On Suborbital Graphs for the Normalizer of Γ_0(N)

Refik Keskin

Sakarya University Faculty of Science and Arts Department of Mathematics 54187 Sakarya/ TURKEY

rkeskin@sakarya.edu.tr

Bahar Demirtürk

Sakarya University Faculty of Science and Arts Department of Mathematics 54187 Sakarya/ TURKEY

demirturk@sakarya.edu.tr

Submitted: Nov 13, 2008; Accepted: Aug 11, 2009; Published: Sep 18, 2009 Mathematics Subject Classification: 46A40, 05C05, 20H10

Abstract

In this study, we deal with the conjecture given in [R. Keskin, Suborbital graph for the normalizer of Γ_0(m), European Journal of Combinatorics 27 (2006) 193- 206.], that when the normalizer of Γ_0(N) acts transitively on Q ∪ {∞}, any circuit in the suborbital graph G(∞, u/n) for the normalizer of Γ_0(N), is of the form v → T (v) → T^2(v) → · · · → T^{k−1}(v) → v, where n > 1, v ∈ Q ∪ {∞} and T is an elliptic mapping of order k in the normalizer of Γ_0(N).

1. Introduction

Let N be a positive integer and let N (Γ_0(N)) be the normalizer of Γ_0(N) in P SL(2, R). The normalizer N (Γ_0(N)) was studied for the first time by Lehner and Newman in [10]. The correct normalizer was determined by Atkin and Lehner in [3]. A complete description of the elements of N (Γ_0(N)) is given in [14]. Especially, a necessary and sufficient condition for N (Γ_0(N)) to act transitively on the set Q̂ = Q ∪ {∞} of the cusps of N (Γ_0(N)) was given in [2] . If we represent the elements of N (Γ_0(N)) by the associated matrices, then the normalizer consists exactly of the matrices ( ae b/h cN/h de )

where e | (N/h^2) such that (e, (N/h^2)/e) = 1 and h is the largest divisor of 24 for which h^2|N with the understanding that the determinant of the matrix is e > 0. If e | N and

(e, N/e) = 1, we represent this as e || N and we say that e is an exact divisor of N. Thus we have

N (Γ_0(N)) = { A = ( a √ q b/h √ q cN/h √ q d √ q ) : det A = 1, q || (N/h^2); a, b, c, d ∈ Z } .

In [9], it was shown that when n > 1 and m is a square-free positive integer, any circuit in the suborbital graph G(∞, u/n) for N(Γ_0(m)) is of the form v → T (v) → T^2(v) → T^3(v) → · · · → T^{k−1}(v) → v for a unique elliptic mapping T ∈ N(Γ_0(m)) of order k and for some v ∈ Q̂ . After that it was conjectured that the same is true when N(Γ_0(m)) acts transitively on Q̂ (See section 2, for the definition of suborbital graph.). In this paper, we deal with this conjecture. Before discussing this conjecture we also investigate suborbital graphs for some Hecke groups, which are conjugate to N(Γ_0(m)). Moreover, we give simple and different proofs of some known theorems for the sake of completeness.

2. The Action of N(Γ_0(N)) on Q̂

Let N be a natural number and let

Γ^+_0 (N) = { A = ( a √ q b/ √ q cN/ √ q d √ q ) : det A = 1, 1 ⩽ q, q || N; a, b, c, d ∈ Z } . Then Γ^+_0 (N) is a subgroup of the normalizer of Γ_0(N). Moreover, any element of Γ^+_0 (N) is an Atkin-Lehner involution of Γ_0(N). Recall that an Atkin-Lehner involution w_q of Γ_0(N) is an element of determinant 1 of the form

w_q = ( a √ q b/ √ q cN/ √ q d √ q )

for some exact divisor q of N. If h = 1, then Γ^+_0 (N) is equal to N (Γ_0(N)).

Let m = N/h^2. Then, it is well-known and easy to see that

N (Γ_0(N)) = ( 1/ √ h 0 0 √ h ) Γ^+_0 (m) ( 1/ √ h 0 0 √ h )_{−1} . We will use this fact in the subsequent theorems.

Theorem 2.1. Γ^+_0 (N) acts transitively on the set Q̂ = Q ∪ {∞} if and only if N is a square-free positive integer.

Proof. Let Γ^+_0 (N) act transitively on the set Q̂ and assume that N is not a square-free positive integer. Then N = k^2m for some k > 1. Since Γ^+_0 (N) acts transitively on Q̂ , there exists some T ∈ Γ^+_0 (N) satisfying T (∞) = 1/km. Since T ∈ Γ^+_0 (N) , there exists some q || N such that T = ( a √ q b/ √ q cN/ √ q d √ q ) where adq − bcN/q = 1. Then (a √ q)/(cN/ √ q) = 1/km, i.e., a cN/q = 1/km. Since (a, cN/q) = 1, a = ±1 and

cN/q = ±km. It follows from N = k^2m, ck^2m = ±kmq that q = ±kc with (q, c) = 1. So we have 1 = (q, c) = (±kc, c) = |c| (±k, 1) = |c| . Thus c = ±1 and q = ±kc = k. Since q is an exact divisor of N, (q, N/q) = 1. Then it follows that k = (k, km) = (k, N/k) = (q, N/q) = 1, which contradicts our assumption that k > 1. Thus N is a square-free positive integer.

Now suppose that N is a square-free positive integer. Let k/s ∈ Q̂ with (k, s) = 1 and q = (s, N) . Then s = s^∗q for some integer s^∗. Since N is square-free, (s, N/q) = 1. Thus we have (s, kN/q) = 1. Therefore there exist two integers x and y such that sx−(N/q) ky = 1. Let T (z) = x √ qz + k √ q ( yN/ √ q ) z + s^∗ √ q . Then T ∈ Γ^+_0 (N) and T (0) = k/s^∗q = k/s. Thus the proof follows.

