ V (y)), and hence, the partial Vd -WGS is ⟨cd+1, cd , . . . , c1⟩ where ck = ⟨(d + 1 − k)(n − 1) + 1, . . . , (d + 1 − k)(n − 1) + k⟩. By formula (1), we have the claim.

Now, we can compute the extraweight sequence, using formula (4). This sequence is ⟨ed+1, ed , . . . , e1⟩, where

ek = � ⟨ak + dk , . . . , ak + kdk ⟩ if k < d + 1 ⟨0, . . . , 0⟩ if k = d + 1 and ak = nd(d2 + 3d + 2) 3 − 6 � d + 3 4 � + � k + 3 4 �

+ (k2 + k)[3(d2 + 5d + 6) − 2n(3d − 2k + 2)] 6 dk = 2(d + 1 − k)(n − 1) − (d + 1)(d + 2) + k(k + 1) .

Let us observe that the last element of the extraweight sequence is d(d + 1)(d + 2)(4n − 3d − 9)/12, and that, if d = n − 3, it is n(n − 1)(n − 2)(n − 3)/12.

5. Study of a family of quintic curves

In this section, we want to study the family of the irreducible rational plane quintic curves with a 4-tuple point, with respect to the V -WGS at the singular point, where V is the linear system of the plane conics. We shall consider five different cases, according to the tangent lines at the 4-tuple point.

32 R. Notari

At first, we choose an affine open subset of the plane, and a coordinate system whose origin coincides with the singular point of the quintic curves. Moreover, the y-axis of the coordinate system is always one of the tangent lines.

In this coordinate system, the family we want to study is represented by the parametric equation a0x5+a1x4 y+a2x3 y2+a3x2 y3+a4xy4+a5 y5+a6x4+a7x3 y+a8x2 y2+a9xy3 = 0, where a = (a0 : . . . : a9) ranges in an open subset of P9, while the linear system V has, as a general member, the curve Cv : b0x2 + b1xy + b2 y2 + b3x + b4 y + b5 = 0.

We shall report only the results obtained in each case.

Case 1. a7 = a8 = a9 = 0, a6 = 1, a5 ≠ 0

The singular point is a cusp for every curve of the family, and hence it is an unibranch singular point.

We have that the V -WGS at the origin is constant for each curve of the family, and it is ⟨1, 5, 6, 9, 10, 11⟩, and then the extraweight sequence is ⟨0, 3, 6, 11, 16, 21⟩.

Case 2. a6 = a8 = a9 = 0, a7 = 1, a0a5 ≠ 0

There are two branches through the origin O: the one having the y-axis as tangent line has a cuspidal nature, while the one having the x-axis as tangent line corresponds to a simple point on the partial normalization of every curve of the family.

The partial WGS corresponding to the first branch is ⟨1, 4, 5, 7, 8, 9⟩, for every curve of the family, while the partial WGS corresponding to the second branch is ⟨1, 2, 3, 4, 5, m⟩, where m can assume the following values:

m = � � � 6 if a3 ≠ 0 7 if a3 = 0, a4 ≠ 0 8 if a3 = a4 = 0

Then, there are three admissible V -WGS’s at the origin, and, of course, three possible extraweight sequences, as the following shows

V -WGS Extraweights Condition ⟨1, 4, 5, 7, 8, 9⟩ ⟨0, 2, 4, 7, 10, 13⟩ a3 ≠ 0 ⟨1, 4, 5, 7, 8, 10⟩ ⟨0, 2, 4, 7, 10, 14⟩ a3 = 0, a4 ≠ 0 ⟨1, 4, 5, 7, 8, 11⟩ ⟨0, 2, 4, 7, 10, 15⟩ a3 = a4 = 0 .

Case 3. a6 = a7 = a9 = 0, a8 = 1, a0a5 ≠ 0

In this case, every curve of the family has two branches through the origin, each one of which has a cuspidal nature. Then, the two partial WGS are the same, and they are equal to ⟨1, 3, 4, 5, 6, 7⟩, and so the V -WGS at the origin is ⟨1, 4, 5, 6, 7, 8⟩, while the extraweight sequence is ⟨0, 2, 4, 6, 8, 10⟩, for every curve of the family.

Case 4. a6 = a9 = 0, a7 = 1

Let P(z) = a0z5 + a1z4 + a2z3 + a3z2 + a4z + a5. In this case, the irreducibility condition can be written as a0a5 P(−a8) ≠ 0.