Now we can give the following theorem.

Theorem 2.2. Let m = N/h^2. Then N (Γ_0(N)) acts transitively on the set Q̂ if and only if Γ^+_0 (m) acts transitively on the set Q̂ .

Proof. Since

N (Γ_0(N)) = ( 1/ √ h 0 0 √ h ) Γ^+_0 (m) ( 1/ √ h 0 0 √ h )_{−1} , the proof follows.

The following theorem is proved in [2]. We will present a different proof.

Theorem 2.3. Let N have prime power decomposition 2^{α1} 3^{α2} p^{α3}_3 ....p^{αr}_r . Then N (Γ_0(N)) acts transitively on Q̂ if and only if α_1 ⩽ 7, α_2 ⩽ 3, α_i ⩽ 1, i = 3, 4, ..., r.

Proof. Let m = N/h^2 and assume that N (Γ_0(N)) acts transitively on Q̂ . Then, in view of the above theorem Γ^+_0 (m) acts transitively on Q̂ . Thus m is a square-free positive integer according to Theorem2.1. Let m = 2^{k1} 3^{k2} p^{α3}_3 ....p^{αr}_r with k_i, α_i ∈ {0, 1} . Since h is the largest divisor of 24 for which h^2 | N, then h = 2^{t1} 3^{t2} for some integers t_1 and t_2 such that 0 ⩽ t_1 ⩽ 3 and 0 ⩽ t_2 ⩽ 1. Thus we have

N = mh^2 = 2^{k1+2t1} 3^{k2+2t2} p^{α3}_3 ....p^{αr}_r = 2^{α1} 3^{α2} p^{α3}_3 ....p^{αr}_r ,

where α_1 = k_1 + 2t_1, α_2 = k_2 + 2t_2. Hence we see that

α_1 = k_1 + 2t_1 ⩽ 1 + 2.3 = 7 and α_2 = k_2 + 2t_2 ⩽ 1 + 2.1 = 3.

Now suppose that N = 2^{α1} 3^{α2} p^{α3}_3 ....p^{αr}_r , where α_1 ⩽ 7, α_2 ⩽ 3, α_i ⩽ 1 for i = 3, 4, ..., r. Dividing α_1 and α_2 by 2 we get,

α_1 = 2t_1 + r_1, 0 ⩽ r_1 ⩽ 1 α_2 = 2t_2 + r_2, 0 ⩽ r_2 ⩽ 1.

Since α_1 ⩽ 7, α_2 ⩽ 3, we see that 0 ⩽ t_1 ⩽ 3 and 0 ⩽ t_2 ⩽ 1. This gives

N = 2^{2t1} 3^{2t2} 2^{r1} 3^{r2} p^{α3}_3 ....p^{αr}_r = ( 2^{t1} 3^{t2}

)_2 2^{r1} 3^{r2} p^{α3}_3 ....p^{αr}_r .

Let h = 2^{t1} 3^{t2} with 0 ⩽ t_1 ⩽ 3, 0 ⩽ t_2 ⩽ 1. Then h is the largest divisor of 24 such that h^2 divides N. Let m = N/h^2 = 2^{r1} 3^{r2} p^{α3}_3 ....p^{αr}_r . Then it is clear that m is a square-free positive integer. Thus, by Theorem2.1, Γ^+_0 (m) acts transitively on Q̂ , and it follows that N (Γ_0(N)) acts transitively on Q̂ by Theorem2.2. So the proof is completed.

3. Suborbital Graphs For N (Γ_0(N))

Let (G, X) be a transitive permutation group. Then G acts on X × X by g : (α, β) → (g (α) , g (β)) , (g ∈ G, α, β ∈ X) . The orbits of this action are called suborbitals of G. The suborbital containing (α, β) is denoted by O(α, β). From O(α, β) we can form a suborbital graph G(α, β) whose vertices are the elements of X, and there is an edge from γ to δ if (γ, δ) ∈ O(α, β). If there is an edge γ to δ, we will represent this by γ → δ. Briefly, there is an edge γ → δ in G(α, β) iff there exists T ∈ G such that T (α) = γ and T (β) = δ. If α = β, then O(α, β) is the diagonal of X × X and G(α, β) is said to be a trivial suborbital graph. We will interested in non-trivial suborbital graph. Since G acts transitively on X, any suborbital graph is equal to G(λ_0, λ) for a fixed λ_0.

Let G(α, β) be a suborbital graph and let k ⩾ 3 be a natural number. By a circuit of the length k, we mean different k vertices v_0, v_1, ..., v_k = v_0 such that v_0 → v_1 is an edge in the graph G(α, β) and for 1 ⩽ r ⩽ k − 1, either v_r → v_{r+1} or v_{r+1} → v_r is an edge in the graph G(α, β). Let G have an element T of finite order k ⩾ 3. It can be seen that if α ≠ T (α), then α → T (α) → T^2(α) → · · · → T^{k−1}(α) → α is a circuit of the length k in the graph G(α, T (α)).

We now investigate suborbital graphs for N(Γ_0(N)). If N(Γ_0(N)) acts transitively on Q̂ , then any non-trivial suborbital graph is equal to G(∞, u/n) for some u/n ∈ Q . We give the following theorem from [9].

Theorem 3.1. Let m be a square-free positive integer and let G(∞, u/n) be suborbital graph for N(Γ_0(m)). Then any circuit in G(∞, u/n) is of the form v → T (v) → T^2(v) → T^3(v) → · · · → T^{k−1}(v) → v for a unique elliptic mapping T ∈ N(Γ_0(m)) of order k and for some v ∈ Q̂ where n > 1 and (u, n) = 1.

Unless n > 1, the above theorem may not be correct. Before giving the examples, we give some lemmas and theorems for the graph G(∞, 1). The following lemma appears in [9] as Corollary 1.

Lemma 1. Let m be a square-free positive integer and let G(∞, 1) be suborbital graph

for N(Γ_0(m)). Then, r/s → x/y is an edge in G(∞, 1) if and only if ry − sx = ±1 and q|s, (m/q)|y for some q|m. Let m be a square-free positive integer and let G(∞, 1) be suborbital graph for

N(Γ_0(m)). If r/s → x/y is an edge in G(∞, 1), then there exists A ∈ N(Γ_0(m)) such that A(∞) = r/s and A(1) = x/y. Let T = ( − √ m^{m+1√}_m − √ m √ m ) . Then T (∞) = 1 and T (1) = ∞. Thus AT (∞) = A(1) = x/y and AT (1) = A(∞) = r/s, and so x/y → r/s is an edge in G(∞, 1). If we represent the edges of G(∞, 1) as hyperbolic geodesics in the upper-half plane U = {z ∈ C : Imz > 0}, then no edges of G(∞, 1) cross in U(See [9]). Using these facts and the above lemma, we can give the following theorem.

Theorem 3.2. Let m be a square-free positive integer. A circuit of minimal length in the graph G(∞, 1) for N (Γ_0(m)) is of the form v → S(v) → S^2(v) → S^3(v) → · · · → S^{k−1}(v) → v for an elliptic mapping S ∈ N (Γ_0(m)) and for some v ∈ Q̂ . If m ⩾ 5, then G(∞, 1) does not contain any circuits.

Proof. Let w_0 → w_1 → w_2 → w_3 → · · · → w_{k−2} → w_{k−1} → w_0 be a circuit of the minimal length in G(∞, 1). Then

A (∞) = w_0 , A (1) = w_1

for some A ∈ N (Γ_0(m)). By applying the mapping A^{−1} to vertices of the circuit, we obtain the following circuit,

∞ → 1 → A^{−1}(w_2) → · · · → A^{−1}(w_{k−2}) → A^{−1}(w_{k−1}) → ∞.

Since no edges of G(∞, 1) cross in the upper-half plane, either

1 < A^{−1}(w_2) < · · · < A^{−1}(w_{k−2}) < A^{−1}(w_{k−1}) or 1 > A^{−1}(w_2) > · · · > A^{−1}(w_{k−2}) > A^{−1}(w_{k−1}).

If r/s → x/y is an edge in the graph G(∞, 1), it can be shown that (2 − r/s) → (2 − x/y) is an edge in the graph G(∞, 1). To see this, suppose that r/s → x/y is an edge in G(∞, 1). Then there exists A ∈ N (Γ_0(m)) such that A(∞) = r/s and A(1) = x/y. Let Ψ(z) = 2 − z. Then it follows that ΨAΨ ∈ N (Γ_0(m)) , ΨAΨ(∞) = 2 − r/s, and ΨAΨ(1) = 2−x/y. Thus (2−r/s) → (2−x/y) is an edge in the graph G(∞, 1). Therefore we may suppose that

1 < A^{−1}(w_2) < · · · < A^{−1}(w_{k−2}) < A^{−1}(w_{k−1}).

Let v_0 = ∞, v_1 = 1, v_{k−1} = 2, and v_j = A^{−1}(w_j) for 2 ⩽ j ⩽ k − 1. Then

v_0 → v_1 → v_2 → · · · → v_{k−2} → v_{k−1} → v_0

is a circuit of the minimal length. Let v_{k−1} = x/y. Since x/y → ∞ = 1 0 , we see that x.0−y.1 = ∓1 and therefore y = 1. That is, v_{k−1} = x. Since 2 → ∞ is an edge in G(∞, 1) and no edges of the circuit cross in the upper-half plane, we see that v_{k−1} = x = 2. Since the circuit is of minimal length and v_j → v_{j+1} is an edge in the circuit, v_{j+1} must be the largest vertex greater than v_j , which is adjacent to v_j . A simple computation shows that v_2 = (m + 1)/m and v_{k−2} = (2m − 1)/m. Let T = ( − √ m^{2m+1√}_m − √ m 2 √ m ) . Then T ∈ N (Γ_0(m)) and T (x/y) = −m(x/y) + 2m + 1 −m(x/y) + 2m . Thus it follows that for 1 < x/y < (2m − 1)/m, we have 1 < x/y < 2 and x/y < T (x/y). Moreover, T (∞) = 1, T (1) = (m + 1)/m, T ((2m − 1)/m) = 2, and T (2) = ∞. That is, T (v_0) = v_1, T (v_1) = v_2, T (v_{k−2}) = v_{k−1}, and T (v_{k−1}) = ∞ = v_0. By applying the mapping T to the vertices of the circuit

v_0 → v_1 → v_2 → · · · → v_{k−2} → v_{k−1} → v_0,

we get the circuit

T (v_0) → T (v_1) → T (v_2) → · · · → T (v_{k−2}) → T (v_{k−1}) → T (v_0).

That is, we obtain the circuit v_1 → v_2 → T (v_2) → · · · → T (v_{k−2}) → v_0 → v_1.

Therefore ∞ → 1 → T (v_1) → · · · → T (v_{k−3}) → 2 → ∞ is a circuit of length k, whose rational vertices lie between 1 and 2. It follows that ∞ → 1 → v_2 → · · · → v_{k−2} → 2 → ∞ and ∞ → 1 → T (v_1) → · · · → T (v_{k−3}) → 2 → ∞ are the same circuits. This is illustrated in Figure 1 and Figure 2.