On the Computation of Weierstrass Gap Sequences 33

¿From the above assumptions, it follows that the origin is, for every curve of the family, a 3-branch singular point: one of them (x = 0) has a cuspidal nature, while the others (y = 0, x + a8 y = 0) correspond to simple points on the partial normalization of the curve, not tangent to the exceptional divisor.

The partial WGS corresponding to the branch tangent to the y-axis is ⟨1, 3, 4, 5, 6, 7⟩, no matter which curve of the family we are considering.

The partial WGS corresponding to the branch tangent to the x-axis depends from the considered curve of the family. In fact, the partial WGS is

⟨1, 2, 3, 4, 5, 6⟩ if (i) a0a38 − a1a28 + a2a8 − a3 ≠ 0 , ⟨1, 2, 3, 4, 5, 7⟩ if (ii) a0a38 − a1a28 + a2a8 − a3 = 0, a4 ≠ 0 , ⟨1, 2, 3, 4, 5, 8⟩ if (iii) a0a38 − a1a28 + a2a8 − a3 = a4 = 0 .

For the branch tangent to the line x + a8 y = 0 we have the following partial WGS

⟨1, 2, 3, 4, 5, 6⟩ if ( j) a0a48 − a4 ≠ 0 , ⟨1, 2, 3, 4, 5, 7⟩ if ( j j) a0a48 − a4 = 0, a4a8 − a5 ≠ 0 , ⟨1, 2, 3, 4, 5, 8⟩ if ( j j j) a0a48 − a4 = a4a8 − a5 = 0 .

Combining the three computed partial WGS, we obtain the V -WGS at the origin, that is one of the following, according to the considered curve of the family:

V -WGS Extraweights Conditions ⟨1, 3, 4, 5, 6, 7⟩ ⟨0, 1, 2, 3, 4, 5⟩ (i), ( j) ⟨1, 3, 4, 5, 6, 8⟩ ⟨0, 1, 2, 3, 4, 6⟩ (ii), ( j) or (i), ( j j) ⟨1, 3, 4, 5, 6, 9⟩ ⟨0, 1, 2, 3, 4, 7⟩ (iii), ( j) or (ii), ( j j) or (i), ( j j j) ⟨1, 3, 4, 5, 6, 10⟩ ⟨0, 1, 2, 3, 4, 8⟩ (iii), ( j j) or (ii), ( j j j) ⟨1, 3, 4, 5, 6, 11⟩ ⟨0, 1, 2, 3, 4, 9⟩ (iii), ( j j j)

Case 5. a6 = 1

Let P(z) as in Case 4, and let Q(z) = 1 + a7z + a8z2 + a9z3. The tangent lines, except x = 0, have equations y − ci x = 0, i = 1, 2, 3, where the ci ’ s are the roots of the equation Q(z) = 0. Let us suppose that Q(z) has only simple roots, i.e. the origin is an ordinary 4-tuple point for every curve of the family. The irreducibility condition is a0 P(c1)P(c2)P(c3) ≠ 0.

The partial WGS corresponding to the branch through the origin tangent to the line y−ci x = 0 is ⟨1, 2, 3, 4, 5, b⟩, where b can assume the following values:

b =

� � � � � � � � � � � � � � � � �

6 if 4P′′′ Q′3 − 6P′′ Q′′ Q′2 + 6P′ Q′′2 Q′ − 4P′ Q′′′ Q′2 − 3P Q′′3 +4P Q′′′ Q′′ Q′ ≠ 0 7 if 4P′′′ Q′3 − 6P′′ Q′′ Q′2 + 6P′ Q′′2 Q′ − 4P′ Q′′′ Q′2 − 3P Q′′3 +4P Q′′′ Q′′ Q′ = 0 , 3Piv Q′3 − 6P′′ Q′′′ Q′2 + 6P′ Q′′′ Q′′ Q′ − 3P Q′′′ Q′′2 +2P Q′′′2 Q′ ≠ 0 8 if 4P′′′ Q′3 − 6P′′ Q′′ Q′2 + 6P′ Q′′2 Q′ − 4P′ Q′′′ Q′2 − 3P Q′′3 +4P Q′′′ Q′′ Q′ = 0 , 3Piv Q′3 − 6P′′ Q′′′ Q′2 + 6P′ Q′′′ Q′′ Q′ − 3P Q′′′ Q′′2 +2P Q′′′2 Q′ = 0

where all the involved polynomials are evaluated at ci .