Thus v_3 = T (v_2), v_4 = T (v_3), ..., v_{k−2} = T (v_{k−3}). Since v_1 = T (v_0), v_2 = T (v_1), ..., v_{k−1} = T (v_{k−2}), we see that T^k(v_0) = v_0, T^k(v_1) = v_1, and T^k(v_2) = v_2. Therefore T^k = I and thus T is an elliptic mapping. Moreover, we get v_j = T^j(∞). Using w_j = A(v_j), and ∞ = A^{−1}(w_0), we see that the circuit w_0 → w_1 → w_2 → · · · → w_{k−2} → w_{k−1} → w_0 is equal to the circuit

w_0 → AT A^{−1}(w_0) → AT^2A^{−1}(w_0) → · · · → AT^{k−1}A^{−1}(w_0) → w_0.

If we take S = AT A^{−1}, then S is an elliptic mapping and thus the proof follows. As T is an elliptic mapping, we see that m ⩽ 3. Thus, if m ⩾ 5, then the graph G(∞, 1) contains no circuits.

Taking m = 3, we get T = ( − √ 3 7/ √ 3 − √ 3 2 √ 3 )

and therefore ∞ → T (∞) → T^2(∞) → T^3(∞) → T^4(∞) → T^5(∞) → ∞ is a circuit in G(∞, 1). That is, we get the circuit ∞ → 1 → 4/3 → 3/2 → 5/3 → 2 → ∞. If we apply the mapping Ψ(z) = 2 − z, to the vertices of the above circuit, we obtain the circuit ∞ → 0 → 1/3 → 1/2 → 2/3 → 1 → ∞, which is the same circuit ∞ → S(∞) → S^2(∞) → S^3(∞) → S^4(∞) → S^5(∞) → ∞ for the mapping

S = ΨT Ψ = ( √ 3 −1/ √ 3 √ 3 0 ) . Therefore ∞ → 0 → 1/3 → 1/2 → 2/3 → 1 → 4/3 → 3/2 → 5/3 → 2 → ∞ is a circuit of length 10. This circuit is illustrated in Figure 3. Thus we obtain many circuits using the same argument.

Let r be an odd natural number. By using Lemma1, we see that ∞ → 1 → 1/2 → · · · → 1/k → 1/(k + 1) → · · · → 1/(r − 1) → 0 → ∞ is a circuit of length r + 1 in the graph G(∞, 1) for N(Γ_0(2)). In fact, the mapping T = ( 1 −1 r − 1 2 − r )

is in N(Γ_0(2)) and T (∞) =^1_{r−1} , T (1) = 0. Therefore^1_{r−1} → 0 is an edge in G(∞, 1). Moreover, if k is an odd natural number, then T = ( √ 2 −1/ √ 2 √ 2k √ 2(^{1−k}_2 ) ) is in N(Γ_0(2)) and T (∞) =^1_k , T (1) =^1_{k+1} . If k is an even natural number, then S = ( 1 0 k 1 )

is in N(Γ_0(2)) and S(∞) =^1_k , S(1) =^1_{k+1} . This shows that^1_k →^1_{k+1} is an edge in G(∞, 1). Since, for the mapping A = ( 0 −1/ √ 2 √ 2 − √ 2 ) , we have A ∈ N(Γ_0(2)), A(∞) = 0 and A(1) = ∞, we see that 0 → ∞ is an edge in

G(∞, 1). Thus ∞ → 1 → 1/2 → · · · → 1/k → 1/(k + 1) → · · · → 1/(r − 1) → 0 → ∞ is a circuit of the length r + 1 in the graph G(∞, 1).

Lemma 2. Let S ∈ N (Γ_0(N)) and let N (Γ_0(N)) act transitively on Q̂ . If S(v) = v and S(w) = w for different v and w in Q̂ , then S = I. In particular, if S(v) = T (v) and S(w) = T (w) for T ∈ N (Γ_0(N)), then S = T.

Proof. Since N (Γ_0(N)) acts transitively on Q̂ , there exists A ∈ N (Γ_0(N)) such that A(∞) = v. Hence (A^{−1}SA)(∞) = ∞ and (A^{−1}SA)(A^{−1}(w)) = A^{−1}(w). Since v ≠ w, we see that A^{−1}(w) ≠ A^{−1}(v) = ∞. Therefore, A^{−1}SA has two different fixed points. Since (A^{−1}SA)(∞) = ∞ and A^{−1}SA ∈ N (Γ_0(N)) , A^{−1}SA = ( 1 b/h 0 1 )

for some integer b. If b ≠ 0, then A^{−1}SA is a parabolic mapping, which has two different fixed points. This is a contradiction. Therefore b = 0 and thus A^{−1}SA = I, which implies that S = I. Now assume that S(v) = T (v) and S(w) = T (w). Then (S^{−1}T )(v) = v and (S^{−1}T )(w) = w. Thus the proof follows.

Lemma 3. Let N (Γ_0(N)) acts transitively on Q̂ and let S, T ∈ N (Γ_0(N)) . If v → S(v) → S^2(v) → S^3(v) → · · · → S^{k−1}(v) → v and v → T (v) → T^2(v) → T^3(v) → · · · → T^{k−1}(v) → v are the same circuits in G(∞, u/n), then T = S.

Proof. From the hypothesis, we get S(v) = T (v), S^2(v) = T^2(v), ...., S^{k−1}(v) = T^{k−1}(v). Since S(v) = T (v), S^2(v) = T^2(v), it follows that (S^{−1}T )(v) = v and S(v) = S^{−1}(T^2(v)) = (S^{−1}T )(T (v)) = (S^{−1}T )(S(v)). Then according to the above lemma, we see that S^{−1}T = I, which implies that S = T .

Let n > 1 and (u, n) = 1. Then by using Theorem3.1, it can be shown that if v → T (v) → T^2(v) → T^3(v) → · · · → T^{k−1}(v) → v is a circuit in the graph G(∞, u/n) for N (Γ_0(m)), then T is an elliptic mapping of order k in N (Γ_0(m)). The following theorem shows that the same is true for the graph G(∞, 1). Theorem 3.3. Let m be a square-free positive integer. If any circuit in the graph G(∞, 1) for N (Γ_0(m)) is of the form v → T (v) → T^2(v) → T^3(v) → · · · → T^{k−1}(v) → v, then T is an elliptic mapping of order k. Proof. Suppose that v → T (v) → T^2(v) → T^3(v) → · · · → T^{k−1}(v) → v is a circuit in G(∞, 1). Then there is a mapping A ∈ N (Γ_0(m)) such that A(∞) = v and A(1) = T (v). If we apply A^{−1} to the vertices of the above circuit, we obtain the circuit A^{−1} (v) → A^{−1}(T (v)) → A^{−1}(T^2 (v)) → · · · → A^{−1}(T^{k−1} (v)) → A^{−1} (v) .

Since A(∞) = v, we get ∞ → ( A^{−1}T A ) (∞) → ( A^{−1}T^2A ) (∞) → · · · → ( A^{−1}T^{k−1}A ) (∞) → ∞. Let B = A^{−1}T A. Then the above circuit is equal to the circuit ∞ → B (∞) → B^2 (∞) → · · · → B^{k−2} (∞) → B^{k−1} (∞) → ∞. Since no edges of G(∞, 1) cross in the upper half plane U = {z ∈ C : Imz > 0}, either B (∞) < B^2 (∞) < · · · < B^{k−2} (∞) < B^{k−1} (∞) or B (∞) > B^2 (∞) > · · · > B^{k−2} (∞) > B^{k−1} (∞) . Assume that B (∞) < B^2 (∞) < · · · < B^{k−2} (∞) < B^{k−1} (∞) . Thus the circuit is as in Figure 4.

If we apply the mapping B to the vertices of the above circuit, we obtain the circuit B (∞) → B^2 (∞) → B^3 (∞) → · · · → B^{k−1} (∞) → B^k (∞) → B(∞). Now we show that B^k(∞) = ∞. Assume that B^k(∞) ≠ ∞. It can be easily seen that B^k(∞) ≠ B^j (∞) for 1 ⩽ j ⩽ k − 1. Then there are only two cases that we have to deal with. The first case; if B^{k−1}(∞) < B^k(∞), then the edges B^k(∞) → B(∞) and B^{k−1}(∞) → ∞ cross in U. The second case; if B^k(∞) < B^{k−1}(∞), then the edges B^{k−1}(∞) → B^k(∞) and ∞ → B(∞) cross in U. So our assumption is impossible. Hence B^k(∞) = ∞, and so B^k(B(∞)) = B(B^k(∞)) = B(∞) and similarly B^k(B^2(∞)) = B^2(∞). This shows that B^k = I. Thus B is an elliptic mapping of order k. Since B is an elliptic mapping and B = A^{−1}T A, we see that T is an elliptic mapping. This completes the proof .

The suborbital graph for the Hecke group H ( √ m) on the set of cusps of H ( √ m) was investigated in [8]. H ( √ m) is the Hecke group generated by the mappings z → z + √ m and z → −1/z , m = 2, 3. It is well known that H ( √ m) consists of the mappings of the following two types:

(i) T (z) = az + b √ m c √ mz + d , a, b, c, d ∈ Z , ad − bcm = 1 (ii) T (z) = a √ mz + b cz + d √ m , a, b, c, d ∈ Z, adm − bc = 1. Let M = ( m^{−1/4} 0 0 m^{1/4} ) . Then, it can be shown that H (√ m ) = M^{−1}N (Γ_0(m)) M

and the set of the cusps of H ( √ m) is √ mQ̂ = { (r/s) √ m : r/s ∈ Q̂ } ∪ {∞} The following lemma is proved easily.

Lemma 4. H ( √ m) acts transitively on √ mQ̂ = {(r/s) √ m : r/s ∈ Q} ∪ {∞} . Theorem 3.4. Let m = 2, 3 and n > 1. Let G(∞, u/n) be a suborbital graph for

N (Γ_0(m)) and G(∞, (u/n) √ m) be a suborbital graph for H ( √ m) . Then the mapping

given by (r/s) √ m → M ((r/s) √ m) from G(∞, (u/n) √ m) to G(∞, u/n) is an isomor-

phism.

Proof. Let G(∞, (u/n) √ m) be the suborbital graph for H ( √ m) and suppose that (r/s) √ m → (x/y) √ m is an edge in the graph G(∞, (u/n) √ m). Then there exists T ∈ H ( √ m) such that T (∞) = (r/s) √ m, T (u/n) = (x/y) √ m. Since H ( √ m) = M^{−1}N (Γ_0(m)) M , there exists S ∈ N (Γ_0(m)) such that T = M^{−1}SM.