34 R. Notari

The partial WGS corresponding to the branch tangent to the line x = 0 is one of the follow- ing ⟨1, 2, 3, 4, 5, 6⟩ if a2a39 − a5a29 − a4a7a29 + 2a5a7a8a9 − a3a8a29 +a4a28 a9 − a5a38 ≠ 0 ⟨1, 2, 3, 4, 5, 7⟩ if a2a39 − a5a29 − a4a7a29 + 2a5a7a8a9 − a3a8a29 +a4a28a9 − a5a38 = 0 , a1a39 − a4a29 + a5a8a9 − a3a7a29 + a4a7a8a9 +a5a27a9 − a5a7a28 ≠ 0 ⟨1, 2, 3, 4, 5, 8⟩ if a2a39 − a5a29 − a4a7a29 + 2a5a7a8a9 − a3a8a29 +a4a28a9 − a5a38 = 0 , a1a39 − a4a29 + a5a8a9 − a3a7a29 + a4a7a8a9 +a5a27 a9 − a5a7a28 = 0 , a0a39 − a3a29 + a4a8a9 + a5a7a9 − a5a28 ≠ 0 .

Then, the V -WGS at the origin is ⟨1, 2, 3, 4, 5, b⟩, where b is an integer with 6 ≤ b ≤ 14, according to the considered curve of the family.

Using the formula (4), the extraweight sequence is ⟨0, 0, 0, 0, 0, m⟩, where m is positive and smaller than 9, according to the V -WGS.

¿From these computations, we notice that no quintic curve with a 4-tuple point can have the last extraweight equal to 11, 12, or grater than 16, except 21.

References

[1] ARBARELLO E., Weierstrass Points and Moduli of Curves, Compositio Mathematica 29 3 (1974), 325–342.

[2] BALLICO E., GATTO L., On the Monodromy of Weierstrass points on Gorenstein Curves, J. Algebra 175 2 (1995), 633–643.

[3] DIAZ S., Exceptional Weierstrass Points and the Divisor on Moduli Space that they define, Memoirs of the A.M.S. 1985, Vol. 56, n. 327.

[4] GATTO L., Weight Sequences versus Gap Sequences at Singular Points of Gorenstein Curves, Geometriae Dedicata 54 3 (1995), 267–300.

[5] GATTO L., Weierstrass Loci and Generalizations I, in: E. Ballico ed., “Projective Geometry with applications”, Lect. Notes in Pure and Applied Math. 166, Dekker, New York 1994, 137–166.

[6] GATTO L., Computing Gaps Sequences at Gorenstein Singularities, in: E. Ballico ed., “Projective Geometry with applications”, Lect. Notes in Pure and Applied Math. 166, Dekker, New York 1994, 111–128.

[7] GATTO L., k-forme wronskiane, successioni di pesi e punti di Weierstrass su curve di Gorenstein, Tesi di Dottorato, 1992.

[8] LAX R.F., Weierstrass Points of the Universal Curve, Math. Ann. 42 (1975), 35–42. [9] LAX R.F., On the distribution of Weierstrass Points on Singular Curves, Israel J. Math. 57 (1987), 107–115.

[10] LAX R.F., WIDLAND C., Gap Sequences at Singularity, Pacific Journal of Mathematics 150 1 (1991), 111–122.

On the Computation of Weierstrass Gap Sequences 35

[11] LAX R.F., WIDLAND C., Weierstrass Points on Rational Nodal Curves of Genus 3, Canad.

Math. Bull. 30 (1987), 286–294.

[12] LAX R.F., WIDLAND C., Weierstrass Points on Gorenstein Curves, Pacific Journal of Mathematics 142 1 (1990), 197–208.

[13] PATT C., Variations of Teichmueller and Torelli Surfaces, J. Analyse Math. 11 (1963), 221–247.

[14] PONZA F., On the Weierstrass Weights at Gorenstein Singularities, in: E. Ballico ed., “Projective Geometry with applications”, Lect. Notes in Pure and Applied Math. 166, Dekker, New York 1994, 129–136.

[15] SHAFAREVICH I.R., Basic Algebraic Geometry, Vol. I, Springer Verlag, Berlin, Heidelberg, New York 1988.

[16] WIDLAND C., Weiestrass Points on Gorenstein Curves, Ph. D. Thesis, Louisiana State University 1984.

AMS Subject Classification: 14H55, 14Q05.

Roberto NOTARI Dipartimento di Matematica, Politecnico di Torino corso Duca degli Abruzzi 24 10129 Torino, Italia e-mail: notari@polito.it

Lavoro pervenuto in redazione il 13.3.1998 e, in forma definitiva, il 10.9.1998.

36 R. Notari