Then ( M^{−1}SM ) (∞) = (r/s) √ m ( M^{−1}SM ) ( (u/n) √ m ) = (x/y) √ m. Since M(z) = z/ √ m, we see that

S(∞) = S (M (∞)) = M ( (r/s) √ m ) S(u/n) = S ( M ( (u/n) √ m )) = M ( (x/y) √ m ) . This shows that M ((r/s) √ m) → M ((x/y) √ m) is an edge in the suborbital graph

G(∞, u/n). Moreover, if r/s → x/y is an edge in G(∞, u/n), then M^{−1} (r/s) →

M^{−1} (x/y) is an edge in the graph G(∞, (u/n) √ m). Theorem 3.5. Let m = 2, 3 and (u, n) = 1 with n > 1 and let G(∞, (u/n) √ m) be a

suborbital graph for H ( √ m) . Then any circuit in G(∞, (u/n) √ m) is of the form

v_1 → S(v_1) → S^2(v_1) → S^3(v_1) → · · · → S^{k−1}(v_1) → v_1

for a unique elliptic mapping S ∈ H ( √ m) and for some v_1 ∈ √ mQ̂ . Proof. Let C be a circuit in G(∞, (u/n) √ m) and let C^∗ be the circuit constructed by

applying the mapping M to the vertices of the circuit C. Then by the above theorem, C^∗

is a circuit in the graph G(∞, u/n) for N (Γ_0(m)). Since n > 1, by Theorem3.1, C^∗ is of

the form v → T (v) → T^2(v) → T^3(v) → · · · → T^{k−1}(v) → v for some v ∈ Q̂ and for a unique elliptic mapping T ∈ N (Γ_0(m)) of order k. By applying

M^{−1} to the vertices of the circuit C^∗, we see that the circuit C is in the form

M^{−1} (v) → M^{−1}(T (v)) → M^{−1}(T^2 (v)) → · · · → M^{−1}(T^{k−1} (v)) → M^{−1} (v) .

Since v = M (M^{−1} (v)), we see that C is of the form

M^{−1} (v) → M^{−1}(T ( M ( M^{−1} (v) )) ) → · · · → M^{−1}(T^{k−1} ( M ( M^{−1} (v) )) ) → M^{−1} (v) .

Let v_1 = M^{−1} (v) and S = M^{−1}T M. Then S is an elliptic mapping of H( √ m) of order k and thus the circuit C is of the form

v_1 → S(v_1) → S^2(v_1) → S^3(v_1) → · · · → S^{k−1}(v_1) → v_1.

We now consider suborbital graphs for N (Γ_0(N)) when N (Γ_0(N)) acts transitively on Q̂ . Let N (Γ_0(N)) acts transitively on Q̂ and let m = N/h^2. Then m is a square-free positive integer by Theorem2.2. Therefore N ( Γ^+_0 (m) ) = N (Γ_0(m))

and thus

N (Γ_0(N)) = ( 1/ √ h 0 0 √ h ) N (Γ_0(m)) ( 1/ √ h 0 0 √ h )_{−1} . If we take H (z) = hz, then

N (Γ_0(N)) = H^{−1}N (Γ_0(m)) H.

Therefore we can give the following theorem.

Theorem 3.6. Suppose that N (Γ_0(N)) acts transitively on Q̂ . Let G(∞, u/n) be a suborbital graph for N (Γ_0(N)) and let G(∞, hu/n) be a suborbital graph for N (Γ_0(m)) . Then the mapping r/s → H (r/s) , from G(∞, u/n) to G(∞, hu/n) is an isomorphism.

Proof. The proof is exactly the same as in Theorem3.4 and is omitted.

Theorem 3.7. Suppose that N (Γ_0(N)) acts transitively on Q̂ and suppose that (u, n) = 1 with n > 1. If (h, n) < n, then any circuit in the suborbital graph G(∞, u/n) for N (Γ_0(N)) is of the form

v_1 → S(v_1) → S^2(v_1) → S^3(v_1) → · · · → S^{k−1}(v_1) → v_1

for a unique elliptic mapping S ∈ N (Γ_0(N)) of order k and for some v_1 ∈ Q̂ .

Proof. Let C be a circuit in G(∞, u/n) and let C^∗ be the circuit constructed by applying the mapping H to the vertices of the circuit C. Then by the above theorem, C^∗ is a circuit in the suborbital graph G(∞, hu/n) for N (Γ_0(m)). Since the reduced form of hu/n is hu/(h, n) n/(h, n) , we see that n/(h, n) > 1. Then, by the Theorem3.1, C^∗ is of the form v → T (v) → T^2(v) → T^3(v) → · · · → T^{k−1}(v) → v for some v ∈ Q̂ and for a unique elliptic mapping T ∈ N (Γ_0(m)) of order k. By applying H^{−1} to the vertices of the circuit C^∗, we see that the circuit C is in the form

H^{−1} (v) → H^{−1}(T (v)) → H^{−1}(T^2 (v)) → · · · → H^{−1}(T^{k−1} (v)) → H^{−1} (v) .

Since v = H (H^{−1} (v)) we see that C is of the form

H^{−1} (v) → H^{−1}(T ( H ( H^{−1} (v) )) ) → · · · → H^{−1}(T^{k−1} ( H ( H^{−1} (v) )) ) → H^{−1} (v) .

Let v_1 = H^{−1} (v) and S = H^{−1}T H. Then S is an elliptic mapping of N (Γ_0(N)) of order k and the circuit C is of the form

v_1 → S(v_1) → S^2(v_1) → S^3(v_1) → · · · → S^{k−1}(v_1) → v_1.

If (h, n) = n, the above theorem may not be correct, since the graph G(∞, u/n) for N (Γ_0(N)) is isomorphic to the graph G(∞, (h/n)u) = G(∞, 1) for N (Γ_0(m)) . More generally, the following example shows this. Let N = 32 and n = 4 then h = 4. Thus it follows that ∞ → 1/4 → 1/8 → · · · → 1/4 (r − 1) → 0 → ∞ is a circuit of length r + 1 in the graph G(∞, 1/4) for N (Γ_0(32)) . If A = ( a √ q b/h √ q cN/h √ q d √ q )

is an elliptic mapping in N (Γ_0(N)), then the order of A depends on q and a + d. If a + d = 0, then the order of A is 2. If a + d = ±1, then the order of A is equal to 3, 4 and 6 when q is 1, 2 and 3 respectively(see [2] for more details.). Using this fact we can give the following theorem.

Theorem 3.8. Assume that N (Γ_0(N)) acts transitively on Q̂ . Moreover, assume that T and S are elliptic mappings in N (Γ_0(N)) of order k and r respectively. If v → T (v) → T^2(v) → T^3(v) → · · · → T^{k−1}(v) → v and w → S(w) → S^2(w) → S^3(w) → · · · → S^{r−1}(w) → w are two circuits in G(∞, u/n), then r = k. That is, the two circuits have the same length.

Proof. Assume that v → T (v) → T^2(v) → T^3(v) → · · · → T^{k−1}(v) → v and w → S(w) → S^2(w) → S^3(w) → · · · → S^{r−1}(w) → w are two circuits in G(∞, u/n). Then there exist two mappings A, B ∈ N (Γ_0(N)) such that A(∞) = v, A(u/n) = T (v) and B(∞) = w, B(u/n) = S(w). Then u/n = A^{−1}T (v) = (A^{−1}T A)(∞) and u/n = B^{−1}S(w) = (B^{−1}SB)(∞). Therefore we get (A^{−1}T A)(∞) = (B^{−1}SB)(∞). Let A^{−1}T A = ( a √ q b/h √ q cN/h √ q d √ q ) , adq − (bcN)/h^2q = 1 and B^{−1}SB = ( a^∗ √ q^∗ b^∗/h √ q^∗ c^∗N/h √ q^∗ d^∗ √ q^∗ ) , a^∗d^∗q^∗ − (b^∗c^∗N)/h^2q^∗ = 1

Then, since (A^{−1}T A)(∞) = (B^{−1}SB)(∞), we obtain a (cN/h)/q = a^∗ (c^∗N/h)/q^∗ and therefore a cN/h^2q = a^∗ c^∗N/h^2q^∗ . A simple calculation shows that q = q^∗. Then it follows that A^{−1}T A and B^{−1}SB have the same order and therefore T and S have the same order. That is, the two circuits have the same length.

A circuit of length 3, 4, and 6 is called a triangle, a rectangle, and a hexagon respectively. Since any elliptic mapping of N (Γ_0(N)) is of order 2, 3, 4, or 6, it follows that when (h, n) < n, G(∞, u/n) may contain only triangle, rectangle, or hexagon by Theorem3.8.

Theorem 3.9. Let m be a square-free positive integer and (u, n) = 1. Then G(∞, u/n) contains a triangle if and only if m | n, u^2 ∓ u + 1 ≡ 0 (mod n), a rectangle if and only if 2|m, m|2n, and 2u^2 ∓ 2u + 1 ≡ 0 (mod n), and a hexagon if and only if 3|m, m|3n and 3u^2 ∓ 3u + 1 ≡ 0 (mod n).

Proof. If n = 1, then the proof is easy. Assume that G(∞, u/n) contains a circuit when n > 1. Then, by Theorem3.1, this circuit must be of the form v → T (v) → T^2(v) → T^3(v) → · · · → T^{k−1}(v) → v for a unique elliptic mapping T of order k. Since v → T (v) is an edge in G(∞, u/n), there exists A ∈ N (Γ_0(m)) such that A(∞) = v and A(u/n) = T (v). Then (A^{−1}T A)(∞) = u/n. Let A^{−1}T A = ( a √ q b/ √ q cm/ √ q d √ q ) , q|m, adq − (bcm)/q = 1. Then it follows that u/n = a/(cm/q). A^{−1}T A is an elliptic mapping, since T is an elliptic mapping. Therefore a + d = ∓1, since the order of T is not 2. From the equalities u/n = a/(cm/q) and a+d = ∓1, we see that qu^2∓qu+1 ≡ 0 (mod n), m | qn. If the circuit is a triangle, a rectangle, and a hexagon, then q = 1, 2, and 3 respectively. The proof then follows. For the other part of the theorem, assume that qu^2 ∓ qu + 1 ≡ 0 (mod n), m | qn. Then the mapping

T (z) = −u √ qz + (qu^2 ∓ qu + 1)/n √ q (−nq/ √ q)z + (u ∓ 1) √ q is in N (Γ_0(m)) and T (∞) = u/n. The order of T is 3, 4 and 6, when q = 1, 2, and 3 respectively. Moreover, if we represent the order of T by k, we get the circuit ∞ → T (∞) → T^2(∞) → · · · → T^{k−1}(∞) → ∞ in G(∞, u/n), as required.

Corollary 1. Let m be a square-free positive integer and let n > 1 with (u, n) = 1. If the graph G(∞, u/n) for N (Γ_0(m)) contains a triangle, then for any prime divisor p of n greater than 3, we have p ≡ 1 (mod 3). If G(∞, u/n) contains a rectangle, then n is an odd natural number and n ≡ 1 (mod 4). If G(∞, u/n) contains a hexagon, then for any odd prime divisor p of n we have p ≡ 1 (mod 3).

Proof. Assume that G(∞, u/n) contains a triangle. Then u^2 ∓ u + 1 ≡ 0 (mod n). It follows that (2u ∓ 1)^2 + 3 ≡ 0 (mod n). Thus if p|n and p > 3, then (2u ∓ 1)^2 + 3 ≡ 0 (mod p). It follows that p ≡ 1 (mod 3). If G(∞, u/n) contains a rectangle, then 2u^2 ∓2u+1 ≡ 0 (mod n). This shows that n is an odd natural number and (2u + 1)^2 +1 ≡ 0 (mod n). Then for any prime divisor of n, we have (2u ∓ 1)^2 + 1 ≡ 0 (mod p) and therefore p ≡ 1 (mod 4). Therefore n ≡ 1 (mod 4). If G(∞, u/n) contains a hexagon, then 3u^2 ∓ 3u + 1 ≡ 0 (mod n). This shows that 3 ∤ n and 36u^2 ∓ 36u + 12 ≡ 0 (mod n). That is, (6u ∓ 3)^2 + 3 ≡ 0 (mod n). Let p be an odd prime divisor of n. Then (6u ∓ 3)^2 + 3 ≡ 0 (mod p). Thus it follows that p ≡ 1 (mod 3).

Let N (Γ_0(N)) act transitively on Q̂ and assume that n > 1 and (h, n) < n. Then, by using Theorem3.7, a necessary and sufficient condition for the graph G(∞, u/n) to contain a triangle, a rectangle or a hexagon may be given. Because the graph G(∞, u/n) and the graph G(∞, hu/n) for N (Γ_0(m)) is isomorphic, where m = N/h^2.

Corollary 2. Assume that N (Γ_0(N)) acts transitively on Q̂ . Then any circuit of the minimal length in G(∞, u/n) is of the form v → T (v) → T^2(v) → · · · → T^{k−1}(v) → v for a unique elliptic mapping T ∈ N (Γ_0(N)) of order k and for some v ∈ Q̂ . Moreover, the graph G(∞, u/n) contains a circuit if and only if there exists an elliptic mapping T ∈ N (Γ_0(N)) of order greater than 2 such that T (∞) = u/n.

Proof. By Theorem3.2, Theorem3.6, and Theorem3.7, it is seen that any circuit of the minimal length in G(∞, u/n) is of the form v → T (v) → T^2(v) → · · · → T^{k−1}(v) → v for a unique elliptic mapping T ∈ N (Γ_0(N)) and for some v ∈ Q̂ . Assume that T (∞) = u/n for some elliptic mapping of order greater than 2, then ∞ → T (∞) → T^2(∞) → · · · → T^{k−1}(∞) → ∞ is a cicuit in G(∞, u/n), where k is the order of T . Now suppose that G(∞, u/n) contains a circuit, then G(∞, u/n) contains a circuit of the minimal length and thus this circuit must be of the form v → T (v) → T^2(v) → · · · → T^{k−1}(v) → v for an elliptic mapping of N (Γ_0(N)). Since v → T (v) is an edge in G(∞, u/n), there exists A ∈ N (Γ_0(N)) such that A(∞) = v and A(u/n) = T (v). Then it follows that AT A^{−1} is an elliptic mapping and AT A^{−1}(∞) = u/n.

If m is a square-free positive integer and G(∞, 1) is the graph for N (Γ_0(m)), then it can be seen easily that the length of any circuit is an even number. Therefore we can give the following corollary.

Corollary 3. Let N (Γ_0(N)) act transitively on Q̂ . Then the length of any circuit in G(∞, u/n) is either 3 or an even natural number.

References

[1] M. Akbaş, On suborbital graphs for the modular group, Bull. London Math. Soc. 33 (2001) 647-652.

[2] M. Akbaş and D. Singerman, The signature of the normalizer of Γ_0(N), London Math. Soc. Lecture Notes Series 165 (1992) 77-86.

[3] A.O.L. Atkin and J. Lehner, Hecke operators on Γ_0(m), Mathematische Annalen, 185 (1970) 134-160.

[4] N.L. Bigg and A.T. White, Permutation group and combinatorial structures, London Math. Soc. Lecture Notes, vol. 33, Cambridge University Press, Cambridge, 1979.

[5] J.H. Conway, Understanding groups like Γ_0(N) in: Groups, Difference Sets and Monster, Columbus, OH, 1993, in: Ohio State University Math. Res. Inst. Pub., vol4, De Gruyter, Berlin, 1996, 327-343.

[6] G.A. Jones, D. Singerman, Complex Functions: An Algebraic and Geometric Viewpoint, Cambridge University Press, Cambridge, 1987.

[7] G.A. Jones, D. Singerman, and K. Wicks, The modular group and generalized Farey graphs, London Math. Soc. Lecture Notes 160, Cambridge University Press, Cambridge 1991, 316-338.

[8] R. Keskin, On suborbital graphs for some Hecke groups, Discrete Math. 234 (2001) 53-64.

[9] R. Keskin, Suborbital graph for the normalizer of Γ_0(m), European Journal of Combinatorics 27 (2006) 193-206.

[10] J. Lehner and M. Newman, Weierstrass points of Γ_0(n), Annals of Mathematics,(2) 79 (1964) 360-368.

[11] C. Maclachlan, Groups of units of zero ternary qudratic forms, Proc. Roy. Soc. Edinburg Sect. A 88 (1981) 141-157.

[12] P.M. Neuman, Finite permutation groups, edge coloured graphs and matrices, in: M.

P. J. Curran ( Ed.),Topic in group theory and computation, Academic Press, London, New York, San Francisco, 1977.

[13] I. Niven, H.S. Zuckerman, and H.L. Montgomery, An Introduction to The Theory of Numbers, John Wiley, 1991.

[14] S.P. Norton and J.H. Conway, Monstrous moonshine, Bull. London Math. Soc., 11(1979), 308-339.

[15] C.C. Sims, Graphs and finite permutation groups, Math. Z. 95 (1967) 76-86. [16] T. Tsuzuku, Finite groups and finite geometries, Cambridge University Press, Cambridge, 1982.